1/ - FWILEY
DUNOD -

-
=__

Inference and
— Prediction in
— Large Dimensions

x &

Denis Bosq Delphine Blanke

% IN PROBABILITY AND STATISTICS
"'h..




Inference and Prediction
in Large Dimensions

Inference and Prediction in Large Dimensions D. Bosq and D. Blanke
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-01761-6



WILEY SERIES IN PROBABILITY AND STATISTICS

established by WALTER A. SHEWHART and SAMUEL S. WILKS
Editors

David J. Balding, Noel A. C. Cressie, Nicholas I. Fisher,

Tain M. Johnstone, J. B. Kadane, Geert Molenberghs, Sanford Weisberg,
David W. Scott, Adrian F. M. Smith

Editors Emeriti
Vic Barnett, J. Stuart Hunter, David G. Kendall, Jozef L. Teugels

A complete list of the titles in this series appears at the end of this volume.



Inference and Prediction
in Large Dimensions

Denis Bosq, Delphine Blanke

Université Pierre et Marie Curie - Paris 6
Paris, France

EEEEE TENNIAL
<
21807

$WILEY
2007

NNNNNNNNNNN L

John Wiley & Sons, Ltd

L

AVINN3ILN3DIE

BICENTEN

This work is in the Wiley-Dunod Series co-published between Dunod and
John Wiley & Sons, Ltd.



This Work is in the Wiley-Dunod Series co-published between Dunod and John Wiley & Sons, Ltd.

Copyright © 2007 John Wiley & Sons Ltd, The Atrium, Southern Gate, Chichester,
West Sussex PO19 8SQ, England

Telephone (+44) 1243 779777

Email (for orders and customer service enquiries): cs-books@wiley.co.uk
Visit our Home Page on www.wileyeurope.com or www.wiley.com

All Rights Reserved. No part of this publication may be reproduced, stored in a retrieval system

or transmitted in any form or by any means, electronic, mechanical, photocopying, recording,
scanning or otherwise, except under the terms of the Copyright, Designs and Patents Act 1988 or
under the terms of a licence issued by the Copyright Licensing Agency Ltd, 90 Tottenham Court Road,
London WIT 4LP, UK, without the permission in writing of the Publisher. Requests to the

Publisher should be addressed to the Permissions Department, John Wiley & Sons Ltd, The Atrium,
Southern Gate, Chichester, West Sussex PO19 8SQ, England, or emailed to permreq@wiley.co.uk, or
faxed to (+44) 1243 770620.

This publication is designed to provide accurate and authoritative information in regard to the
subject matter covered. It is sold on the understanding that the Publisher is not engaged in
rendering professional services. If professional advice or other expert assistance is required, the
services of a competent professional should be sought.

Other Wiley Editorial Offices

John Wiley & Sons Inc., 111 River Street, Hoboken, NJ 07030, USA

Jossey-Bass, 989 Market Street, San Francisco, CA 94103-1741, USA

Wiley-VCH Verlag GmbH, Boschstr. 12, D-69469 Weinheim, Germany

John Wiley & Sons Australia Ltd, 42 McDougall Street, Milton, Queensland 4064, Australia

John Wiley & Sons (Asia) Pte Ltd, 2 Clementi Loop #02-01, Jin Xing Distripark, Singapore 129809
John Wiley & Sons Canada Ltd, 6045 Freemont Blvd, Mississauga, ONT, L5R 4J3

Wiley also publishes its books in a variety of electronic formats. Some content that appears in print may
not be available in electronic books.

Anniversary Logo Design: Richard J. Pacifico

A catalogue record for this book is available from the British Library
ISBN-13  978-0470-01761-6

Typeset in10/12pt Times by Thomson Digital Noida

Printed and bound in Great Britain by TJ International Ltd, Padstow, Cornwall

This book is printed on acid-free paper responsibly manufactured from sustainable forestry
in which at least two trees are planted for each one used for paper production.



Contents

List of abbreviations

Introduction

Part I Statistical Prediction Theory

1 Statistical prediction

1.1
1.2
1.3
1.4
1.5
1.6
1.7

1.8

Filtering. . . . .. ...
Some examples. . ... ...
The prediction model. . .. ....... ... ... ... .. . ... .. ..
P-sufficient statistics . . ......... ... ... .. ...
Optimal predictors. . . ... ... i
Efficient predictors . ... ...... ... ... . ... ..
Loss functions and empirical predictors. . .................
1.7.1 Lossfunction............... ...,
1.7.2  Location parameters . . .. .. ... .. ....uouuunenen..
1.7.3 Bayesian predictors. . . .. ....... ...
1.7.4 Linear predictorsS. . . . ... ..ot i i
Multidimensional prediction. . . ... .....................

2 Asymptotic prediction

2.1
2.2
23
24
25
2.6
2.7

Introduction . . ...... ... .. ...
The basic problem. . .. ...... ... .. ... .. .. .. . .. ...
Parametric prediction for stochastic processes. . . ............
Predicting some common processes. . . .. ... .. ... ..
Equivalent risks. . . . ... ... . .
Prediction for small time lags. . ........................
Prediction for large time lags . . . ........ ... ... .. ......

ix



vi

CONTENTS

Part I Inference by Projection

3

Estimation by adaptive projection
3.1 Introduction . ......... ... ..
3.2 A class of functional parameters. . .. ....................
33 Oracle . ...
34 ParametriC rate . . . .. ...t e
3.5 Nonparametric rates. . . . . .. oo v v n et
3.6 Rateinuniformnorm ........... ... ... ... ... ... ...
3.7 Adaptive projection. . .. ...
3.7.1 Behaviour of truncation index . ...................
3772 Superoptimal rate . .. ......... ...
373 Thegeneralcase. . .......... ... ...,
3.7.4 Discussion and implementation . ..................
3.8 Adaptive estimation in continuous time . . . . .. .............

Functional tests of fit
4.1 Generalized chi-square tests . . . . .......................
4.2 Tests based on linear estimators . .. .....................
42.1 Consistency of thetest . ........................
422 Application .......... ...
4.3 CEfficiency of functional tests of fit. . . . ...................
4.3.1 Adjacent hypotheses . . . ....... ... ... ... .......
43.2 Bahadurefficiency ............ ... .. .. . .. ...,
4.4 Tests based on the uniformnorm .......................
4.5 Extensions. Testing regression .. .......................
4.6 Functional tests for stochastic processes. . . ................

Prediction by projection

5.1 A class of nonparametric predictors. . . ... ................
5.2 Guilbart Spaces . . . . ...
5.3 Predicting the conditional distribution . . .. ................
5.4 Predicting the conditional distribution function. . . ...........

Part III Inference by Kernels

6

Kernel method in discrete time

6.1 Presentation of the method. . .. ....... ... ... ... ... ...

6.2 Kernel estimation in the iid.case ............ ... ... ...

6.3 Density estimation in the dependent case. . ................
6.3.1 Mean-square error and asymptotic normality . . . .......
6.3.2  Almost Sure CoOnvergence. . . . . . ... ..........o.....

6.4 Regression estimation in the dependent case ...............
6.4.1 Framework and notations. . ... ...................

61

63
63
63
66
68
72
79
81
82
85
88
92
92



CONTENTS

6.4.2 Pointwise convergence . .. ...
6.4.3 Uniform convergence . . .....
6.5 Nonparametric prediction by kernel. . .

6.5.1 Prediction for a stationary Markov process

oforderk................
6.5.2 Prediction for general processes

7 Kernel method in continuous time

7.1 Optimal and superoptimal rates for density estimation. . .. ... ..

7.1.1 The optimal framework. . .. ..
7.1.2 The superoptimal case. . ... ..
7.2 From optimal to superoptimal rates. . .
7.2.1 Intermediate rates..........

7.2.2 Classes of processes and examples . . . ..............

7.2.3 Mean-square convergence . . . .
7.2.4  Almost sure convergence. . . . .
7.2.5 An adaptive approach . ... ...
7.3 Regression estimation . ...........

7.3.1 Pointwise almost sure convergence. . ... ............
7.3.2 Uniform almost sure convergence. . ................

7.4 Nonparametric prediction by kernel. . .

8 Kernel method from sampled data
8.1 Density estimation. . . ............
8.1.1 High rate sampling . . ... ....
8.1.2 Adequate sampling schemes. . .
8.2 Regression estimation . ...........
8.3 Numerical studies . . .............

Part IV Local Time

9 The empirical density

9.1 Introduction . ..................
9.2 Occupation density . .............
9.3 The empirical density estimator . . . ..

9.3.1 Recursivity. .. ............

9.32 Invariance ...............
9.4 Empirical density estimator consistency
9.5 Rates of convergence. . ...........

9.6 Approximation of empirical density by common

density estimators . .. ............

vii
150

153
157

157
160

163
163
164
167
170
170
172
173
177
180
181
182
184
186

189
190
190
193
198
201

207



viii CONTENTS

Part V Linear Processes in High Dimensions 227
10 Functional linear processes 229
10.1 Modelling in large dimensions . . .. ..................... 229
10.2 Projection over linearly closed spaces . . .................. 230
10.3 Wold decomposition and linear processes in Hilbert spaces . . . . . 235
10.4 Moving average processes in Hilbert spaces. . .. ............ 239
10.5 Autoregressive processes in Hilbert spaces. .. .............. 243
10.6 Autoregressive processes in Banach spaces ................ 254

11 Estimation and prediction of functional linear processes 261
11.1 Introduction . . . ... .. 261
11.2 Estimation of the mean of a functional linear process . .. ... ... 262
11.3 Estimation of autocovariance operators . .................. 263
113.1 Thespace S. .. ..ot e 264

11.3.2 Estimation of Cp. . . ... ... i 264

11.3.3 Estimation of the eigenelements of Cp .. ............ 267

11.3.4 Estimation of cross-autocovariance operators. . ........ 268

11.4 Prediction of autoregressive Hilbertian processes . ........... 269
11.5 Estimation and prediction of ARC processes . .............. 272
11.5.1 Estimation of autocovariance . . ... ................ 275

1152 Sampleddata . . . ... ... ... .. . 276

11.5.3 Estimation of p and prediction. ... ................ 277
Appendix 281
A.1 Measure and probability . . ......... .. .. .. ... . 281
A.2 Random variables. . .. ... .. .. e 282
A3 Function spaces . . ... .. ...ttt 284
A.4 Common function SPaces. . . . .. . ... ..o vine .. 285
A.5 Operators on Hilbert spaces. ... ......... ... ... ... ....... 286
A.6 Functional random variables .. .......... ... ... ... ....... 287
A.7 Conditional expectation. . . .. . ... . ...ttt . 287
A.8 Conditional expectation in function spaces . .................. 288
A.9 Stochastic Processes . . . .. ..ottt 289
A.10 Stationary processes and Wold decomposition . . ... ... ......... 290
A.11 Stochastic integral and diffusion processes ................... 291
A 12 Markov ProCESSeS . « . v v v v vt et e e e e e e e e 293
A.13 Stochastic convergences and limit theorems. . .. ............... 294
A.14 Strongly miXing processes. . . . ... .. .cv vt 295
A.15 Some other mixing coefficients . .......................... 296
A.16 Inequalities of exponential type . ... ......... .. ... ......... 297
Bibliography 299

Index 309



List of abbreviations

koo ke see the Appendix

| end of a proof

& end of an example, a remark

a.e. almost everywhere

cadlag continuous on the right and limit on the left
iff if and only if

iid. r.v. independent and identically distributed random variables
A(1)-(ii) conditions A(i) to A(iii)

A(),(iii) conditions A(i) and A(iii)

AR AutoRegressive process

ARH (ARB) AutoRegressive Hilbertian (Banach) process
BUE (BUP) Best Unbiased Estimator (Predictor)

EDE Empirical Density Estimator

EUE (EUP) Efficient Unbiased Estimator (Predictor)
FLP Functional Linear Process

GSM Geometrically Strongly Mixing process
LCS Linearly Closed Space

LIL Law of the Iterated Logarithm

LPH(WS) Linear Process in H (in the Wide Sense)
MA Moving Average process

MAH Moving Average Hilbertian process

MLE Maximum Likelihood Estimator

MWS Markovian process in the Wide Sense

ou Ornstein—Uhlenbeck process

QPE Quadratic Prediction Error

WSH Weakly Stationary Hilbertian process

N, Z, @, R, C sets of natural numbers, integers, rational numbers, real num-
bers, complex numbers.

[a,b], Ja,b| closed interval, open interval
A, A, AC interior, closure and complement of A
a(-+) o-algebra generated by (---)

T4 indicator of A: 14(x) =1, x € A; 14(x) =0, x € A°



LIST OF ABBREVIATIONS

logarithm of x
integer part (floor) of x

x; = max(0,x), x_ = max(0, —x)
for all (x.y), (f ® g)(x,y) = f(x)g(y)
Up /vy — 1

there exist constants c¢; and ¢, such that, for large enough n
0<crv, < uy < cavy

Uy /v, — 0

there is a ¢ > 0 such that u, < cv,, n > 1

the random variables X and Y are stochastically independent
the random variables X and Y have the same distribution
convergence in distribution, weak convergence

convergence in probability, almost sure convergence



Introduction

The purpose of the present work is to investigate inference and statistical prediction
when the data and (or) the unknown parameter have large or infinite dimension.

The data in question may be curves, possibly interpolated from discrete
observations, or sequences associated with a large number of items.

The parameters are functions (distribution function, density, regression, spectral
density, ...) or operators (covariance or correlation operators, .. .).

Grenander’s well-known book ‘Abstract Inference’ was devoted to such topics.
However our aim is rather different: whereas Grenander studies a maximum likeli-
hood-type method (the ‘sieves’), we must often use nonparametric instruments.

More precisely we focus on adaptive projection and kernels methods and, since
prediction is our main goal, we study these methods for correlated data.

Statistical prediction theory

In the first part we provide some elements of statistical prediction theory.

A priori a prediction problem is similar to an estimation problem since it deals
with ‘approximation’ of a nonobserved random variable by using an observed one.
Despite this analogy, prediction theory is rarely developed from a statistical point of
view.

In Chapter 1 we study properties of the prediction model: sufficient statistics
for prediction, unbiased predictors, Rao—Blackwell Theorem and optimality,
Cramér-Rao type inequalities, efficiency and extended exponential model, and
extensions to function spaces. Various applications to prediction of discrete or
continuous time processes are given.

Chapter 2 deals with asymptotics. We present the Blackwell algorithm for
prediction of 0-1 sequences; and results concerning pointwise convergence and
limit in distribution for predictors associated with estimators of the unknown
parameter. In addition we briefly present prediction for small and large time
lags.

Inference and Prediction in Large Dimensions D. Bosq and D. Blanke
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-01761-6



2 INTRODUCTION

Inference by projection

The second part considers statistical models dependent on an infinite-dimensional
functional parameter, say ¢. The main assumption is that ¢ is the limit of a sequence
(@) of finite-dimensional parameters that are the expectation of known functions of
data. This is the case for density, spectral density and covariance operators, among
others.

For this type of parameter one may construct genuine estimators using empirical
means, the main problem being to determine a suitable truncation index k, which
depends on the size n of the sample.

In a Hilbertian context these estimators may be interpreted as ‘projection
estimators’. Now, the choice of k, depends on the norm of ||p — ¢l|, k > L.
Since this norm is, in general, unknown, we study the behaviour of an adaptive
version of the projection estimator. It can be shown that this estimator reaches a
parametric rate on a subclass dense in the parameter space and the optimal rate, up
to a logarithm, elsewhere (Chapter 3).

Chapter 4 is devoted to tests of fit based on projection estimators. If the
functional parameter is density, these tests appear as extensions of the X2-test, the
latter being associated with a histogram. Various properties of these functional
tests are considered: asymptotic level and power under local hypotheses,
asymptotic efficiency with respect to the Neyman—Pearson test, and Bahadur
efficiency.

Finally, Chapter 5 deals with a class of nonparametric predictors based on
regression projection estimators. The general framework of the study allows
application of the results to approximation of the conditional distribution of the
future, given the past. As an application we construct prediction intervals.

Inference by kernels

Part three deals with the popular kernel method. This consists of regularization of
the empirical measure by convolution.

Chapter 6 presents the method in a discrete time context. Since our final goal is
prediction we concentrate on the case where data are correlated. Optimal rates of
convergence for density and regression estimators are given, with application to
prediction of Markov and more general processes.

Continuous time is considered in Chapter 7. On one hand, one may obtain
optimal (minimax) rates similar to those of the discrete case; on the other hand,
irregularity of sample paths provides additional information which leads to
‘superoptimal’ rates. This phenomenon occurs if, for example, one observes a
stationary diffusion process. In a multidimensional context the situation is rather
intricate and various rates may appear, in particular for multidimensional
Gaussian or diffusion processes. Finally, if regularity of sample paths is
unknown, it is possible to construct adaptive estimators that reach optimal
rates, up to a logarithm.
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Now, in practice, observation of a continuous time process with irregular sample
path is somewhat difficult. Thus, in general, the Statistician works with sampled
data. Chapter 8 examines that situation. We especially investigate high rate
sampling. We show that, for density estimation, there exists an optimal sampling
rate which depends on regularity and dimension of sample paths. Various simula-
tions confirm the theoretical results. Analogous results are obtained for regression
estimation.

Local time

In this part, we consider the special case where the empirical measure of a
continuous time process has a density with respect to Lebesgue measure. This
‘empirical density’ (or ‘local time’) does exist in many cases, in particular for real
stationary diffusion processes. It defines an unbiased density estimator, which
reaches the superoptimal rate and has various nice asymptotic properties. Moreover,
the projection and kernel density estimators are approximations of local time.

Linear processes in high dimensions

Let &£ = (&,, t € R) be a real continuous time process. One may cut £ into pieces by
setting X, = (§,544, 0 <1 <$), n€Z (§>0). So & may be interpreted as a
sequence of random variables with values in some function space. This representa-
tion is a motivation for studying discrete time processes in such a space.

In Chapter 10 we consider linear processes in Hilbert spaces. We use a definition
based on Wold decomposition which is more general than the classical one. Then,
having in mind statistical applications, we focus on autoregressive and moving
average processes in Hilbert spaces. Some extensions to Banach space are also
presented.

Finally, Chapter 11 deals with inference for functional linear processes.
Estimation of the mean is studied in detail. To estimate the covariance operator
of an autoregressive process we use the fact that the empirical covariance operator
is the empirical mean of as S-valued autoregressive process, where S denotes the
space of Hilbert—Schmidt operators. Empirical cross-covariance operators enjoy
similar properties. The above considerations lead to estimation of the autocorrela-
tion operator, allowing us to construct a suitable statistical predictor.

General comments

Prerequisites for this book are knowledge of probability based on measure theory, a
basic knowledge of stochastic processes, and classical theory of statistics. Some
reminders appear in the appendix.

A large number of results presented in this book are new or very recent. Some of
them are improvements of results that appear in Bosq (1998, 2000, 2005b).
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For the references we have had to make a difficult choice among thousands of
papers devoted to the various topics developed in this book.
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Statistical prediction

1.1 Filtering

Filtering is searching information provided by observed events on nonobserved
events. These events are assumed to be associated with random experiments.

To describe such a problem, one may define a *probability space* (Q, A, P)
and two sub-o-algebras of A, say B and C, respectively observed and non-
observed. ‘B-observed’ means that, for all B € B, the observer knows whether B
occurs or not. Information provided by B on C may be quantified by P?, the
*conditional probability* with respect to B. In general the statistician does not
know P5,

In the following, we are mainly interested in prediction (or forecasting). This
signifies that B is associated with the past and C with the future. In practice one tries
to predict a C-measurable *random variable* Y from a B-measurable random
variable X.

If X is partly controllable, one can replace prediction by foresight, which
consists in preparing for the future by constructing scenarios and then by selecting
the most favourable option. It is then possible to make a plan for the future. We
refer to Kerstin (2003) for a discussion about these notions.

Predictions can also sometimes modify the future. For example the publication
of economic forecasts may change the behaviour of the economic agents involved
and, therefore, influences future data. This phenomenon is discussed in Armstrong
(2001), among others.

Inference and Prediction in Large Dimensions D. Bosq and D. Blanke
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-01761-6



8 STATISTICAL PREDICTION

ALEXANDRIA LF: Mean Temperature

1/01/1995 to 12/31/1999 using season 1/1 to 12/31
100 ; T T T ; ! T i ;

Mean Temperature(F)

30

20 i i 1 L I i I I i
01/01/95 07/01/95 01/01/96 07/01/96 01/01/97 07/01/97 OL/O1/98 07/01/98 01/01/99 07/01/99 01/01/00
Date

Figure 1.1 Example of a time series.

In this book we don’t deal with this kind of problem, but we focus on statistical
prediction, that is, prediction of future from a time series (i.e. a family of data
indexed by time, see figure 1.1)."

1.2 Some examples

We now state some prediction problems. The following examples show that various
situations can arise.

Example 1.1 (The Blackwell’s problem)

The purpose is to predict occurrence or nonoccurrence of an event associated with
an experiment when »n repetitions of this experiment are available. Let (x,,n > 1)
be the sequence of results (x, = 1 if the nth event occurs, = 0 if not) and note by
Pn = pn(x1,...,x,) any predictor of x,.;. The problem is to choose a ‘good’ p,.
Note that the sequence (x,) may be deterministic or random. &

Example 1.2 (Forecasting a discrete time process)
Let (X,,n>1) be a real square integrable *random process*. One observes

X =(Xy,...,X,) and intends to predict Y =X,4; (h>1); h is called the
forecasting horizon.

'Provided by the NOAA-CIRES Climate Diagnostics Center: http://www.cdc.noaa.gov
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This scheme corresponds to many practical situations: prediction of tempera-
ture, unemployment rate, foreign exchange rate, . . . &

Example 1.3 (Forecasting a continuous time process)
Let (X;,7 € R, ) be a real square integrable *continuous time random process*. One
wants to predict ¥ =X, (h > 0) from the observed piece of sample path
X=X,0<t<T)orX=(X,....X;,)

The difference with the above discrete time scheme is the possibility of
considering small horizon forecasting (i.e. h — 0(+)).

Classical applications are: prediction of electricity consumption, evolution of
market prices during a day’s trading, prediction of the *counting process*
associated with a *point process™, ... &

Example 1.4 (Predicting curves)

If the data are curves one may interpret them as realizations of random variables with

values in a suitable function space. Example 1.3 can be rewritten in this new framework.
This kind of model appears to be useful when one wishes to predict the future

evolution of a quantity during a full time interval. For example, electricity consump-

tion for a whole day or variations of an electrocardiogram during one minute. <

Example 1.5 (Prediction of functionals)
In the previous examples one may predict functionals linked with the future of the

observed process. For instance:

e The conditional density f¥ or the conditional distribution P§ of Y given X.

e The next crossing at a given level, that is
Yy =min{t: t > n,X; = x},
and, more generally, the next visit to a given Borel set,
Yg = min{7: > n, X, € B}.
Notice that the forecasting horizon is not defined for these visit questions.
e Finally it is interesting to construct prediction intervals of the form
P(Y € [a(X), b(xX)). o
We now specify the prediction model, beginning with the real case.

1.3 The prediction model

Let (0, A, Py,0 € O) be a statistical model, where A is the o-algebra of events on
Q and (Py) a family of probability measures on A indexed by the unknown
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parameter 6. B = o(X) is the observed *o-algebra* and C the nonobserved one. X
takes its values in some *measurable space* (Ey, Bo).

A priori one intends to predict a C-measurable real random variable Y.
Actually, for reasons that are specified below, we extend the problem by
considering prediction of g(X,Y,0) € Ny L*(P), where g is known and Y
nonobserved.

If g only depends on Y we will say that one deals with pure prediction, if it
depends only on 6 it is an estimation problem; finally, if g is only a function of X the
topic is approximation (at least if g is difficult to compute!). The other cases are
mixed. So, prediction theory appears as an extension of estimation theory.

Now a statistical predictor of g(X,Y,0) is a known real measurable function of
X, say p(X). Note that the *conditional expectation* Ef{ ¢ 1s not in general a
statistical predictor. In the following we assume that p(X) € (,cq L?(Ps). unless
otherwise stated.

In order to evaluate the accuracy of p one may use the quadratic prediction
error (QPE) defined as

Re(P:é’) = EH(P(X) - g(X7 Y, 0))2a0 €0.

This risk function induces the preference relation

P1 = P2 Ro(p1,8) < Ry(p2,8),0 € O. (1.1)

If (1.1) is satisfied we will say that ‘the predictor p; is preferable to the predictor p,
for predicting g’, and write p; < p> (g).

The QPE is popular and easy to handle, it has withstood the critics because it is
difficult to find a good substitute. However, some other preference relations will be
considered in Section 1.7 of this chapter.

Now, let P be the class of statistical predictors p such that
P(X) € G =\yeo Go Where Gy is some closed linear space of L?(Py), with
*orthogonal projector* I1”, 6 € ®. The following lemma shows that a prediction
problem is, in general, mixed.

Lemma 1.1 (Decomposition of the QPE)
If p € Pg, its QPE has decomposition

Eo(p — )" = Eo(p — II'g)* + Eo(Il'g —5)*,0 € ©. (1.2)
Hence, p1 < p» for predicting g if and only if p1 < p» for predicting Hgg.

ProOF:
Decomposition (1.2) is a straightforward application of the Pythagoras theorem.
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Therefore

Eo(p1 — 8)° < Eg(p2 — 8)° < Eo(p1 — I1%)* < Ey(p, — 'g)*,6 € ©.
[ |

Lemma 1.1 is simple but crucial: one must focus on the statistical prediction
error Eg(p — I1g)%, since the probabilistic prediction error Eg(Il’g — g)* is not
controllable by the statistician.

Thus, predicting g(X,Y,6) or predicting II’¢(X, Y, 0) is the same activity. In
particular, to predict Y is equivalent to predicting II’Y; this shows that a
nondegenerated prediction problem is mixed.

Example 1.6
Suppose that X7, ..., X, are observed temperatures. One wants to know if X, is
going to exceed some threshold 6; then g = 1x,. -4 and the problem is mixed. &

Let us now give some classical examples of spaces G.

Example 1.7
If G= o L*(Q, B, Py), then 11 is the conditional expectation given B. &

Example 1.8
Suppose that X = (X;,...,X,) where X; €L*(Py), 1<i<n and G=sp
{1,X,...,X,} does not depend on 6. Then 1% is the affine regression of g on X.<>

Example 1.9

If X=(X,...,X,) with X;€L*(Py), 1<i<n, (k>1) and G=
sp{1,X;,...,X* 1 <i<n} does not depend on 6. Then I1° is a polynomial
regression:

n k
Heg(xh"'axﬂ) = do +ZzbﬂX{7

i=1 j=1

where ag and (bj;) only depend on 6. O

1.4 P-sufficient statistics

As in estimation theory, sufficient statistics play a significant role in prediction. The
definition is more restrictive.
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Definition 1.1
A statistic S(X) is said to be sufficient for predicting g(X,Y,6) (or P-sufficient) if
(i) S(X) is sufficient in the usual sense, i.e. the conditional distribution Pf((x) of
X with respect to S(X) does not depend on 6.
(ii) For all 0, X and g(X,Y,0) are *conditionally independent* given S(X).

Condition (ii) means that

P (xeBge0) =P (xeBpPY(scC),
0€0,B¢e Bg,Cc Bg.

Note that, if g(X,Y,0) = g(S(X),6), (i) is automatically satisfied. Moreover
one may show (see Ash and Gardner 1975, p. 188) that (ii) is equivalent to
()P, =P,X) 0 €.

We now give a statement which connects sufficiency and P-sufficiency.

Theorem 1.1
Suppose that (X,Y) has a strictly positive density fp(x,y) with respect to a
*o-finite* measure i ® v. Then

(a)If S(X) is P-sufficient for predicting Y, (S(X),Y) is sufficient in the statistical
model associated with (X,Y).

(b) Conversely if fo(x,y) = ho(S(x),y)c(x)d(y), then S(X) is P-sufficient for
predicting Y.

Proor:

(a) Consider the decomposition

fo(x,y) = fo(x)fa(¥[x),

where fy(-) is the density of X and fy(+|-) the conditional density of ¥ given X = -. If
S(X) is P-sufficient, the factorization theorem (see Lehmann and Casella 1998,
p. 35) yields fy = ¢y(S(x))¥(x), where ¢ does not depend on 6.

Now (ii)" entails fy(y|x) = y4(y|S(x)) where y,(-|-) is the conditional density of
Y given S(X) = -.

Finally fo(x,y) = @(S(x))ys(»|S(x))¥(x) and the factorization theorem gives
sufficiency of (S(X),Y) in the model associated with (X,Y).

(b) Conversely, the relation

Jo(x,y) = he(S(x),y)c(x)d(y)
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may be replaced by fa(x,y) = he(S(x),y) by substituting u and v for ¢ -y and d - v
respectively.
This implies

i) = [ oS0 5)dvs) = (),
thus, S(X) is sufficient, and since

ho(S(x), y)

o) ="y

(i)’ holds, hence S(X) is P-sufficient. [ |

We now give some examples and counterexamples concerning P-sufficiency.

Example 1.10
Let Xi,...,X,+1 be independent random variables with common density fe=%1,.
(0>0).SetX = (Xi,...,X,) and ¥ = X,,41 — X,,. Then Y| X; is sufficient for X
but (37, X;, Y) is not sufficient for (X, Y).

This shows that, in Theorem 1.1 (a), P-sufficiency of S(X) cannot be replaced by
sufficiency. &

Example 1.11
Let X = (X;,X>) and Y be such that the density of (X,Y) is

_ N 22y
folx1,x2,y) = 6%/ P He 2 4,50, 1050,y50, (0 > 0).

Then (X, Y) is sufficient in the model (X,Y) but X; is not sufficient in the model
(X1,X2).

This shows that, in Theorem 1.1 (b), the result is not valid if the special form
Jo(x,y) = he(S(x),y)c(x)d(y) does not hold. O

Example 1.12 (discrete time Gaussian process)

Let (X;,i > 1) be a *Gaussian process*, where X; g./\/'(9, 1), i>1 (6 €R).
Suppose that the covariance matrix C, of X = (Xj, ..., X,) is known and invertible
for each n, and set

Co v
Cn — n n+1 :l .
i |:Vn+] 1
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Then, in order to predict ¥ = X,,,, the statistic

(Cn_]unX7 Cn_1 VnJrIX)v

where u, = (1,...,1), is P-sufficient. The statistic C; 'u,X is sufficient but not
P-sufficient. &

Example 1.13 (Poisson process)

Let N = (N,,t > 0) be a homogeneous *Poisson process* with intensity A, and
observed over [0, T]. Then N is sufficient. Now, since N is a *Markov process* the
o-algebras o(N;,s < T) and o(N;, s > T) are independent given Nr. Hence Ny is
P-sufficient for predicting Ny, (h > 0). O

Example 1.14 (Ornstein—-Uhlenbeck process)
Consider an *Ornstein—Uhlenbeck process* (OU) defined as

t
X, = / e*H(H)dW(s),t ER,(6>0),

o0

where W = (W,,t € R) is a *standard bilateral Wiener process* and the integral is
taken in *Ito* sense. (X;) is a zero-mean stationary Gaussian Markov process. Here
the observed variable is X(7) = (X;,0 < < T).

The likelihood of X(7) with respect to the distribution of W) = (W,0<t<T)
in the space C(]0, T]) of continuous real functions defined on [0, 7| with uniform
norm is

] 92 T
L(X(r),0) = exp (— 5 (XF—X5—T)— 3/0 X,zdt), (1.3)

(See Liptser and Shiraev 2001). Then, the factorization theorem yields sufficiency
of the statistics (Xg,X%,fOTX,Zdt). Consequently Zr = (XO,XT,fOTthdt) is also
sufficient.

Now, since (X;) is Markovian, we have

O'(X(T)) uin O(XT+11) |G(XT)’

then
T — T _ pXm
0Xrn = 70Xt T 0.Xr4n
hence (ii)’ holds and Zy is P-sufficient for predicting Xz.. &

The next statement shows that one may use P-sufficient statistics to improve a
predictor. It is a Rao—Blackwell type theorem (See Lehmann 1991, p. 47).
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Theorem 1.2 (Rao—Blackwell theorem)
Let S(X) be a P-sufficient statistic for g(X,Y,0) and p(X) a statistical predictor of
g. Then ESMp(X) is preferable to p(X) for predicting g.

ProoF:

ng))(() does not depend on 6, thus ¢(X) = ES®p(X) is again a statistical predictor.

Furthermore

Eo(p—8)° =Es(p — q)” +Eo(g — 8)° + 2Es((p — q)(q — 8)).  (1.4)

Now, by definition of conditional expectation E¢((p — ¢)g) = 0 and, from condition
(i1) in Definition 1.1,

Eo[(p — q)g] = E4[By(p — q)g] = Ej(p — q)Ej(g) =0
since Ej(p) = ¢; thus (1.4) gives Eg(p — 9)* > Eo(qg—9)~. [ |
Note that, if (ii) does not hold, the result remains valid provided Ey[(p — q)g] =
0,0€c0.

Finally it is noteworthy that, 1f S(X) is P-sufficient to predict g it is also
P-sufficient to predict E )( )(= EJ(g)); actually this conditional expectation is a

function of S(X), hence X 1L ES(X (&)IS(X).

1.5 Optimal predictors
A statistical predictor py is said to be optimal in the family P of predictors of g if
po=p,pcP

that is
Eo(po —8)* <Es(p—g); 06€®peP.

Notice that, in the family of all square integrable predictors, such a predictor
does not exist as soon as Ef(g) is not constant in 6. Indeed, p;(X) = Ej (g) is
optimal at 6, when p,(X) = E¥ ,(g) is optimal at 6, which is impossible if
Fa(EX () — EX(2)® £ 0; i = 1,2.

Thus, in order ro construct an optimal predictor, it is necessary to restrict P. For
example one may consider only unbiased predictors.

Definition 1.2
A predictor p(X) of g(X,Y,0) is said to be unbiased if

E@(P(X)) :EG(g(X’ Y?Q))79€®' (15)

Condition (1.5) means that p is an unbiased estimator of the parameter Ey(g).
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Example 1.15 (Autoregressive process of order 1)
Consider an autoregressive process of order 1 (AR(1)) defined as

PeuiineZ (1.6)

7

Il
=

Xn =
J

where (g,,n € Z) is strong white noise (i.e. a sequence of i.i.d. random variables
such that 0 < B2 = 0? < o0 and Ee,, = 0) and 0 < || < 1. The series converges
in mean square and almost surely.

From (1.6) it follows that

X, =60X, 1 +e,,ne’,
then

E”(Xi’ign) (Xn-H) _ 9Xn

0,02

For convenience we suppose that 0> = 1 — 6%, hence Ey 2 (X?) = 1. Now a natural
unbiased estimator of 6, based on Xi,...,X, (n > 1) is

1 n—1

— 1;Xixi+1,

hence a predictor of X, is defined as

6, =

Xn+1 = én)(n
Now we have
R 1— 9}1—1
Ey(Xpi1) =6 ——————Eo(X?
9( +1) (1_0)(’1_1) 9( ())7
thus XHH is unbiased if and only if (iff)
Ey(X;) =0,0 < |0] < 1. &

We now give an extension of the classical Lehmann—Scheffé theorem (see Lehmann
1991, p. 88).
First recall that a statistic S is said to be complete if

E¢(U) =0,0 € ® and U = ¢(S) = U =0, Py a.s. for all 6.

Theorem 1.3 (Lehmann—Scheffé theorem)
If S is a complete P-sufficient statistic for g and p is an unbiased predictor of g, then
ES(p) is the unique optimal unbiased predictor of g (Py a.s. for all 6).
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Proor:

From Theorem 1.2 any optimal unbiased predictor of g is a function of S. Thus E5(p)
is a candidate since E4[Ep] = Ey(p) = g. But completeness of S entails uniqueness
of an unbiased predictor of g as a function of S, hence ES(p) is optimal. [ |

Example 1.13 (continued)
Nr is a complete P-sufficient statistic for N7, the consequently unbiased predictor

_T+h

p(Nr) —Nr

is optimal for predicting Nr.,. Its quadratic error is
2 h
E)\(p(NT) — NT+h) =Ah( 1 + ? .

It is also optimal unbiased for predicting
EQ/T(NT+h) = A+ Np

with quadratic error

Ah2

Ei(p(Nr) — B} (Nr4))” = - <&

The following statement gives a condition for optimality of an unbiased predictor.

Theorem 1.4
SetU = {U(X) : EaU?(X) < 00, EgU(X) = 0;6 € O}. Then an unbiased predictor
p of g is optimal iff

Eo[p —g)U]=0;U €U,0 € 0. (1.7)
PrOOF:
If p is optimal, we set
g=p+aoaU,Ucl,ach,
then
Eo(p +aU — ¢)* > By(p — g)’,
therefore

o*EyU? 4+ 20Ey((p — g)U) > 0,U e U, € R

which is possible only if (1.7) holds.
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Conversely, if p satisfies (1.7) and p’ denotes another unbiased predictor, then
p' — p € U, therefore

which implies

thus p is preferable to p'. [ ]

Note that such a predictor is unique. Actually, if p’ is another optimal unbiased
predictor, (1.7) yields

Ey((p' —p)U) =0,UcU,0 €0

which shows that p’ — p is an optimal unbiased predictor of 0. But 0 is an optimal
unbiased predictor of 0, with quadratic error 0, thus E¢(p' — p)> = 0, 6 € © hence
p' = p, Py as. for all 6.

Now, since an unbiased predictor of g is an unbiased estimator of Eyg, it is
natural to ask whether the best unbiased estimator (BUE) of Eyg and the best
unbiased predictor (BUP) of g coincide or not.

The next theorem gives an answer to this question.

Theorem 1.5
The BUE of Eyg and the BUP of g coincide iff

Eo(gU) =0,U € U,6 € O. (1.8)

ProoF:
First suppose that (1.8) holds. If p is the BUE of Eyg, it is also the BUP of Eyg, then
Theorem 1.4 implies that, for all U € U and all § € ®, we have

Ey((p — Eeg)U) =0, (1.9)
therefore Eo(pU) = 0, and from (1.8) it follows that

Eol(p —2)U] =0

then (1.7) holds and p is the BUP of g.
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Conversely a BUP of g satisfies (1.7), and, if it coincides with the BUE of Egyg,
(1.9) holds. Finally, (1.7) and (1.9) give (1.8). [ |

Note that, if Egg = 0, 0 € 0, the BUE of Eyg is p = 0. Thus 0 is the BUP of g if and
only if (1.8) holds. For example, if g is zero-mean and independent of X, O is the
BUP of g and its quadratic error is Eyg?.

Example 1.13 (continued)
If X = Nr is observed we have U = {0}, hence p(Nr) = Nr(T + h)/T is the BUP
of Nryy, and the BUE of E; (N7y1,) = M(T + h). &

We now indicate a method that allows us to construct a BUP in some special cases.

Theorem 1.6
If g is such that

EX(g) = ¢(X) + ¥(6),6 € O
where ¢ € L*(Py.) and r are known, and if s(X) is the BUE of ¥/(0); then

p(X) = ¢(X) + s(X)
is the BUP of g.
ProoFr:

First note that Ey(p — Egg)” = Eg(s — ¥(6))*. Now, let ¢ be another unbiased
predictor of g, then ¢ — ¢ is an unbiased estimator of /(#), hence

Eo(q — ¢ — ¥(0))> > Eqo(s — v(0))’
that is
Eo(q — Ej(g))” > Eo(p — E} (3))°

thus, p < ¢, for predicting Eg (g) and, from Lemma 1.1, it follows that p < g for
predicting g. |

Example 1.10 (continued)
Here we have Eg(Y ) =60 — X, and, by the Lehmann—Scheffé theorem, X, is the
BUE of 6. Thus Theorem 1.6 shows that p(X) = X,, — X, is the BUP of Y. &

Example 1.16 (Semi-martingales)
Let (X;,r € R;) be a real square integrable process and m(6,t) a deterministic
function, such that

Yi =X +m(6,1),r € R (0 €0 CR)
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is a martingale with respect to F, = 0(X;,0 < s <1),t € Ry, i.e.

EJ(Y,)=Y,0<s<t,60¢c0.

In order to predict X7, (h > 0) given the data X7y = (X;,0 < ¢ < T) we write

By (Xr44) = E3T(Yrin — m(6, T + h))
=Xr+ [m(6,T) —m(6, T + h)],

and it is possible to apply Theorem 1.6 if ¥(0) = m(0, T) — m(0, T + h) possesses a
BUE.

In particular if (X;) has *independent increments* then (X, — Ey(X;)) becomes a
martingale with m(6,t) = —Ey(X;).

A typical example is again the Poisson process: (N,) has independent incre-
ments, then (N, — A7) is a martingale and EQ’T = Nr + Ah; applying Theorem 1.6
one again obtains that

T+h

Nt
N —h=—-N
T-I-T T T

is the BUP of Ny &

The next lemma shows that existence of unbiased predictors does not imply
existence of a BUP.

Lemma 1.2
Let (X;,t € IN(I = Z or R) be a square integrable, zero-mean real Markov process
with

EGFT(XT+h) = ¢T(97XT)79 € 7

where Fr = o(X;,s <T).
Suppose that

(i) Eyor(0,Xr)] = 0,0 € 0,0 €0,
(ii) there exist 6\ and 6, in © such that Py, x, and Py, x, are *equivalent* and
Pe, [or (01, X1) # 97(02,X1)] > 0.

Then, the class of unbiased predictors of Xr1p, given X = (X,,0 <t < T) does not
contain a BUP.
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Proor:
Consider the statistical predictor p;(X) = ¢ (61, X7); from (i) it follows that it is
unbiased, and a BUP py must satisfy

po(X) =p1(X) Py, as. (1.10)
Similarly, if p,(X) = ¢ (62, Xr), we have

po(X) =p2(X) Py, a.s. (1.11)
and (ii) shows that (1.10) and (1.11) are incompatible. H

Example 1.14 (continued
For the OU process, X7 =N (0,1/26) and E}"(X7,,) = e ®Xr, then (i) and (ii)
hold and there is no BUP. &

Example 1.15 (continuded)
If (¢,) is Gaussian, X, =A(0, 1), and, since E; " (X74,) = 6Xr, no BUP may exist.
In particular X7, is not BUP. &

1.6 Efficient predictors

Under regularity conditions it is easy to obtain a Cramér—Rao type inequality for
unbiased predictors. More precisely we consider the following assumptions:

Assumptions 1.1 (A1.1)

® C R is an open set, the model associated with X is dominated by a o-finite
measure /i, the density f(x, 6) of X is such that {x : f(x,6) > 0} does not depend on
0, Of (x,0)/00 does exist. Finally the Fisher information

a 2
Ix(0) = E@(%lnf(X, 9))
satisfies 0 < Ix(0) < o0, 6 € ©.

Theorem 1.7 (Cramér—Rao inequality)
If AL.1 holds, p is an unbiased predictor, and the equality

[ plorx.0)au(x) = Eale(x,¥,0)
can be differentiated under the integral sign, then

/(6) — Eo(EX(2) 2 Inf(X,0)))
Ee(P—g)zzEe(g—Eé(g)z—F[y() (01}((2)‘99 o) . (1L12)

where y(0) = Egg(X,Y,0).
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PrOOF:
Clearly it suffices to show that Eq(p — Eg g)2 is greater than or equal to the second
term in the right hand side of (1.12).

Now the *Cauchy—Schwarz* inequality yields

Cov (p ~Ejs, %lnf> < [Eolp — E5e)")'1x(6)]?

moreover
0 0 0
—Ejg, = Inf | =By p=-Inf | —Eg| Ef(g) -1
C0V<17 9859 nf) 9(1769 nf) e< 6(8) 59 nf>
0
—/(0) ~ B (EX0) gyins ).

hence (1.12). [ |
The next statement gives an inequality very similar to the classical Cramér—Rao
inequality.

Corollary 1.1
If, in addition, the equality

76) = [ BN (@ x )u(y (113)
is differentiable under the integral sign, then
()]
B\ o0
X[ V)2
EG(p(X)—Ee(g)) ZT,9€® (114)

PRrOOF:
Differentiating (1.13) one obtains

Olnf(x,0)

(5, 6)du(x)

0 =x =x
V0) = [ S E @) + [ E(e)
hence (1.14) from (1.12) where g is replaced by Eg‘g. [ |

Of course, (1.12) and (1.14) reduce to the classical Cramér—Rao inequality (see
Lehmann 1991, p. 120) if g only depends on 6. So we will say that p is efficient if
(1.12) is an equality. Note that p is efficient for predicting g if and only if it is
efficient for predicting E} (g).

We now give a result similar to Theorem 1.6.
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Theorem 1.8

23

Under Al.1 and conditions in Theorem 1.6, if s(X) is an efficient unbiased estimator
(EUE) of ¥(0), then p(X) = ¢(X) + s(X) is an efficient unbiased predictor (EUP)

of g.

PRrOOF:

Efficiency of s(X) means that  is differentiable and

now we have

and

Noting that

and

we obtain

Ey(p(X)) = Eo(Ejg) = y(6)

Eq(p(X) — Ejf(8))* = Ea(s(X) — v(6))".

SEe000) = 1 [ o (x. o))
— s o) 20
B (w0 22 —o

8lnf(X,0)>

y(6) - B (BX0 20D ) —v0)

(1.15)

(1.16)

then, the lower bound in (1.12) is [y/'(6)]*/Ix(6) and efficiency of p(X) follows
from (1.15) and (1.16).

Example 1.10 (continued)

It is easy to verify that X, — X,, is an efficient predictor of X, — X,,.

<
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Example 1.17 (Signal with Gaussian noise)
Consider the process

t
the/f(s)dS+Wt7t20
0

where 0 € R, f is a locally square integrable function such that f(; f?(s)ds > 0 for
t > 0 and (W,) is a standard Wiener process.

One can show (see Ibragimov and Hasminskii (1981)) that the maximum
likelihood estimator of 6 based on X = (X;,0 <t < T) is

5 Jo SO o f(0dW,

- Iy f2(n)dre INEGOLE

R -1
Or is an EUE with variance ( fOT fz(t)dt) .
Now, for & > 0, we have

T+h

E} (Xr4n) = X7 +6 | F)de = (X) + v 6).

Applying Theorem 1.8 we obtain the EUP

T T+h
XTJrh =Xr +W/ f([)dl
T

fg f2(n)de

with quadratic error

( fT”"f(t)dt) ’

. 2
Eo(Xrn — Xryn)” = W

+ h. &

The next example shows that Al.1 does not imply existence of an EUP.

Example 1.18

If X=(Xy,...,X,) i./\/(6, 1)®" (6 € R) and g = 6X,,, the Cramér-Rao bound is
6% /n. Then an EUP p(X) must satisfy Eo(p(X) — 0)* = 0 hence p(X) = 0 Py a.s. for
all 8, which is contradictory. [

We now study conditions for existence of an EUP, beginning with a necessary
condition.
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Theorem 1.9 (Extended exponential model)
If AL.1 holds, OInf /96 and Ee¢((0Inf/00)(p — EXg))/Ix(6) are continuous in 6
and if p is EUP for g with

Ey(p(X) — Ejg)* > 0,0 ¢

then
£(x,0) = exp(A(O)p(x) — B(x,60) + C(x)) (1.17)

where
P _ w ok (s). (1.18)

ProoF:

If p is efficient for g, it is efficient for Eg(g) and the Cauchy—Schwarz inequality
becomes an equality. Hence d1nf(X,0)/06 and p(X) — E}(g) are collinear, and
since they are not degenerate, this implies that

IS X.0) _ ) (p(x) — EX(g)) (1.19)
00
where
Ix(0)
a(f) = :
Eg <ag;f (p— E§8)>

Using the continuity assumptions one may integrate (1.19) to obtain (1.17) and

(1.18). ]

Note that decomposition (1.17) is not unique. Actually one may rewrite it under
the form

f(x,0) = exp(A(60) (p(x) + h(x)) = [B(x,0) + A()h(x)] + C(x))

but the prediction problem is then different: p(X) + h(X) is EUP for Ej (g) + h(X).
The next statement gives a converse of Theorem 1.9 in a canonical case.

Theorem 1.10
Consider the model

f(x,0) = exp(6p(x) — B(x,0) + C(x)),0 € O.
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If A1.1 holds and the equality [f(x,0)du(x) = 1 is twice differentiable under the
integral sign, then p(X) is an EUP of OB(X,0)/06.

PrOOF:
By differentiating [ f(x,6)du(x) = 1 one obtains

[0~ 55 (.07 0)a 0 =0

therefore

Egp(X) = Ey (g—’; (X, 9)).

Differentiating again leads to

[0 -2 0] st ono = [ 2 v oonco,

that is

B (00 - G5 X, 9))2— E(‘W}

it is then easy to verify that Eg(0*B(X,0)/06%) is the Cramér—Rao bound: p is
EUP. |

Example 1.13 (continued)
Here the likelihood takes the form

Ji(Nr, &) = exp(—=AT + NrIn A + ¢(Nr)),
putting 6 = In A yields
f(Nr,60) = exp(6Ny — Te? 4 ¢(Nr))

hence Ny is EUP for 9(Te’) /06 = AT, thus (N7 /T)h is EUP for Ah. From Theorem
1.8 it follows that (N7 /T)h + Nr is EUP for Ah + Ny = EQ’T (Nr.4) and for Ny . O

Example 1.14 (continued)
Taking into account the form of the likelihood we set

T — X2 XZ 92 T
p(X) = % and  B(X,0) = / X2dt,
0

then, Theorem 1.10 gives efficiency of p(X) for predicting 6 fOT X2dt.
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Taking # = 6 as a new parameter, one obtains
/

o " X2-X2-T
A0 =exp(=5 [ 70T,
0

hence

1",
—= | X;dt
2 /0 !
is efficient for predicting

1 X2-X2—-7 1
r 0 = (X3-X-T).
2/ 2 460

This means that the empirical moment of order 2,

1 T
—/ XZdt
T Jo

i 1_X_72~+X_3
20 T T)

It can be shown that it is not efficient for estimating Eq(X2) = 1/26. In fact, its
variance is

is efficient for predicting

1 1 —20T
w7 T )
when the Cramér—Rao bound is 1/(26°T).
Note that the above predicted variables are not natural conditional expectations.
Of course the genuine problem is to predict Eefr (Xr4n) = e~ X7, but we have seen
in Section 1.5 that there is no BUP in that case. We will consider this question from
an asymptotic point of view in the next chapter. 0]

Example 1.19 (Noncentered Ornstein—Uhlenbeck process)
Consider the process

t
X, =m +/ e =AW (s),r € R(0 > 0,m € R)

oo

where W is a standard bilateral Wiener process.
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Suppose that 6 is known and m is unknown, and consider the process

t
Xo, = / e AW (s),1 € R.

oo

On the space C[0,T] the likelihood of (X,,0<¢<T) with respect to
(Xo4,0 <t <T) has the form

9m2 T
FX,m) = exp[—T(Z—i—@T) +0m<X0 —|—Xr+9/ Xyds>],
0

(see Grenander 1981), therefore e(xo +Xr 40 Xsds) is EUE for om(2 + 6T)
and

1 T
— | X X X,d
<2+9T>[°+ T+/0 }

mr =

is EUE for m.

Now EJ"(Xrys) =e "Xy —m)+m=m(l —e ) +e%Xrn, and, from
Theorem 1.8 it follows that my(1 —e ) 4+ e Xy is EUP for E] ' (Xr;,) and
for XT+h~

Finally, since 6 is known, the efficient predictor is

R oh l_efeh T
X =e X — | X X Xds|.
T+h = € T+2+9T|:0+ T+/0 ‘S]

Example 1.13 (continued)
Suppose that one wants to predict 1y, ,—o;. Then p = (—h/ 7)™ is the unique
unbiased predictor function of N7. It is optimal but not efficient. Moreover the naive
predictor Tyy,—o) is not unbiased but preferable to p.

Thus an optimal predictor is not always efficient and an unbiased optimal
predictor is not always a good predictor. &

1.7 Loss functions and empirical predictors

The quadratic prediction error is not the single interesting risk function. Other
preference relations are also used in practice.

Another matter is optimality; it is sometimes convenient to use predictors that
are suboptimal but easy to compute and (or) robust.

In the current section we glance at various preference relations and some
empirical predictors.
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1.7.1 Loss function

A loss function L:R xR — R is a positive measurable function such that
L(a,a) =0, a € R. It generates a risk function defined as

Ry(g:p) = Eg[L(g(X,Y,6),p(X))],0 € ©

which measures the accuracy of p when predicting g.
The resulting preference relation is

P1 =< P2 Ro(g,p1) < Ry(g,p2),0 € 0.

The following extension of the Rao—Blackwell theorem holds.

Theorem 1.11

Let < be a preference relation defined by a loss function L(x,y) which is convex
with respect to y. Then, if S is P-sufficient for g and p is an integrable predictor, we
have

S
E, <p. (1.20)

PRrOOF:
We only give a sketch of the proof; for details we refer to Adke and Ramanathan
(1997).

First we have the following preliminary result:

Let (Q, A, P) be a Probability space; Fi, Fa, F3 three sub-o-algebras of A,
then

.7:1JL.7'—2|‘7:3 = O’(f] Uf3)i|_0'(.7:2 U.7'-3|f3).

A consequence is:

if U, U, are real random variables such that U; € L'(Q,0(F; U F3),P),
U, € L°(0(F, U F3)), the space of real and o(F, U F3)-measurable applications,
and U U, € L'(Q, A, P), then

E"3(U)) =0 = E(U,U,) = 0. (1.21)
Now, by using convexity of L, one obtains

L(g,p) = L(g,E*(p)) + L'(, E*(p)) (p — E*(p)) (1.22)

where L' is the right derivative of L(g, -).
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Choosing F; = o(X), F» = o(g), F3 = o(S) and applying (1.21) one obtains
(1.20) by taking expectations in (1.22). [ |

Note that an immediate consequence of Theorem 1.11 is an extension of the
Lehmann-Scheffé theorem (Theorem 1.3). We let the reader verify that various
optimality results given above remain valid if the quadratic error is replaced by a
convex loss function.

1.7.2 Location parameters

Suppose that L is associated with a location parameter p defined by

EL(Z,n) = minEL(Z, a)
ac

with Pz € P, a family of probability measures on R. Then, since

Eo[L(g,p)] = Bo[ESL(g, )], (1.23)

if Pé{g € Py, the right side of (1.23) is minimum for po(X) = py(X), where py(X)
is the location parameter associated with Pg‘, g I x— Wo(x) is measurable, one
obtains

EoL(g,po(X)) = min EyL(g,p(X)),0 € O.
peLO(B)

Three particular cases are classical:

o If L(u, v) = (v — u)*, y(X) = EX(g),

o if L(u,v) = |v— ul|, uy(X) is a median of Péig,

o if L(u,v) = 1j,_y> (€ > 0), py(X) is a mode of Pf,. Note that this last loss
function is not convex with respect to v.

In order to construct a statistical predictor based on these location parameters,
one may use a plug-in method: this consists of replacing 6 by an estimator 6(X) to
obtain the predictor

p(X) = Hé(x)(X)~

Such a predictor is not optimal in general but it may have sharp asymptotic
properties if 6 is a suitable estimator of 6. We give some details in Chapter 2.

In a nonparametric framework the approach is somewhat different: it uses direct
estimators of the conditional location parameter. For example the regression kernel
estimator allows us to construct a predictor associated with conditional expectation (see
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Chapter 6). For the conditional mode (respectively median) it may be estimated by
taking the mode (respectively median) of anonparametric conditional density estimator.

1.7.3 Bayesian predictors

In the Bayesian scheme one interprets 6 as a random variable with a prior
distribution t.

Then if (X,Y) has density f(x,y,0) with respect to 4 ® v o-finite, (X,Y,6) has
density f(x, y, 0) with respect to 4 ® v ® 1. Thus, the marginal density of (X, ¥) is given
by

o(x,y) = / £(5..6)dz(0).

Now, if L is a loss function with risk Ry, the associated Bayesian risk for predicting
Y is defined as

H(Y.p(X)) = / Ro(Y, p(X))dz(6)
- / L(y, p())f (2., 0)dpa (x)dv(y)dx(6)
- / L0y, p(x)) (e, )i (1) v ).

As before a solution of min, (¥, p(X)) is a location parameter associated with P§.
If L is quadratic error, one obtains the Bayesian predictor

P =B ) = [ 3ei0d0) (1.24)

where ¢(:|X) is the marginal conditional density of ¥ given X.

Of course the recurrent problem is choice of the prior distribution. We refer to
Lehmann and Casella (1998) for a comprehensive discussion.

Now the Bayesian approach turns out to be very useful if X does not provide
enough information about Y. We give an example.

Example 1.20
Consider the model

Y =60X +¢, (0] < 1)

where X and Y have distribution N'(0, 1) and € 1L X. Then (1.24) gives

Y =E(0)X = / | 6dz(6) - X,
-1

while no reasonable nonbayesian predictor is available if 6 is unknown. &
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1.7.4 Linear predictors

Let (X,,t>1) be a real square integrable stochastic process; assume that
X = (Xy,...,X,) is observed and Y = X,,;| has to be predicted.
A commonly used empirical predictor is the linear predictor

If > ;a; =1 and Xi,...,X,; have the same expectation, p(X) is unbiased. A
typical predictor of this form is the simple exponential smoothing given by

_ Xn + /3anl +- 4+ ﬁn71X1

)

with 0 < g < 1.
If B =0, it reduces to the naive predictor

p()(X) = Xu,

if 8 = 1, one obtains the empirical mean
=33 x
P1 - n - iy
if 0 < B < 1 and n is large enough, practitioners use the classical form

Ps(X) = (1= B) (X + BXu1 + -+ B7'X0).

The naive predictor is interesting if the X,’s are highly locally correlated. In
particular, if (X;) is a martingale, we have

Xy = Eg(xr,fiﬂ) (

Xn+1)7 0ecO
and X,, is the BUP with null statistical prediction error. "
In contrast, the empirical mean is BUP when the X;’s are i.i.d. and (}_ X;)/n is

the BUE of E¢X, (cf. Theorem 1.5). =1
Finally, if 0 < 8 < 1, one has

Pp(X) = E" (Xat1)
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provided (X;) is an ARIMA (0,1,1) process defined by

Xi— X1 =¢ —Be—1; t2>2
X1 =£1.

and (&) is a strong white noise. In fact this property remains valid for the wider
range —1 < B < 1, see Chatfield (2000).

Concerning the choice of 8, a general empirical method is validation. Consider
the empirical prediction error

n

5a(B) = Z X —ppr1(Xi,... X))

k=kp,

where pgi_; is the simple exponential smoothing constructed with the data

Xi,...,Xx—1 and k, < n is large enough. Then an estimator of S is
B = argmin 8, (8).
0<p<1

If the model is known to be an ARIMA (0,1,1) one may also estimate § in this
framework. If in addition, (X,) is Gaussian, the maximum likelihood estimator
(MLE) of B is asymptotically efficient as n — oo, see Brockwell and Davis (1991).
Finally, concerning the general predictor defined by (1.25) one may use linear
regression techniques for estimating (ay, . . ., a,). Similarly as above, specific methods
are available if (X,) is an ARIMA (p,d,q) process, see Brockwell and Davis (1991).

1.8 Multidimensional prediction

‘We now consider the case where 6 and (or) g take their values in a multidimensional
space, or, more generally, in an infinite-dimensional space (recall that X takes its
value in an arbitrary measurable space (Ey, By)).

For example X = (Xi,...,X,) where the X;’s are R¢-valued with common
density 6, and g is the conditional density f3(-).

A general enough framework is the case where 6 € ® C @ and g is B-valued
where @ and B are separable Banach spaces with respective norms || - || and || - ||.
Now, assume that Ey || g |>< 0o, # € ® and denote by B* the topological dual
space of B. Then a natural preference relation between predictors is defined by

p1 < p2 & Eo(x*(py —g))2 < Eg(x*(p2 — g))2,9 € 0,.x* € B".

This means that p; is preferable to p, for predicting g, if and only if x*(p;) is
preferable to x*(p,) for predicting x*(g) for all x* in B*, with respect to the
preference relation (1.1).
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Now let Pg(B) be the class of B-valued predictors such that x*(p) € Pg for each
x* € B*, where Pg is defined in Section 1.3. Then we have the following extension
of Lemma 1.1:

Lemma 1.3
If p € Pg(B), then

Eo(x"(p) —x"(8))" = Ba(x"(p) — I¥"(g))” + Ea(Ix"(g) — x"(8))",
0e€0,x €B". (1.26)

In particular, if 11 is conditional expectation, it follows that p; < p, for predicting
g if and only if p\ < p for predicting E} (g).

ProoOF:
It suffices to apply Lemma 1.1 to x*(p) and x*(g) and then to use the property

x"(Ej(g)) = g (x"(8))(as.).

Now, if B = H (a Hilbert space) we have the additional property

Eo|lp—g|’=Eslp—Ej(g) > +Eo| Ef(g) —g[*0€0,

which is obtained by applying (1.26) to x* = ¢;, j > 1 where (¢;) is an orthonormal
basis of H, and by summing the obtained equalities.
In this context one may use the simpler but less precise preference relation:

pi=<ip2<EBo|lpr—g|’<EBollpo—g|*0€0.

Clearly
P1 = p2=p1 <1 P2

Now, the results concerning sufficient statistics remain valid in the multi-
dimensional case. In particular, application of Theorem 1.2 to x*(p) and x*(g)
shows that, if S(X) is P-sufficient, one has ES(p) < p. A similar method allows us
to extend the results concerning BUP. Details are left to the reader.

We now turn to efficiency. The next theorem gives a multidimensional Cramér—
Rao inequality for predictors. We consider the following set of assumptions.

Assumptions 1.2 (A1.2)
O is open in O, X has a strictly positive density f(x,0) with respect to a o-finite
measure, and
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@ (V9e€®), (JUg € 0y), (Yu € Uy), IVy, a neighbourhood of 0 in R:
(V8 € Vou), 0+ Su € O and Jf (x,0 + du)/0S does exist. Then, one sets

0
fu(x7 9) = %f(xv 0+ 8“)‘6:0'

(i1) The relation
/f(x,@—l—(?u)d,u(x) =1, 0€0O,uclUyécVy,, (1.27)

is differentiable with respect to § under the integral sign.

(iii) The B-valued predictor p is such that
/ ¥ (p(0))f (x, 0 + Su)dpa(x) = x* (4(8 + 8u)), (1.28)

x* €B*, ue Uy, 6§€Vy,, where y: 0y — B is linear. Moreover this
equality is differentiable with respect to § under the integral sign.
(iv) (V0 € ©), (Yu € Uy),

2

fu(X7 9)) c ]0,00[

e =5 (i

Then:

Theorem 1.12
If A1.2 holds, we have the bound

Eo(x*(p—8))° > Bo(x" (g — Efg))* +

0€0,uclUyx"€B" (1.29)

ProoF:
Differentiating (1.27) and taking § = 0, one obtains

B, (J;—,) = [hwoau = o

the same operations applied to (1.28), and linearity of y give

() = [0 B0 0 opaut

=X (y(u))-
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Now the Cauchy—Schwarz inequality entails

f 2 f 2
(v~ B0 )| <mici-Blorm(%).
f f
collecting the above results and using Lemma 1.3 one arrives at (1.29). [ ]

In a Hilbert space it is possible to obtain a global result.

Corollary 1.2
If B = H, a Hilbert space, then

| () — Es (g§) &

Egllp—gl*> Eollp—Ei(g) | 1.30
oIp =8I 2 Eollp—Bl(e) I s (130
0e®,uc U
PrOOF:
Apply (1.29) to x* =e;, j > 1 where (¢;) is a complete orthonormal system in H,
and take the sum. |

In (1.29) and (1.30), that are slight extensions of the Grenander inequality (1981, p.
484), the choice of u is arbitrary. Of course it is natural to choose a u that
maximizes the lower bound. If the lower bound is achieved p is said to be efficient,
but, in general, this only happens for some specific values of (x*, u), as shown in the
next example.

Example 1.21 (Sequence of Poisson processes)
Let (N,j,t>0), j>0 be a sequence of independent homogeneous Poisson
processes with respective intensity A;, j > 1 such that Zj Aj < 00.

Since EN7; = A;r(1 +4t) it follows that 7 N7 <oo as., therefore

M, = (N, = 0) defines an #?-valued random variable, where ¢ is the Hilbert

1/2
space {(x;) € R¥, 37, x2 < oo} with norm || (x)) ||= (zjxg) ?

One observes M) = (M;,0 <t < T) and wants to predict My, (h > 0). It is
easy to see that My is a P-sufficient statistic, then one only considers predictors of
the form p(Mr).

Now let A/ C ¢2 the family of sequences (x;) such that (x;) € N™ and x; = 0 for
j large enough. This family is countable, hence the counting measure u on N,
extended by u (2 — N') = 0, is o-finite.
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Then, note that ZJ-N%J < oo as. yields Nr; =0 almost surely for j large
enough. Thus M7 is A/-valued (a.s.). This implies that M7 has a density with respect
to u and the corresponding likelihood is

J(T,w)

)\ T) Nrj(@) o),
f(MT Z e Tﬁe Zf:“ /\jT,a) e
rj(®

where J(T, w) is such that N7 j(w) = 0 for j > J(T, w).
Hence the MLE of 6 = (4;) is

br(w) = (%o <j SJ(T,w>) = (N”T(‘”) J> 0>.

Then, an unbiased predictor of M7, should be
. T+h
Mryy = (—NT,]7J > 0)

In order to study its efficiency we consider the loglikelihood:

o0

Inf(Mr,6 + du) = Z (A + 8u))T + Np;In((3; + 8u;)T) + In(Ny,!)]

and

which belongs to ]0, oo if 3747 >0 and Y- u7 /4; < oo.
Now, on one hand we have

o0
Egpou(x" (Mr1n)) = (T +h) > (A + duy)x;,
=0
thus, in (1.28), y : £ — (> may be defined by

y(v) = (T + h)v,v € £,
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on the other hand
Eg(g) = Eg/lr (MT+/1) = (NTJ + )"jhaj Z 0)7

hence

and

Finally, since

[ (p E Z X ]7
(1.29) shows that MT+h is efficient if and only if

(Z xu;)?

Zu : (1.31)
j zx

In particular, if x*=(0,...,0,x,0,...) efficiency holds, provided
0<>u /2 <oo.

More generally, set x; = a;/+/A; and u; = /A, B;, j > 0. If (e;) and (f;) are in
22, (1.31) gives

D)8 = ws)’

thus (o;) and (B;) are collinear, i.e. (A;x;) and (u;) are collinear. &

Notes

As far as we know a systematic exposition of the theory of statistical prediction is not
available in the literature. In this Chapter we have tried to give some elements of this topic.

Presentation of the prediction model is inspired by Yatracos (1992). Lemma 1.1
belongs to folklore but it is fundamental since it shows that the statistician may only
predict 1%, rather than g.
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Definition of P-sufficient statistics appear in Takeuchi and Akahira (1975). Also
see Bahadur (1954); Johansson (1990) and Torgersen (1977) among others.

Theorem 1.1 is simple but useful and probably new, while Theorem 1.2 is in
Johansson. The study of optimal unbiased predictors comes from Yatracos (1992)
and Adke and Ramanathan (1997).

Theorem 1.7 is also in Yatracos but the more compact Corollary 1.1 and results
concerning efficiency seem to be new.

Theorem 1.11 is taken from Adke and Ramanathan (1997) and other results of
Section 1.7 are classical.

The elements of multidimensional prediction theory stated in Section 1.8 are
natural extensions of the one-dimensional theory. The bound in Theorem 1.12 is an
extension of the Cramér—Rao type bound of Grenander (1981). The application to
sequences of Poisson processes is new.
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Asymptotic prediction

2.1 Introduction

In various situations no optimal predictor may exist (see Lemma 1.2). It is then
rather natural to adopt an asymptotic point of view by studying consistency and
limit in distribution of predictors as size of dataset tends to infinity.

The basic question is prediction of sequences of events that may be random or
deterministic. The Blackwell algorithm gives an asymptotically minimax solution
of this problem without any special assumption.

The natural extension is prediction of discrete or continuous time stochastic
processes. In a parametric framework a classical method consists in replacing the
unknown parameter with a suitable estimator; the obtained plug-in predictor has
nice asymptotic properties.

The results are obtained with a fixed prediction horizon. Some indications
concerning forecasting for small or large horizons are given at the end of the current
chapter.

2.2 The basic problem

Let (A,, n>1) be a sequence of events and X, =14, n>1 the associated
sequence of 0-1 random or deterministic variables. The question is: how to
construct a general algorithm of prediction for X, given Xi,...,X,; n > 1?

A plausible predictor should be

)?,H,l :ﬂ{7n>%}, HZ 1 (21)

Inference and Prediction in Large Dimensions D. Bosq and D. Blanke
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-01761-6
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where X, = (Z?:l Xl-) /n. In order to measure quality of this algorithm, one puts

E, = (E?:l 1 {},:X,-}) /n where X; = 0 (for example).

Algorithm (2.1) is asymptotically optimal if (X,) is an i.i.d. sequence of
Bernoulli random variables with E X,, = p(0 < p < 1). Actually, the strong law
of large numbers allows us to establish that E, — max(p, 1 — p) a.s. when, if p is

n—oo

known, the best strategy consists in systematically predicting 1 if p > 1/2, 0 if
p < 1/2, and arbitrarily 0 or 1 if p =1/2. This strategy supplies the same
asymptotic behaviour as (X,,).

However (2.1) fails completely for the cyclic sequence X; =1, X, =0,
X;=1,...

Now the Blackwell algorithm is a remedy for this deficiency. In order to
introduce it we use Figure 2.1

~

The predictor (X,,) is defined recursively through the sequence

M, = (X,,E,), n>1

where

n

— 1
E,=-S 1~
n ; {Xi=X;}

and )A(l =0.

E,
1
S
D I D,
Mp,
Ds
O\ X

Figure 2.1 The Blackwell algorithm.
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Actually we have

~ 0 if M,eD,
P(XnJrl = 1) = 1 if M, e D,,
Pn if Mn € D37

with

finally, if M, € SU {1}, )A(nﬂ is arbitrary.

Note that this algorithm is random, even if (X,,) is not random.

Now, let d be the Euclidian metric over R?, we have the following outstanding
result.

Theorem 2.1

dM,,S) — 0 a.s. (2.2)

n—oo

Proor: (Outline)
A geometric interpretation of the algorithm allows us to prove that

1

B d(My1, S) < (L)z[dwmf P
- 2(n+ 1)

n+1

where F, = o(My, k <n), n>1.

Thus ([d(M,,S)]?, n > 1) is an ‘almost supermartingale’, hence (2.2) from a
convergence theorem in Robbins and Siegmund (1971).

For details we refer to Lerche and Sarkar (1998). [ |

Theorem 2.1 has an asymptotically minimax aspect because (2.2) is asymptotically
optimal for i.i.d. Bernoulli random variables and these sequence are the hardest to
predict.

Now, in order to derive more precise results, one needs information about the
distribution of the process (X,, n > 1). We study this situation in the next section.

2.3 Parametric prediction for stochastic processes

Consider a stochastic process with distribution depending on a finite-dimensional
parameter 6. We study the plug-in predictor obtained by substituting an estimator
for 6 in the best probabilistic predictor. The results hold as well in discrete time as
in continuous time.
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Let X = (X;,t€1), where I =7 or R, be an R-valued stochastic process,
defined on the probability space (£),.A, Py), where the unknown parameter 6 € O,
an open set in R?. Euclidian norm and scalar products in R? or R? are denoted by
I - || and (-, -) respectively.

Xy = (X;,0<t<T,tel) is observed, and one intends to predict
Xrip (h >0, T€l, T+hel). In the following ‘belonging to I’ is omitted and
h is fixed.

Define the o-algebras

Fr=0(X,a<t<b), —0<a<b< +oo,
with the conventions X_, = X, = 0, and suppose that Ey || X7, ||>< oo and that
the conditional expectation X7, with respect to F” _ has the form

. F
Xrop =By > Xrin) = rr (0, Yr) + n7,(0), (2.3)

T>0,0c 0O, where Yrisa F ;(T -measurable random variable with values in some
measurable space (F,C); (¢(T)) is such that 0<¢(T)<T and
limr_, ¢(T)/T = 1, and we have

lim E || n7,,(6) | =0, 6 €6

finally rr (-, Yr) is assumed to be known.

Note that if ¢(T) =T and nz,(f) =0, (2.3) turns out to be a Markov type
condition. R

In order to construct a statistical predictor, one uses an estimator me of 6
based on (X;, 0 <7< y(T)) where 0 < Y(T) < T, limy_o ¥(T)/T =1 and
limr_.oo (¢(T) — Y(T)) = +o0.

The plug-in predictor is then defined as
Xrin = rr @w(T), Yr).

Now, consider the following assumptions.

Assumptions 2.1 (A2.1)

(1) || rr,h(Q//, YT) — rr,h(Q', YT) ||§ ZT || 9// — 0’ ||;9/,9// S @, where ZT is a ran-
dom variable such that, for all 9 € O,

Zr € LY, Flpy, Po), T>0(k>1,9>1),
lim a(T)Ey(Z#*) < oo (a(T) > 0),

T—o00
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and

lim Ey || Zr ||*< oo.
T—o

(ii) X is strongly mixing, that is lim,_, ag(u) = 0, 6 € @, where

ag(u) = sup sup |Pg(BNC) — Py(B)Py(C)|.
1€l BeF' ,CeF

t+u
(iii) There exists an integer k' > 1 and s > 1 such that

Tim b (T)Ey || 67 — 6 |** <00, 1<k'<K (b(T)>0)

T—00
and
Jim E | Or — 60 |** < 0.
(iv) rr, has partial derivatives with respect to 6 = (64, ...,0,) and, as T — oo,

grad rp (0, Yr)——U £ 0y, 6 € ©.

o~

(v) The estimator (67) satisfies

Or — 6 as.,

and

o~

o(T)Or —0) 2V 2Ry (c(T) > 0).

The above regularity conditions hold for various classical discrete or continuous
time processes (ARMA processes,*diffusion processes”, ...) and various esti-
mators (maximum likelihood, Bayesian estimators, ...). Examples are studied in
Section 2.4.

We now study asymptotic behaviour of )A(ﬂh. The first statement provides rate
of convergence.

Theorem 2.2
If A2.1(i)~(iii) hold with k' =k and 1/q+ 1/s < 1 and if, for all 6,
Tim [a(T)b(T) o (¢(T) = 9(T))]' 7 < o, (24)
ACh
b(Y(T)) =00
T [a(T)b(T) B 1 (6) %) < o0 (25)
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then

lim [a(T)b(T)]"Eo(|| X7 — X4 [|*) < 00 (2.6)

T—o0

Proor:
First note that

[a(T)b(T) Eq || Xran — X 1™
< 2% [a(T)b(T)"Eg || rra@y(r), Yr) = rra(0, Yr) [
+ [a(T)b(T)*Ey || n7.4(6) [I*]
< 22k_] [Al,T + szT].
Then, from (2.5), it suffices to study the asymptotic behaviour of A 7. Now, A
2.1(i) entails
Az < Bo[(d(T)ZE)BM(T) || Oyiry — 0 )]

and from the *Davydov inequality™ it follows that
A < Eo(a“(T)Z7) - Bo(W(T) || By — 0 I*) + 51

where
8 = 2p2ag(d(T) — w(T))]""? & (T)(Eo|Zr )"
X b*(T)(Bg || By — 0 1)

with 1/p=1—1/qg—1/r.
Then, A2.1(i)—(iii) and (2.4) yield (2.6). [ |

Note that, if I = Z, and the model contains i.i.d. sequences, we have, for these
sequences,

X;+h = Eg(XT+h) = r(@)

Consequently, if 5(T) " is the minimax quadratic rate for estimating 6 and r(6), it is
also the minimax quadratic rate for predicting Xz .

We now turn to limit in distribution. For convenience we suppose that d = 1.
Then we have

Theorem 2.3
If A2.1(ii),(iv)~(v) hold, % — 1 and ¢(T) - 0y, (8) 2 0, then

(e(T) Xrsn — Xpp)—{U, V)

where (U, V) £ 0y @ Ry.
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Proor:
From A2.1(iv) it follows that

d/
~ ~ or
rra(Or, Y1) — rrp(0, Yr) = Z(Qw(r)ﬁi — 6;) <a;h (6,Yr) + 5T,i>

i=1

where 87 = (87.1,...,8ra) — 0= (0,...,0) as §W(T) — 0, hence 87 — 0 a.s.
Now let us set

o~

Ur = c(T)(0yr) — 0),
and
Vr = gradgrr,h(a/,m, Yr).
The strong mixing condition A2.1(ii) entails

sup  |Po(Ur € A, Vy € B) — Py(Ur € A)Py(Vy € B))|
AEBW/,BEBRJ

< ag(p(T) = ¥(T)) — 0;

then, by using classical properties of *weak convergence* (see Billingsley 1968)
one deduces that

L(Ur, V) = L{U,V))
and since
L({Ur,87)) = 80,

and ¢(T)nr,(0) 2,0, the desired result follows. [ |

2.4 Predicting some common processes

We now apply the previous asymptotic results to some common situations.
Example 1.15 (continued)
Let (X;, t € Z) be an AR(1) process such that VaryX, = 1 and Eg|Xp|" < oo where

m > 4. If ¢y has density with respect to Lebesgue measure, such a process is
geometrically strongly mixing (GSM), that is

a(u) < [ae™™], u>0(a>0,b>0)
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(see Rosenblatt 2000). Here we have X7, = 60Xy := r(6,Xr). Now, the unbiased
estimator

~ 1<E
9T = ?th—lxt
=1

produces the statistical predictor X7, = b\w(T)'XT with  (T) given by
Y(T)=[T—InT - InlnT].
The GSM condition and Davydov inequality imply
|Cov(X,—1 X, Xyt uXis14u)| = O(e™"), (c > 0),

then a straightforward computation gives

oo
T-Ey(0r —0) — y, = Z Cov(XoX1, X14+uXo4u)

—00
and
E9|§T - 9|m = O(T_%)

Thus, Theorem 2.2 entails
~ . 0 1
EH(XT+h _XT+h) =0 T)

Concerning limit in distribution one may use the central limit theorem for strongly
mixing processes, see Rio (2000), to obtain

VT (Br = 6) >N LN (0, ),
and, since Xy has a fixed distribution Qy, Theorem 2.3 gives
N D
VT R — X)) U-V

where

(U, V) £ 05 @ N(0,7,). o

Example 2.1 (ARMA(p,q) process)
Consider the process

X=X+ +@Xp=e —vie1— Vg tEL (2.7)
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where (g, 1 € Z) is a real strong white noise, @7, 7 0 and the polynomials
1- 257:1 (pjzj and 1 — Z.;‘]:l yjzj have no common zeros and do not vanish for
|z| < 1. Then (2.7) has a stationary solution

]
Xt:ZT[th,j—f—Et, te?
j=1

where 7; = (@1, .., @i V15 -+ V) = (0), j > 1 and (mj, j > 1) decreases at
an exponential rate. Thus we clearly have

X = E :”J (0)Xrs1-

and if ET is the classical empirical estimator of 6, see Brockwell and Davis (1991),
one may apply the above results.
Details are left to the reader. &

Example 1.14 (continued)
Consider the Ornstein—Uhlenbeck process

t
X, :/ e aw(s), teR, (6> 0);

oo

in order to study quadratic error of the predictor it is convenient to choose the
parameter

1
B= %= VargXo,

and its natural estimator

Here
i
rea(B, Yr) = e ¥ Xr,
and since
8r h /37 Y.
Orra(B: Yr)| 2 2 %1,
on h
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one may take ¢(T) = T and Zr = (2/h)e 2Xr. Now (X,) is Gaussian stationary and
GSM (see Doukhan (1994)), then conditions in Theorem 2.2 hold with a(T) = 1,

T - EglBy —n* — £, >0
and
Tli_>_rg10T~Eﬂ|BT g < o0, r>1.
Finally choosing ¥(T) =T —1InT - InlnT one obtains
@T-Eﬂ|§T+h — Xp P < 0.

Concerning limit in distribution we come back to 6 and take the maximum
likelihood estimator

then (see Kutoyants (2004)),

and

LT 67 — 0)) -5 N(0,20).

In order to apply Theorem 2.3 one may use ¥/(7) = T — Inln T and note that

arT,h F h2e720h
W (07XT) _N<O7 T

hence

~ " D
VT (Xrin — Xpyp)—U-V

where (U, V) £ N(0,26) @ N (0, (h2e~2")/20).
The distribution of U -V has characteristic function

bo(u) = (1 + w2712 e R
and we have

Es(No-N})) = 0
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and
Vary(Ny - Nj) = h*e 2.

As an application it is possible to construct a prediction interval. First

)? — X D
Dr(60) = VT =5 Ni- N,

where (Ny,N2) < N(0,1)%2,
Now 8y ) — 0 a.s. yields (see Billingsley 1968)

~ D
Dr(0y(r))— N1-No;

then if
o
P(|N1N,| < va/z) =1 5 O<a<l)
and
" hv, 2 " hy, 2
o [ ( T TTUT
we have

y o
PQ(XT—Q—h € IT,h) — 1 —E.

Finally a prediction interval for X7, may be obtained by setting

/ 20 1/2 * d
Dy, (0) = 1o (X740 — X744) =N (0, 1),

therefore
LDl Oyr)) =N (0, 1),
Now define
~ 1/2
afx ) _ s 1-— ifzewmh _i_e:’?wm N (XT vy /2>
201 VT
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and
~ 12
28,k ~
b = vy [ L) e‘(’wm”(XT ey 2)
20y(r) VT
where
PN S vep) =1-5  (VLN(O,1)),

then

lim Py(Xryp € [, 6D > 1 —a.

T—o0

Example 2.2 (Ergodic diffusion process)
Consider a *diffusion process*, defined by

t t
K:&+/ﬂ&ﬂw+/awmmwt20
0 0
Under some regularity conditions, in particular if

— S(x, 6
lim supsgnx- (;C ) <0
x| =% geo) a?(x)

and if X, has density

fs(x,0) = Gai@ exp (2 /OX i(zv("i) dv), xreR

G= /:C o %(y) exp (2 /Oy i(zv(’f)) dv) dy,

then (X,, > 0) is strictly stationary, ergodic, Markovian and the maximum
likelihood and Bayesian estimators are asymptotically efficient. For details we
refer to Kutoyants (2004).

Now, we have

where

T+h

T+h
&M_&:/ ﬂ&@$+/ o(X,) dW,
T T
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and, since (W,) has independent increments and is adapted to (F?),

[ [T+
X, = X7 +E-° [ / S(X,.6) ds}
T
T+h
:XT+ MS(XT,G) dS: FT,/,(Q,XT)
T
where
M(X7,0) =E.°S(X,,0), T<s<T+h.
Making the additional assumption
1S(X;,0") — S(X,,0)| < U,J0" —0|; &, 0" € O,
where Eg(U%) < oo(g > 1), we may apply Theorem 2.2 to X7 where
Xrop = T h (ap(r),XT)
to obtain

lim T'Eg()?zurh — X;+h)2 < 005
T—o0

here 67 is the MLE or the Bayesian estimator and ¢(T) =T — InT-InInT.
Concerning limit in distribution, first note that

0 T T+h
Q E(—E ¢ / SXV)O dS>
6 o6 6 T ( )

does not depend on T. Now, from

LT Or = 6)—N(0,(1(6)™")

where 1(0) is Fisher information, it follows that
VT Xpon — X)) —oU -V
where (U, V) £ 0y @ N(0,1(6) ). o

In the next two examples the mixing condition is not satisfied but straightforward
arguments give asymptotic results.

Example 1.13 (continAued)
The efficient predictor X7, = (T + k)N, /T is such that

T-E (X, — Xrin) = AW
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and, since N7 /T satisfies the CLT,

\/T fa * w
£(3 G X7.0) ) 0.1), o

Example 1.17 (continued)
We have seen that the efficient predictor is

T+h T
Xron = Xr + +f(t)dt.m

T fonz (s)ds

with quadratic error

T+h 2 T
B~ X;.00° = ( +f(r)dr) / | o
T 0

thus, consistency depends on f.
If f(r) =(y > 0) one obtains a 1/T-rate; if f(r) = e’ the predictor is not
consistent. O

2.5 Equivalent risks

Until now we have studied the asymptotic behaviour of quadratic prediction error.
In this section we consider an alternative risk, the integrated quadratic error.
For simplicity we suppose that (X,,, n € Z) is a strictly stationary real Markov

process such that (Xj,...,X,) has a density fix,, . x, with respect to a o-finite
measure u=", n > 1.

One observes (X, ..., X,) = X, and intends to predict m(X,,), where m is a
real Borel function satisfying Em?(Xy) < oo.

Let us set

r(x) = E(mX,11)|X, = x), x€R,

and consider an estimator r, of r, based on Xi,..., X, where 1 <k, < n. Our
goal is to compare

I, = E (r,(X,) — r(Xn))z

and
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For this purpose we use the following mixing coefficients:

Br, = Blo(Xu—r,),0(X,)) = ECS“(E ) [P(C) = P(Clo(Xu—,))l,
and
o, = 9(0(Xu—t,),0(Xs)) = sup  |P(C) = P(C|B)|.

BE(X,,_p, ):P(B)>0
Cea(Xn)

Details concerning these coefficients appear in the Appendix. Now, we have the
following bounds:

Lemma 2.1
Suppose that R, = sup,g |ru(x) — r(x)|* < oo, then

(a) IFER? < oo(p > 1),

1-1
|In - Jn| S 2 ” Rn ||P IBk,Z ,7 (28)
(b) if ER, < o0,
L — Tl <20 Ry 1 @4, (2.9)
(c) if || R, ||< 00,
= 1l <2 Ry 1 By, (2.10)
Proor:
Note that

I, = / (i (Xt X) = 7)) Fi iy o () 0) A5 () x)
_ /(rn _ r)zfX(nikaXn‘X("ik") dﬂ®<n7k“+l)~
Using the Markov property one obtains

Uy —Jy = / (e = PP fos Ui, — fin] a0,

Now, from a Delyon inequality (see Viennet 1997, p. 478), it follows that there
exists b(x(,_x,)) such that

| — Ju| < Z/R”'b'wak,,) dp ).
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and || b [[eo= . [| D |[i= Bi,» || D [[4< ,Blin/q(q > 1), hence (2.8), (2.9) and (2.10)
by using the Holder inequality. [ ]

As an application we consider the case where

r(x) =r,(x,0), 0€O®CR

with r, known and such that

[ro(x,0') — ro(x,0)| < cl6' —6|; ¢,0€ 0. (2.11)

As in Section 2.3 we consider a predictor of the form

o~

rn(Xn) = rv(Xmenfk )

n

where gn_k” is an estimator of 6 based on X, . If E(@n_k" - 9)4 < 00, one may
apply (2.11) and (2.8) to obtain

3 491/2 p1/2
[y = Ju| < 27 [E(64, — )] / kn/ :
Thus, if I,, ~ v,, one has J, ~ v, provided

~

vy BB, — 0)']° 87 — 0. (2.12)

n

If, for example, ©® is compact, 5n €60 as., n>1, E(@n - 9)2 ~ 1/n and
B, = O(k,F), then the choice k, ~n~° (1 > 8 > 1/p) yields (2.12).

More generally, since -mixing implies ¢-mixing, one may show equivalence of
I, and J, in the context of Theorem 2.2. Details are left to the reader.

2.6 Prediction for small time lags

Suppose that X = (X;, r € R) is observed on [0, 7] and one wants to predict X7,
for small .
Here X is a zero-mean, nondeterministic, weakly stationary process with the
rational spectral density
2
Py (1)

0p(2)

fG) =

where o and 8 > « are the degrees of the polynomials P, and Qg. Then, from
Cramér and Leadbetter (1967), it follows that X has exactly m=8—a —1
derivatives in mean-square (m > 0).
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We now consider the suboptimal linear predictor
~ "W
Xrpn =Y = X0(T)
=0/

where X)) denotes the jth derivative of X.

Then one may show (see Bucklew (1985)), that it is locally asympto-
tically optimal as & — 0 (4). More precisely the best linear predictor X7,
satisfies

h
Eo(Xy ) — Xran)® = /O F2())dr

2(_1)m+1h2m+1

(2m + 1) (m!)? oo

~h—0(+)

where y is the *autocovariance™ of X, and we have

— By(Xpan — Xron)?
Iim 9( T+h T+h) -1

h=0(+) Bg(X3", — Xr4n)’

Thus, if m is known, )N(”h is a locally asymptotically optimal linear statistical
predictor. Moreover it is determined by (X;, T —e <t < T) for every strictly
positive €. Then, in order to make local prediction, it is not necessary to estimate 6.
For example, if X is an Ornstein—Uhlenbeck process we have X7, = X7y and
X — e—Oh X

T+h — T-
We now consider a process with regular sample paths:

Example 2.3 (Wong process)
Consider the strictly stationary Gaussian process

exp(20/V3)
X, = V3 exp(—V/31) / Wyds, t€R;,
0

where W is a standard Brownian motion. Its spectral density is given by

4./3 1

o)== (1+3)22)(3+1%)’

A ER,

thus m = 1 and the asymptotically optimal linear statistical predictor is

Xrin = Xr + hXJ. O
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Finally, since rational spectra are dense in the class of all spectra, it is possible to
extend the above property. If m = 0 the extension holds as soon as y(t) = g(¢)g(—1)
where g is an absolutely continuous function, see Bucklew (1985).

2.7 Prediction for large time lags

Let X=(X;,t€Z) be a discrete time, real, *nondeterministic* and weakly
stationary process. Then

o0
X, = m+2aj5t,j, teZ, (meR),
=0

j=

where Y a7 < 00, a, = 1 and (g;) is a white noise, and
o0
*k _ ) .
Xrin = E dj€rth—j>
=0

hence

h—1

E(X7, — X)) =0” Zanv h>1
=

We are interested in prediction for large 4. The best asymptotic linear error of
prediction is

y(0) = lim E (X7, — Xr2)?
where
y(u) = Cov (Xo,X,), u€R.

Thus a linear statistical predictor X7 based on Xo,..., Xy is asymptotically
optimal (AO) if

JLIEOE(XTM - XT+h)2 = y(0).

The naive predictor X7 is not AO since

E (X7 — Xr4n)” = 2(y(0) — y(h))—2y/(0);

h—oo
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actually X7 = (X X,) /(T + 1) is AO and

T-[EBXr = Xr)* = 7(0)]— > y(u).

Similar results are achievable in continuous time: if X = (X;, 7 € R) is real
measurable, weakly stationary and nondeterministic, it admits the representation

X,—/t gt —u)dvV(u), teR,

oo

where g is a nonrandom square integrable function and V' a process with orthogonal
increments (see Cramér and Leadbetter 1967). Then

t
Xi = [ gl h-u)av

o0

and

oo
lim E(X%, — Xren)? = / 2(v)dv = (0).
0

h—o0

Now the naive predictor has asymptotic quadratic error 2y(0) when
Xr = (Jo X dr) /T is AO with

Jim 71E (¥ = Xp.a)? = 70)] = [y

Notes

The Blackwell algorithm (1956) has been studied in detail by Lerche and Sarkar
(1993); they established Theorem 2.1. Theorems 2.2 and 2.3 and their applications
are new.

Lemma 2.1 comes from a discussion with J. Dedecker (Personal communica-
tion, 2006).

Section 2.6 is due to Bucklew (1985); for a discussion we refer to Stein (1988).

Finally results concerning prediction for large time lags are well known or easy
to check.
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3

Estimation by adaptive
projection

3.1 Introduction

In this chapter we study an estimation method that applies to a large class of
functional parameters. This class contains discrete probability distributions, density,
spectral density, covariance operators, among others.

For estimating a functional parameter a general procedure consists in approx-
imating it by suitable functions that can be easily estimated. Various methods of
approximation are conceivable: regularization by convolution, sieves, wavelets,
neural networks,. .. No approach may be considered as systematically better than
another one. Here we use the basic orthogonal projection method: the principle is to
estimate the projection of the unknown functional parameter on a space with finite
dimension k, that increases with the size n of the observed sample.

Since a suitable choice of &, depends on the true value of the parameter, it is
convenient to modify the estimator by replacing k, with an integer k, which is a
function of the data and appears to be a good approximation of the best k. In this
way one obtains an adaptive projection estimator (APE). In some special situations
the APE reaches a 1/n-rate.

3.2 A class of functional parameters

Let P be a family of discrete time stochastic processes with values in some
measurable space (E,B). A member X of P has the form X = (X, t € Z). Let ¢

Inference and Prediction in Large Dimensions D. Bosq and D. Blanke
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-01761-6
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(or py) be an unknown parameter that depends on the distribution Px of X:
ox =g(Px), XeP

where g is not necessarily injective.

We suppose that ¢ € ¢ C H, where H is a separable real Hilbert space,
equipped with its scalar product (-, -) and its norm || - ||.

We will say that ¢ is (e, h)-adapted, or simply e-adapted, if there exists a fixed
orthonormal system e = (e;, j > 0) of H and a family h = (h;, j > 0) of applica-
tions A; : E'UF! — R, j > 0 such that

0=2 9
=0
with
(pj:<(p7e/>:E[hl<X0a7Xv(/))}7 JZO,€0€¢
Finally we suppose that E[hjz(Xo, -+, Xy;)] < oo and
v(j) <j, j=0.

We indicate a typical example of such a parameter. Other examples will appear
in Sections 3.4 and 3.5.

Example 3.1 (Spectral density)
Let X=(X;, t € Z) be a real zero-mean stationary process with *autocovariancex

o0
y; = E(XoX;), j >0, such that Z ;| < 005
=0

its spectral density is defined as

1 .
p(A) = EZ yjcoskj, A € [~m, +m).

Jjez
Then
== b =2 = 00) =
and
ho(X0) = 0 (o, x) =% s o
V2m Vr
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Now the problem is to specify estimation rates for some subclasses of ¢. In order to
define them it is convenient to consider a function » : R, — Ri that is integrable,
continuously differentiable and such that x — xb(x) is decreasing (large sense) for x
large enough (x > x,). Note that this implies the following facts:

e b is strictly decreasing for x > x,,

o > Z0b(j) < oo,

o jb(j)\,0asjToo.
Functions of this type are powers, negative exponentials, combinations of powers
and logarithms, . . .

Now we set b; = b(j),j > 0and ¢, = {¢ : ¢ € ¢, |¢;| < bj,j > 0}. We assume

that there exists ¢* € ¢, whose Fourier coefficients decrease at the same rate as (b;).
More precisely:

Assumptions 3.1 (A3.1)
There exists ¢* € ¢, such that ¢; # 0, j > 0 and

] = 8by, j>jo (0<5<1).

In order to estimate ¢ from the data X, ..., X, we use estimators of the form
D= Minnej (3.1)
=0

where

. 1 n—v(j)

@n =: @n = - Z hj(Xi; e 7Xi+v(/‘)) if n > V(]) (32)

n—w(j) 5
= 0, if not.

The estimator g, is well defined as soon as

Z )\jzn@zl < 0o as. (3.3)

Jn>v(j)

Now let 7 be the family of estimators of ¢ such that (3.1), (3.2) and (3.3) hold. We
want to optimize the asymptotic behaviour of infj <7, supy.pEx || @, — ¢x 2, in
order to obtain the minimax rate for the family 7 .

For this purpose, we will use the oracle associated with ¢, assuming that @, is
an unbiased estimator of ;.
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3.3 Oracle
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The oracle is the best estimator, belonging to 7, at the point ¢ = ¢*, for some
process X* such that ¢* = g(Px+). Its construction uses the following elementary

result.

Lemma 3.1

Let Z be an unbiased estimator of a real parameter 0 such that 0 # 0. Let VyZ be the
variance of Z. Then, the minimizer of Eg(AZ — 6)2 with respect to A is

92
BEERA

and the corresponding quadratic error is given by

Proor:

Ey(A'Z — 6)* =

6% - VoZ
P+ VZ

Straightforward and therefore omitted. [ |

Using Lemma 3.1 we obtain the oracle

with

A

c__ Y% s (3.4)

where V> denotes variance of @, for some X* such that ¢* = g(Px-).

Actually, if n > v(j) the choice Z = @;, in Lemma 3.1 leads to (3.4); if n < v(j)
one has g, = 0 thus V; =0 and A;, = 1 is suitable.

Note that <pn is Well deﬁned since

E (Z P —f,,>

Jj=0

Now, in order to study Ex- gog

Z )‘Jn Jn"HOJ )

n>v(j)

< ZW_ Z‘PJ <[l ¢ [IP< oo

n>v(j) (pj n>v(j)

— ¢*||* we make the general assumption:
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Assumptions 3.2 (A3.2)
Ex-@;, = ¢}, j > 0, n > v(j) and

0<d <y <Bijso

U U

where (o;) and (8;) do not depend on n, and (u,) is a sequence of integers such that
() / o0 and u, < n, n > n,.
We shall see that, under mild conditions, u, = n. The case u,, = o(n) corresponds to
long memory processes.

Lemma 3.2
If A3.2 holds and n — oo

1) Ifzj B; < oo, then

0<) o< lim uBy | @) — ¢ |° (3.5)
j n—oo
and
lim u,Ex || @0 — ¢* ||?< 2B*8* + Zﬂj < o0 (3.6)
where B = max; > jb;.
2) Ifzj oj = 00, then
lim u,Ex- || ¢° — ¢* ||*= 0. (3.7)

PRrOOF:

(1) Since jb; — 0 one has B < oo and b/2 < B%/j?,j > 1.Now, n < v(j) implies
n <j, thus, if n > j, + 1,

> goj g > b2<822b2

Jn<v(j Jin<v(j n<j
3232 23252
< B*§ Z 5 < < :
=t n— 1 Uy,

moreover

V*

*2
g .
ty Y, S D WV <) By

o) TV 5 j=0
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therefore
2
A Vo , 2B DB
Ey || ¢ — ¢* ||?= fif” et 4= 3.8
Jin>v(j ) jn <))
hence (3.6).
In order to get a lower bound, we write
(p*2 cu Vi
MnE * 0 _ o |2 > —j -
o o) —¢" | __Z Ty
J~n>V(1) J
. a
=z Z oV sy () == s
]>0 + V/n

all terms in m, belong to [0, ;] and tend to «; (respectively); then the dominated
convergence theorem gives m, — > .-, «; which yields (3.5).

(2) If >, o; = oo, the Fatou lemma entails

hm u,Ex- || @2 — o |I*> Z Lim u,;,

>0 n—o0
where v, is the term of order j in (3.8).
Since, for n large enough, one has
«2 *
Un, Vi
n¥jn %2 *
i+ Vi
it follows that lim unwjn > «aj, hence (3.7). [ |

n—oo

3.4 Parametric rate

If v(j)=0,j>0and } ;B < oo the rate u, ! is reached provided the following
assumption holds.

Assumptions 3.3 (A3.3)
@, 1s an unbiased estimator of ¢;,j > 0 and there exists ¢ > 0 such that

B .
sup Varxgojn < c— j>0, n>n,.
XeP Un
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To show this we define two estimators of ¢:

o0
Pno = E ajnejv
j=0

and

u,
$n = E Pin€j-
=0

Note that explicit calculation of ¢, is not possible in general, thus it is preferable
to employ @,.

Theorem 3.1
If A3.2 and A3.3 hold with 0 < 3 a; < > . B; < 00 then

lim inf supu, Ex || @, —ox |7 > D o (3.9)

n—o0 ¥ XEP Jj

when
supu, Ex || @0 — ox I’ <> B; (3.10)
XeP 7
and
sup u,Ex || @, — ox |I° §32+CZ/3j- (3.11)
XeP 5
Proor:

For each @, in 7, we have

— 2 — * 112
supu, Ex || @, — ox |7 = waEx+ || @, — ¢" ||
XeP
> u,Ex </)2 -9 Hz?
therefore
. — 2 0 * |12
inf sup u, Ex- || @, — ¢x |7> uEx- || ¢, — ¢ ||

Y0 XEP

and (3.5) yields (3.9).
Now, from A3.3 it follows that

» N 2 > 0B
Ex || @0 —ox [I”= E Ex(g, —¢;)" < c—=
=0 "



70 ESTIMATION BY ADAPTIVE PROJECTION

and .
Uy EX || an - ¥x || ZEX (pjn (pj + Up Z(pf
J>
<ec Z B+ un b
J> i
DALY
j>u,,

hence (3.10) and (3.11). [ |

Example 3.2 (Discrete distributions)
Let P be a family of N-valued processes, defined on a rich enough probability
space, and such that

(a) PX, ZPXO,I S/
(b) P(X;=j) <bj,j>0where b; | Oand 1 <} b; < o0
©) Px,.x)=Px,+nx+n;s, L, h€”Z

(d) D ez SUpjso [P(Xn = j|lXo = j) — P(X), = j)| <y <oo where P(X,=j
|Xo =j)= P(X, =) if P(Xo =j) = 0 and y does not depend on X.

Here we set ¢ = gy = > P(Xo = j)1y;, then ¢ € L?(1) where p is the counting
measure on N and ¢ is (e, h)-adapted with e; = h; = 15, and v(j) = 0,j > 0.
In this situation one may choose

o= s

and X* = (X, t € Z) where the X;’s are i.i.d. with distribution ¢*. Thus we have

G0-4) & _#_%
n n n n

* p—
Vi, =

and )~ B; < co. Moreover

_ h . .
nVarg, =¢(1-¢g)+ > (1 —U> [P(Xo = j. Xn = j)
1<[h[<n—1 "
— P(Xo = j)P(X) = j)]

<+ 237 P(Xo =) sup (X =Xo =) ~ P(Xi = )|
h=1 JZ

< (1+2y)b; := cp;

where ¢ = (1+2y) >, by.
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Therefore A3.2 and A3.3 hold and, from Theorem 3.1, it follows that the
minimax rate is 1/n. The estimator

n = Z(%i%}%))ﬂm

n
J=1

reaches this rate. &

Example 3.3 (Distribution functions)

Consider a sequence (X;, € Z) of i.i.d. [0, 1]-valued random variables. Suppose
that their common distribution function F possesses a continuous derivative f on
[0, 1]. Let (¢;) be an orthonormal basis of L?() where  is Lebesgue measure over
[0, 1]. Then, if ¢; has a continuous version, we have

(Foe) = / Ej(x) f(x)dx = E(~E (X0)

where Ej is the primitive of ¢; such that E;(1) = 0. We see that F is (e, h)-adapted
with j = —E; and v(j) =0, j > 0.

If, for example, (¢;) is the trigonometric system, it is easy to prove that
Var g, = O(1/nj?); it follows that the minimax rate is 1/n. Details are left to
the reader. &

Example 3.4 (Covariance operator)
Let (X,, t € Z) be a sequence of G-valued i.i.d. random variables, where G is a
separable Hilbert space with scalar product (-,-); and norm || - ||g.

Assume that E || X, [|& < oo and EXp = 0. One wants to estimate the covariance
operator of X, defined as

Co(x) = E((Xo,x)gX0), x € G.

C, belongs to the Hilbert space H = Sg of Hilbert—Schmidt operators on G (see
Chapter 11) and has the spectral decomposition C, = Zfio Ajv; ®v; with
Aj > O,Zj Aj < co. We suppose here that the eigenvectors v; are known. Since
ej = v; ®v;,j > 0is an orthonormal system in Sg and A; = E((Xo,v;)g), j > 0, we
see that C, is (e, h)-adapted.

Now we have

n

_ 1 2
P = ;Z<Xi7 Vi)G

i=1

and

_ 1 .
Var 3, = E(E(<xo,vj>‘g) -3, j=0.
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Noting that

J

J

2
E(Z(X,»,vﬁ?;) <E <Z<X0,Vj>é> =E | Xo [I§

it is easy to see that the minimax rate is n~'. Again details are left to the reader. This
parametric rate can be reached in the more general framework where (X;) is an
autoregressive Hilbertian process and the v;’s are unknown. We refer to Chapter 11
for a detailed study of that case. &

3.5 Nonparametric rates

If Zj o = 00, Lemma 3.2 shows that the rate of oracle is less than u, I In order to
specify this rate we are going to define a truncation index & that indicates when 0 is
a better approximation of ¢; than @,

First we need a definition:

Definition 3.1
A strictly positive real sequence (y;) is said to be of moderate variation (MV) if, as
k — oo

Vi = Vi

where 7, = (30 7)) /k.
A typical example of such a sequence is

y; = cj*(In(j + 1))’ (¢ >0, a>—1, b integer > 0),

in particular a constant sequence is MV.
The following properties of an MV sequence are easy to check.

o0
ZVJZOO

j=0
Vi = Vi+1 (3.12)
8y — oo (3.13)

for each positive sequence (8;) such that k8, — O.
Now we make the following assumption:

Assumptions 3.4 (A3.4)

(B;) is MV and 3¢ o = > B;.
This allows us to define k. Set

_ s
- 12

B,

d
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where j, and n, are specified in A3.1 and A3.2 respectively. Note that it is always
possible to suppose that g; # 0.
Now, if n > n,, k;, is the greatest j > j, such that

o >l
Up
that is
oh > d Py , (3.14)
o <d2&, j> k. (3.15)
un

k; is well defined since

Wf: :dz&z d2&7 (n > no)

Ney ul‘l

and, from (3.13), it follows that lim;_, ,Bj / (p]f‘z — 00; thus, for j large enough, we
have (3.15).
The following statement furnishes some useful properties of k;,.

Lemma 3.3
ki — oo, (3.16)
ky = o(un), (3.17)
Jo<Jj<hky=n>v(j); n>n. (3.18)
ProoOF:

If &} / oo there exists K >0 and a sequence S of integers such that k&, < K,
n'eS. Thus k), +1 € {1,...,K+ 1}, n' € S, which implies that ﬂk +1‘Pk S s
bounded, Wthh is 1mp0551b1e from (3.15) and u,; — oo, hence (3.16)"

Now, since Z o Bj = k, By and k;, — oo we have

*

—1
B

~ = o(k}) (3.19)
‘ 2’5 B

because Zo B; — oo. Moreover, for each € > 0, we have, for n large enough,
lkygi | < e, but |gp.| > d(B )" /2, therefore ki <ed! 1/2,3 '/2 and conse-

quently
k= 0<u1/2ﬂ *1/2>.




74 ESTIMATION BY ADAPTIVE PROJECTION
Now, from (3.19) it follows that ul/zﬂ 1z _ (k* 1/2) hence (3.17) since
K = o(k:"ul).

Concerning (3.18) note that j, <j <k, yields v(j) <j< k;, and since
k! = o(u,) = o(n) we have n > k for n large enough, hence n > v(j). [ |

Lemma 3.4 (Bias of oracle)
If A3.2 and A3.4 hold then, for n large enough,

V+1+k )ﬁkJrl
> ¢ <d

s Uy

where y > 0 is such that B > yBy-,, hence

K
Sg= O(ZJ;’ P f). (3.20)

>k, "

ProoF:
We set ¢*(x) = 8b(x), x > j,. Then, monotony of ¢* yields

o8]
2
Y ¢ < +/ ¢ (x)dx, (3.21)
J>k; n
now we put

[

Vyp == ,

Br+1

since B ~ ,Bk (cf. (3.12) and A3.4) it follows from (3.14) that v, — oo and, if
,Bk; > Vﬂk;&h (k ) > V‘rl > 0.
Denoting by ¥ the inverse function of ¢* one obtains

K<y, ")
and
k41> 9",

hence

/ <p*2(x)dx</ x)dx = / w)du = J;
kr+1 Y(v,!
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now an integration by parts gives
0
Jo=—v, 2y (v, 1) =2 / u(u) du, (3.22)
and the last integral may be written as

H, = Z/w:xl)x(p* (x) [—(p* (x)}dx

Noting that —¢* is positive and that x¢*(x) is decreasing for x > j, we get
Hy <29 (v, e [w(v, )] /
14

thus
H, <2v. 2y (v, ). (3.23)

Collecting (3.21), (3.22) and (3.23) one obtains

(1 +y 4+ k) Bt

ool <vPl+y+k) =

ik, tn
which implies (3.20) since Z]kzo B; =~ kB 41- [ |
Lemma 3.5
If A3.2 and A3.4 hold and ifﬁj/wjz /" then
o
* Z ' ﬁ
Ex- || ¢f — ¢ [P~ =
Un
ProoF:
Using (3.18) in Lemma 3.3 we may write
k* %2 *
n@F - V.n 2
Ex |l oh—¢" IP=> L—"+ ZE(wﬁ.- - co’-‘)
Ve N

(3.24)

ks,
<> Vit d
0

J>k;
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then A3.2 and Lemma 3.4 give

k;ﬂ

* 0 j

Ex- || ¢ — ¢ ||2=0<—u ’>~
n

4 ||2>Z ;V*

jn

Now (3.24) implies

Ex-

and monotony of (,BJ-(pfz) and (3.14) yield

52 Z’B.A 2% 7 1 *
o >d u—;zdvjn, Jo <J <k,

therefore

k* *2 * k* +2
A -
> > a;
;wj{«z V;z Z o’ 1_|_d 2 Z J

Jo (p] —|— dz Jo

—¢" |1?).
[ ]

J n

and, since ijo’ o ]]Z’ B; it follows that ( ]5” ,3<) uwl = O(EX*

*

Finally we study risk of the projection estimator ¢, = Z]]‘(lo [

Lemma 3.6
Under A3.3 and A3.4 we have

_ ' B,
supEx || @, — oy [I*= O(L ~
XeP u

n

Proor:

Ex |9, —¢ |’ = ZVafx Gty 9

J>k;

u, 522 J

J>k;

<c

and the desired result follows from Lemma 3.4. [ ]

Now we are in a position to state the final result.
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Theorem 3.2
If A3.2, A3 3 and A3.4 hold and if B; (p / then the minimax rate for T, is
Zo B;/un and ¢, reaches this rate.

ProOF:
Similarly to the proof of Theorem 3.1, Lemma 3.5 entails

lim inf su E 2> 0
n—0o00 ‘PnET/XGI';Z ﬁj X || (pn v ||

and, by Lemma 3.6, the proof is complete. [ ]

Discussion
It is noteworthy that existence of k;; is not linked to ) . 8; = co as shown by the
following simple example: if ¢ =~ (a > 1) and o; = ,Bj =jtbe RP then,
for 1 <b<2awehave > B <oobut/3<p] =240 — oo, thus k! ~ uy It “717),
and the estimator Zo" Ve reaches the best rate. However the estimator " D€
reaches the best rate for all a > 1, thus it works even if a is unknown.

Finally note that, if 5 > 2a one may take k;, = oo and write the parametric rate

under the form (Zo B; ) /un used for the nonparametrlc rate. &

Now in order to give applications of Theorem 3.2, we indicate a useful
lemma:

Lemma 3.7
If X is a strictly stationary, a-mixing process such that )", la(l )](q—z)/q < oo where
2 < g < oo and zfsupjzoE(Vz] (X0, -+ X)) 1/a ) < oo then

sup |I; —nVarxg,| — 0, n— oo
0<j<k;

where T; = yo; +23°° vy J 20,
with yy; = Cov(hj(Xo, ..., Xu()), hi(Xe, - ., Xetu)) £ > 0, > 0.

ProoF:
The proof uses *Davydov inequality* and the relation

n—v(j)—1 /
(= oWV =y +2 Y 1=y > G

(=1

details are left to the reader. [ |
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Example 3.5 (Density)
Suppose that X = (X,, r € Z) takes its values in a measure space (E, 3, ;1) and that
the X,’s have a common density f, with respect to u, with f € L?(u).

For convenience we assume that p is a probability and that (e;, j > 0) is an
orthonormal basis of L*(u) such that e, = 1 and M = sup;. || €; ||sc< 0. Then
F=1+2% ¢je with ¢, = fEfeJ dpu =E(e;(Xo)), j = 1.

In order to construct (p =f* we set ff=1+ (SZ 1 bje; and take
8 €]0, min (1/2, (2M > omibi)” Y[, consequently 1/2 < f*(x) § 1+8M> 2 b
x€E. !

If the X;’s are i.id. with density f* it follows that V;, = [efdu — g }/n
Putting o; = fezf*du (p] and B; = fezf*du and notlng that hmk_,Oo (Zl 72)
/k =0 we see that A3.4 is satisfied w1th 1/2 < B; <M?,j>1.Thenb(k;) ~1//n
and the rate of oracle is k; /n.

Now, if fn = Zj 0 ¥nej and if each X in P is strictly stationary with

o0

supsup » _ [Cov(e;(Xo), €;(X,))| < oo
XeP j>1 95

it follows that

~ k:;
supe |7, ~s = 0.
XeP n
The above condition is satisfied if X is ax-mixing with supyp Yo, ax(£) < co. &

Example 3.6 (Derivatives of density)
In Example 3.3 if F is of class Cy, ¢; of class C; and if f(0)e;(0) = f(1)e;(1) =0
then (f', ¢;) = E[—¢}(Xo)] thus f” is (¢, e)-adapted.

If (e;) is the trigonometrical system and the X,’s are i.i.d. with density f* defined
in Example 3.5, then V}, =~ j*/n and Theorem 3.2 applies under mild conditions.
Clearly similar results can be obtained for derivatives of order greater than 1.

Example 3.1 (Spectral density, continued)
Here

1 n
- _ X2
Yon o> ?:1: t
1 e
@1:7‘2 XX, 1<j<n—1.
! (l’l—])ﬁ =1 e

Now if b; = ar’,j>0 (a>1, 0 <r < 1) then P contains linear processes of the
form

o0

X; = Zajs,,j, te?
=0
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where (g;) is a white noise and |a;j| < cp/, j >0 with 0 < p <r and ¢ small
enough. Actually we have
2

ly| < %p’, j >0 where o® = Ec?.
In particular P contains the ARMA processes. Now we set
ff(n) = %g ¥ coshj, A€ [—m, +7]
which is associated with an AR(1) process:
X =rX_ | +e, teZ
where Var X = 1. In this case we have (see Brockwell and Davis 1991, p. 225)

. =+ Ly 147
annz—l_rz —2]r’2—1_r2.

If (X;) satisfies the conditions in Lemma 3.7, we have

2
sup |———— —nV; |-— 0;
03}'5; 1— }"2 jn ;HQOO,
then one may choose
11+ l’2 1+ r2 .
ALY R 5j:2m, ji>1
and Theorem 3.2 applies with k; ~ Inn and optimal rate (Inn)/n. o

3.6 Rate in uniform norm

If ¢ has a preferred functional norm it is interesting to use the uniform norm in
order to have an idea about the form of its graph. In the follows we will say that ¢ is
‘functional’ if H is a space of functions or of equivalence classes of functions. The
following simple exponential type inequality is useful.

Lemma 3.8

Let Yy,...,Y, be a finite sequence of bounded zero-mean real random variables
and let (a(k), 0 <k < n—1) be the associated a-mixing coefficients. Then

— g2 4B\ '/? n
P(|Y, <4 - 22114+ — —1 1, 3.25
i 2seo{ i) 5+ 2) w([5]) o

£>0,gc{1,2,...,[n/2]}; (B = supi<zy || Vi )
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ProOF:
See Bosq (1998). |

We now suppose that b; = af @>1, 0<r<ry,<1 with r, known),
that H = sup;- || % [|oo, M = supj>g || ¢ [[x< 0o and that X is *GSM* with
a(k) < ce ¥ (c>1/4,d>0). We study the behaviour of the estimator

0= 00" Gei 8 > 1/(2In(1/r,)).

Theorem 3.3
If p is functional, X is strictly stationary and GSM, ¢ is (e, h)-adapted with (e;), (h;)
uniformly bounded and (b;) — 0 at an exponential rate, then

_ Inn)®
| @y — @ lloo= (9(( r\l/ri) ) almost surely. (3.26)
n
PrOOF:
We have
[8Inn]
1% = ¢ llo< M Z 7 —wl+ > ol
j>8[Inn]
and
. a p— i
(Pj_ 1l—r —1—7r 1_rn81n}

Jj>[8Inn]

Now we set ¢, = y(Inn)*/\/n, (y > 0), then, since § > 1/(21In(1/r)), we have, for
n large enough, €,/2 > 37, 51, 9], thus

1>
P 50— ¢ > e) < P(W P T )
= iV M5 Inn)
[81nn] y Inn
£ ( R R VN

Using inequality (3.25) with ¥; = h;(Xo, ..., X,(;)) — Eh;j(Xo, ..., X,(;) one obtains

2 2
y- _ (Inn)
L A— 4 S S
("/’f" ’> 2M$ \/n ) exP( 32M28°H? n q)

(i) - (57

with 1 < ¢ < (n—v(j))/2 and ay(k) < cexp ( — dmax(0,k — v(])))
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Now, choosing ¢ = [’ ], (¢/ > 0), yields

~ Inn 1
P(ll @, — ¢ llx>en) = O(,N/smm) + O((mn)zn%%)

hence, choosing 0 < ¢’ < 2d/9, y* > 32M*§8*H?/c’ and using the Borel-Cantelli
lemma one obtains (3.26). [ |

3.7 Adaptive projection

The best truncation index, say k, ,, for estimating ¢ by projection, depends on (¢;)
and (B;). If these sequences are unknown, one tries to approximate kn,g-

The principle of such an approximation is to determine an index Ky, character-
ized by smallness of the empirical Fourier coefficients for j > k,. More precisely
one sets

by = max{j: 0 <j < kn, [@,] > 7.}

where (k,, y,) is chosen by the statistician, and with the convention ky = ky if
{}=2

In the following we always suppose that k, < n, (k,) — oo and (k,/n) — 0,
thus

n—v(j)
1
@, =——— E hi(Xi, ..., Xivyg
J n—v(j) < 4 ( +(/))

is well defined for j < k,, since v(j) <j <k, <n.
Concerning the threshold, we take

Yo = m;«#’ n>3. (3.27)

This choice appears as suitable in various situations, in particular if |¢;| | and the

observed variables are i.i.d. since, in this case, we have |<pkn_w o~
The logarithm term in (3.27) allows as to compensate variability of

O, 1 <J < ky, and takes into account correlation between the observed variables.
The associated estimator is defined as

$n = Z ajne]"

Now, in order to study asymptotic properties of ¢, we make the following
assumption.
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Assumptions 3.5(A3.5)
X = (X,, t € Z) is a strictly stationary, geometrically strongly mixing process and
(hj, j > 0) is uniformly bounded.

In the following we put i =supyg || 4 [l and write o < cexp(—dk),
k>0,(c >1/4, d > 0), where o is the sequence of strongly mixing coefficients
of X.

3.7.1 Behaviour of truncation index
Set B, = Ujk:o{‘@J > yn}, the first statement asserts asymptotic negligibility of
BE.

Lemma 3.9
If A3.5 holds, and if j, is an index such that ¢; # 0, then conditions k, > ji and

Yo < lg;, /2| yield

P(BS) < aexp(—by/n) (a>0,b>0). (3.28)
ProoF:
If k, > ji and y, < |g; /2|, one has

|(ij|
2 )

BICI = ‘@1”‘ <Vn= @1" _(pj1| 2

then inequality (3.25) gives

¢, sn\"? n
P(B,) < 4exp (— 32"}'12 q) + 22(1 +W) gc exp (—d [Z_q} )7
1

choosing g ~ +/n one obtains (3.28). [ ]

Now let us set ¢,(K) ={p: 9 € ¢, ox #0;0;=0,j> K}
and ¢, = Ug_o ®o(K). The next theorem shows that, if ¢ € ¢,, k, is a strongly
consistent estimator of K = K.

Theorem 3.4
If A3.5 holds, then

P(k, # K,) = O(n*="), (8> 0), (3.29)

hence, almost surely, ky = K, for n large enough.
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ProoF:
Applying Lemma 3.9 with j; = K, = K one obtains P({lAcn # K(p}ﬁ B) <
P(B%) < aexp(—by/n). Now, for n large enough,

Cy = {{ky>K}NB,} U{{ks <K} NB,}

= U {ml> 2o, - > 1501,

j=K+1

then (3.25) gives

= 3 oo Hp) o 5 (1+2) “acen(of3])

Jj=K+1
1/2
Pk 8h
4 2(1
" exP( 32h2">+ ( *w)

g cexp <—d {2%} ) ,

and the choice g ~ n/(Inn - log, n),q’ ~ /n and the fact that k, < n entail (3.29).
We now consider the general case where

pEP = {(p, @ € ¢, ¢; # 0 for an infinity of j’s}.

First, similarly to the proof of Theorem 3.4, one may note that, if ¢; # 0,
(k > j,) tends to zero at an exponential rate, hence

ky — 0o a.s.
In order to specify the asymptotic behaviour of k, we set
g(n) =min{g e N, |g;| <n,j>q}, n>0

and

qn(e) = q((1 +¢€)y,), >0
q.(E)=q((1-2)y,), 0<e<I1.

Then we have the following asymptotic bounds.

Theorem 3.5
Under A3.5, if ¢ € ¢, and k, > ¢,(¢'), we have

Pl ¢ [an(e).d,(=)]) = O(n708"), (5 > 0), (3.30)
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therefore, a.s. for n large enough

kn € [an(e), 4, (€], (3.31)
in particular, if g,(€) ~ ¢,(¢'), then

ky ~q(y,) as. (3.32)

Proor:
First, k, > ¢, (¢’) yields

kn
{k>gq, ) nB= |J (@ =n}
J=a,(')+1
but
J>a,(&) =gl <1 =&y,

thus

0l = v = @ — 0| = 1@l = 0] > €'y,
using again (3.25), one arrives at

P({hs > )} NB,) < (ks — (),

e?y? 4h\'/? n
A, = 4exp(— o > +22(1 +5’y”> qcexp(—d {261})

note that this bound remains valid if k, = ¢, (¢').
Now, the choice ¢ ~ n/(Inn - log, n) and (3.28) yield

where

Pk, > ¢, (£")) = Oy (5, > 0). (3.33)

On the other hand, if g,(¢) > 0, we have |g, )| > (1 +¢€)y, thus

{lr < 4,(8)} = [Buern| <

> e,

= ‘@n(s),n — %4,
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and (3.25) gives

P(lAcn < gu(e)) = O(n~%lom), (3.34)

If g,(¢) = 0 the same bound holds, and (3.30) follows from (3.33) and (3.34).
Finally (3.31) and (3.32) are clear. |

Example 3.7
If |g;| ~j",j>0 (b>1/2), one has ky,~n'/") and for k, ~n/(Inn) one
obtains

IAcn ~ (L)l/(%) a.s. &

Inn

Example 3.8
If |g;] =ap/(a>0,0<p<1)and k, > Inn/In(1/p) one has ku, ~ gu(€) ~ g,
(€') ~1In n/(2In(1/p)), hence

ke 1
B
Inn  2In(1/p)

—1/2(ky+1)

Note that p, =n is then a strongly consistent estimator of p:

Pp— P as. &

3.7.2 Superoptimal rate

Theorem 3.4 shows that, in the special case where ¢ € ¢,, ¢, has the same
asymptotic behaviour as the pseudo-estimator

KW
Pk, = Z@nej, n>K,.
J=0
Before specifying this fact, let us set S, = Zf:wo (Xtez ¥ie)» where

ij = COV(/’lj(Xo, e ’XV(i))’ hj(Xg, AN ,X/g+u(/-))).

Note that S, is well defined if A3.5 holds since, by using the Schwarz and
*Billingsley* inequalities, it is easy to prove that >, |v/| = O(> ;=0 o)-
Now we have the following:
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Theorem 3.6
If o € ¢, and A3.5 holds, then, as n — oo,

nEll¢,—¢|*—S, (3:35)
and
D
= N (3.36)
j=0
where N = (N, ...,Nk,) is a RX _dimensional zero-mean Gaussian vector and

D denotes convergence in distribution in the space H.
If, in addition, ¢ is functional and M = sup;- || €; || < 00, then

o 1/2
nm,,w< " ) | @y — @ le< 00 as. (3.37)
log, n

PRrOOF:
The quadratic error of @, has the form

R _ 2
Ellg.—¢ ||2=E<Z(«.>,-n—wj) ) +E( > ¢
Jj=0 >k
From ﬂ{,;n:Kw} + 1]{;{“#1%} =1 it follows that
K

KW
El¢,—¢l?=) Varg, - ((Z G0 lon—¢ |2>ﬂ{;;r,ﬂ<w}>
=0

j=0

<

=V, -V

Using A3.5 one easily obtains n - V,, — S, and Theorem 3.4 yields

n- Vi < nfd(1+ KW +2(ky + D)I* +2 || @ |IP]P (ks # K,)
O(nfclogszrZ)

hence (3.35).
Concerning (3.36), the CLT for mixing variables and the Cramér—Wold device
(see Billingsley 1968) entail

%n — %o No
U, =+/n —N =
aKW,n - (pKw NKSD
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. . K,
Now consu/ier lthi:( linear operator defined as s(xo,...,xx,) = ijo xjej,
(%0, - - - ,wa) € R'""%v; since it is continuous, we obtain

K,
Vi (s, = 0) = s(U) = 5(N) = 3 Ny
=
On the other hand, since
{kn = Ko} = {0, = Pk, }s
Theorem 3.4 yields P(vn (9, — ¢,k,) = O) — 1, and (3.36) comes from

Vi (@, — @) = Vn (@, wnK)Jrf(wnK ).

Finally the LIL for stationary GSM processes (see Rio 2000) implies that, with
probability one,

thus
n \I/2 K,
I (o) s, ¢l MY g
n—oo\log, n Ko j; !
and, since ¢, = Pnk, A5 for n large enough, (3.37) holds. [ ]

Example 3.1 (Spectral density, continued)
Suppose that X is a MA(K) process:

K
X, = Zajst,j, te?Z
=0

where a, = 1, ax # 0, Z 0@ # 0 if |z <1, and (g,) is a strong white noise.
Then

Z yjcoshj, A € [—m, +n],
=k

thus ¢ € ¢,(K). Since A3.5 holds it follows that k, is a strongly consistent
estimator of K (Theorem 3.4) and ¢, satisfies (3.35), (3.36) and (3.37). O

Example 3.5 (Density, continued)

Let (gj, j > 0) be a sequence of square integrable densities with respect to 4 and
(ej, j > 0) an orthonormal system of L?(x) such that ¢; = Ze 0 bpg(, J > 0 then,
if the density f of X; is a finite mixture: f = ZJ oPigi (pi >0, Zo pj = 1) then
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f= Zszo @;e;. This implies that f € ¢,(K) and, if A3.5 holds, conclusions in
Theorems 3.4 and 3.6 hold. &

Example 3.9 (Regression)

If X, = (Y,,Z,),t € Z is an E, = E; X R valued strictly stationary process, with
EZ§ < oo and Py, = u assumed to be known, one may set:

r(y) = E(ZO|Y0 :))): ye E;

and, if (e;) is an arbitrary orthonormal basis of L?(i), one has

(r,ej) = /rej du = E(E(ZO|YO)ej(YO))

= E<Zoej(Y0)), Jj=>0,

hence r is (e;)-adapted.

In the particular case where E; = [0, 1] and r is a polynomial of degree K, one
may use the Legendre polynomials (i.e. the orthonormal basis of L? ( [0, 1], Bio, 1y, k)
generated by the monomials) for estimating r at a parametric rate, and K, by using
the above results. &

3.7.3 The general case

We now consider the case where ¢ € ¢,. The first statement gives consistency.
Theorem 3.7

(1) Under A3.5 we have
E|g,—¢[’—0, ge¢. (338)

(2) If, in addition ¢ is functional and M = sup;~, || ¢; ||oo< 00, then, conditions
> || < o0 and k, ~n®(0 < 8 < 1) yield

o, —¢ll—0 as. (3.39)

PrOOF:
(1) The *Billingsley inequality* implies

40 e
Var g, <——— (142 a() |, 0<j<k, (3.40)
n—v(j) y
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thus

k

n kn

E Var g, = O<> — 0, (3.41)
=0 "

on the other hand

BID ¢ | =0+ > ¢l

J>kn J>kn kn<j<ke

Now, given n > 0, there exists k, such that Zbk” (pjz < n/2, hence, for n large
enough,

k,, kn
2 2
E Z‘Pjﬂ{i@»kn} +E Z‘Pjﬂ{&nskn}
=k =

<Y g+ e lIP Pl < ky) <.

J>ky

This clearly implies,

E[Y ¢ | =0, (3.42)

>k

and (3.38) fol}ows from (3.35), (3.41) and (3.42).
(2) Since k,, < k, we have the bound

kn
j=0 >k

First k, — oo a.s. gives M 2>k, 9] — 0 as. Now (3.25) yields
kn kn n
P Z‘ajn_(pj|>n SZP ‘ajn_(pj|>—
— — k, +1
j=0 j=0
2
dexp| — Lz
3212 (k, + 1)

+22(1 +%+1)) l/zqcexp (d [2%])] )

n > 0. The choice ¢ ~ n¥ (26 < y < 1) and Borel-Cantelli lemma give (3.39). H
We now specify rates of convergence.

< (ka+ 1)
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Theorem 3.8
If A3.5 holds and k, > ¢/,(¢), then

! !
Bl - lP=0[ %) 3 2], (3.43)

n .
J>an(€)

Set A, = {gu(e) < k, < q,(¢')}, then
4y (e
E(| g, — |’ 14,) < Z Var g, + Y ¢},
J>an(e)
from (3.40), and n large enough, it follows that
. 2 1+ qn( 2
E(l . — ¢ |* 14,) < ——2—8h 1+22 + Z @,
]>qn

Moreover,
E(I @ = P 1ag) <2((1 + k)W + || 0 [|*) P(A7),
and Theorem 3.5 gives

E(H P—wl ﬂAg) = C’)(knnf‘s/logz") = 0(4;’(16'))

hence (3.43). [ |

Example 3.7 (continued)

Here the best rate at ¢ is n~(20=1)/2

when

Ellg,—¢l’= O(’f%(lnmlogz n)l/Zb). .

Example 3.8 (continued)
The best rate at ¢ is Inn/n and @, reaches this rate. One may take
ky, ~Inn - log, n. O

We now give a general but less sharp result, since it only shows that the possible
loss of rate is at most (Inn - log, n)*.
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Theorem 3.9
If conditions in Theorem 3.2 and A3.5 hold, and if k, =k, + 1 then

supE || ¢, — ¢ |>= O(vn(lnn log, n)2>. (3.44)
YEP,

ProoF:
From (3.15) and A3.1 it follows that

1 d (Brs1 1/2
ol b =Yg < (B)”
|‘Pk”+1| = iy s Prez41 8( Uy

but, since X is GSM, one may choose u, =n and Bi1 =B = ]2 Zkzo .
Therefore, as soon as Inn-log,n > 17|¢Z*+1| < d/gl/Zyn/(g’ thus, k, > k'+
1 > g, (dp'?y,/8), and since

ARSI
’3!/2 g2’

o7 |
we have k, > qq,*( X y,,) = gy (b, V)
Now we may always assume that b; <1 (if not we choose a new model

associated with the sequence (b;/(2b;,), j > 0), with the parameter ¢/(2b;,)
instead of @), so one may set b;, = 1 — €', and finally

kn Z q(ﬂ((l - E,)Vn) Z ‘Iqo((l + €)yn)7

that is
kn > q((1=€)y,) > q((1+€)y,).

We are now in a position to use Theorem 3.8 for obtaining

. k

qn(5)<j§k; j>k;
O(vn +hk(1+ 5)2)/3)

= O(v,,(lnn - log, n)z)

and (3.44) follows since the bound is uniform with respect to ¢ € ¢,. [ |

We now turn to uniform rate.
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Theorem 3.10
If A3.5 holds, |g;| <cp’, j>0 (¢>0,0<p<1),¢ is functional and

k, >~ Inn -log, n then
. Inn)’
10— o= 0<( o )

Prookr:
Similar to the proof of Theorem 3.7(2) and is therefore omitted. [ |

3.7.4 Discussion and implementation

For the practical construction of ¢,, two questions arise: the choice of an
orthonormal system (e;) and determination of k,,.

In various situations there is a natural orthonormal system associated with the
estimation problem. If, for example, ¢ is the spectral density, the cosine system
appears as natural. Otherwise one may try to use an attractive system. If, for
example ¢ =f is the marginal density (Example 3.5), ¢ is adapted to every
orthonormal basis in L?(x). In such a situation one may choose a family of
preferred densities (g, j > 0) and use the associated orthonormal system:

j—1
o= -8 o gj—Z€:?<gj, ec)er s
o | ‘ 8 — 208 eéW‘

possibly completed.

For example, if E, = [0, 1] the Legendre polynomials are generated by the
monomial densities and the trigonometric functions by a family of periodic
densities. The Haar functions, see Neveu (1972), are associated with simple
densities. Conversely the choice of a particular orthonormal system is associated
with the selection (possibly involuntary!) of a sequence of preferred densities.

Finally, note that it can be interesting to used ‘mixed’ systems, for example
presence of trigonometrical functions and of polynomials in the same system
reinforce its efficiency for approximating various densities.

Concerning k,, a generally-applicable choice would be &, ~ n/(In n)2 since it
implies k, > ¢ (¢'), for n large enough, under the mild condition |[¢;] <
A/+/j (A > 0). However a practical choice of k, must be more accurate because a
too large k, might disturb the estimator by introducing isolated j’s such that [g;,| > y,,.

3.8 Adaptive estimation in continuous time

Estimation by adaptive projection can be developed in the framework of
continuous time processes. For convenience we restrict our study to estimation of
the marginal density of an observed strictly stationary continuous time process, but
extension to more general functional parameters is not difficult.
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So, let X = (X;, t € R) be a measurable strictly stationary continuous time
process, with values in the measure space (E,, B,, t) where u is a o-finite measure.
Xo has an unknown density, say f, with respect to u, and there exists an orthonormal
system (ej, j > 0) in L*(u) such that:

.
My = sup || €;(Xo) o< 00, and £ = a;(f)e;,
Jj>0 =0

where a; = a;(f) = [e;fdu, j >0, andZa < 0. )
The adaptive prOJectlon estimator of f is deﬁned as fT = Zkl

=0 ajrej, T > 0, where
. I
ajr = T/O Ej(Xt)dt7

j >0 and ky = max{j: 0 <j<kp, |aj| > y;} with the convention ky = kr if
{-} = @. The family of integers (kr) is such that k; — oo and ky/T — O as
T — o0, and the threshold y; is

_ (InT -log, T 172
Yr = T )

T >el.
In the following we use similar notation to above, namely ¢,,o,(K),

b1,4r(e), 47 ().
Now (3.25) is replaced by the following:

Lemma 3.10

Let Y = (Y, t > 0) be a real measurable bounded strictly stationary process with a
strong mixing coefficient (ay(u), u>0) such that [;° ay(u)du < co, then if
1 <t<T/2,n>0,¢>0, we have

1 (7 iy (2T
P _/ (Y, —EY,)dt| > n ) <4dexp( — " |1| o llss 1
T )y crt+etT'+e | Y, ||gO nt

C4
+; [ Yo lloo @y(T)

with ¢ = 32(1 + ¢)? Joay(u)du, ¢ = 4cy, c3 = 16(1 +¢)/3,c4 = 16(1 +¢) /L.

PrOOF:
The proof appears in Bosq and Blanke (2004). |

Let X be the family of processes that satisfy the above assumptions and that are
geometrically strongly mixing. We now state results concerning the asymptotic
behaviour of k7 and fT. The proofs use the same method as in the discrete case and
are, therefore, left to the reader.
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Theorem 3.11
If X € X, then

(1) if f € ¢y, one has, for all § > 0,
P(kr # K(f)) = O(T™"),
Q) iff € ¢y, for all A > 0,
Plkr <A) = O(exp(—cA\/T)), (ca > 0),

(3 ifCIT(E) < kr,
P(kr & [q7(€), qr(e)]) = O(T), 5> 0.

Example 3.8 (continued)
If |gj=ap (0<p<1,a>0) and if kr > (InT)/In(1/p), since gqr(e)
InT/[21n(1/p)] we have

g

As before p, = T~1/Chr+1) is a strongly consistent estimator of p. &

12

kr 1

_ -3
T~ Z(i77) >.§>_O(T ), £€>0,8>0.

The next statement specifies asymptotic behaviour of fT over ¢,.

Theorem 3.12
IfXeXandf € ¢ then

) T-Ellfr =f IP = 23550 [ Cov(e(Xo). ¢(X.)) du.
(2) Moreover

P([fr—fle>£)=0(T"%), §>0,&>0.
(3) Finally, if T = nh (h > 0),

VT (fr —f) 2N
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where convergence in distribution takes place in L*(i1) and N is a zero-mean
Gaussian L*()-valued random variable with a 1 + K(f)-dimensional support.

Finally we have:

Theorem 3.13
IfX € Xaf € ¢17kT > qT(e)’ then

(D) E|lfr = £ [P= Ogr(e)/T) + Loy 4
(2) If, in particular, |a;| = a p/(0 < p < 1, @ > 0) and InT = O(kr) it follows
that
- InT -log, T
Blljr —f [P= (5T ).

(3) Moreover, ifInT = o(kr), T = T, with Y, T, % InT, < oo (8, > 0) then, if
ay(u) <ae ™, u>0

T\ 2a8, M
lim e 1/2 ||an f ||30— N R
Tyico (InTp,) b In(1/p)

almost surely. .
In Chapter 9 we will see that f; and fr may reach a 1/T-rate on ¢, if X admits an
empirical density.

Notes

Carbon (1982) has studied our class of functional parameters in the context of
pointwise and uniform convergence.

Results presented in this chapter are new or very recent. Results concerning
density appear in Bosq (2005a); Bosq and Blanke (2004). The case of regression is
studied in Aubin (2005); J.B. Aubin and R. Ignaccolo (Adaptive projection estimation
for a wide class of functional parameters, personal communication 2006).

Donoho et al. (1996) have studied a density estimator by wavelet thresholding
with a slightly different method.
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Functional tests of fit

4.1 Generalized chi-square tests

In order to construct a nonparametric test of fit, it is natural to use an estimator of
the observed variables’ distribution.
A typical example of this procedure is the famous x’-test of Karl Pearson
(1900) which is based on an elementary density estimator, namely the histogram.
More precisely, let Xi,...,X, be a sample of (Ey,Bo,n) valued random
variables, where p is a probability on (Ey, By). For testing Py, = p one considers
a partition Ag, Ay, ..., A, of Ey such that p; = u(4;) > 0,0 <j <k, and sets

k
nO Z |ijl ZﬂA

j=0

, x € Ey.

This histogram may be interpreted as the pI‘O]eCtIOIl dens1ty estimator associated
with the orthonormal system of L?(j1) defined by (p 2 4,0 <j < k). This system
is an orthonormal basis of sp(l4,,...,74,), a (k + 1)-dimensional subspace of
L?(u), which contains the constants, and has the following reproducing kernel (see
Berlinet and Thomas-Agnan 2004):

k
Ko = ijilﬂf‘f @14,
=0

Thus, the histogram takes the form

Juo(+) ZKO i)

Inference and Prediction in Large Dimensions D. Bosq and D. Blanke
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-01761-6
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Now one may construct a test statistic based on || f,0 — 1| where || - || is the
L?(w)-norm:

2
k n
|1
OQuo=nlfuo—1[P=n>_p’ [nZﬂA,-(Xi) _Pj] :
=0 =

that is the classical y>-test statistic.

Since the histogram is in general a suboptimal density estimator it is natural to
employ others estimators for constructing tests of fit. Here we consider tests based on
the linear estimators studied in Chapter 3. We begin with the projection estimator:

ky
Jo = g &jnej
J=0

where (e;) is an orthonormal system in L?(u) and
n

1
Qjn = ;Z €j(Xi).

i=1

In the current section we take k, = k > 1, choose ¢y = 1 and set
k
K=1+ Z e ® ej;
=1

we will say that K is a kernel of order k. The associated test statistic is

In order to study Q, we will use a multidimensional Berry—Esséen type inequality:

Lemma 4.1 (Sazonov inequality)

Let (U,,n > 1) be a sequence of k-dimensional random vectors, i.i.d. and such that
E || U, ||>< 0o and EU, = 0. Let C be the class of convex measurable sets in RF.
Finally let t = {t1,...,t} be a finite subset of R¥ such that the scalar products
(Un,te); 0 =1,...,k are noncorrelated real random variables such that
E|<U,,,l[>|3 < 0. Then

k
sup |P,(C) — N(C)| < cok® lz ,oét)] nV2n> 1,
ceC =1
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where P, is the distribution of (3¢, U;)/\/n, N the normal distribution with the
same moments of order 1 and 2 as Py,, and

0 _ _EfUn0l g
(E((Uy,1)*))* N

Finally cq is a universal constant.

ProoF:
See Sazonov (1968a,b).
We now study the asymptotic behaviour of Q,,.

Theorem 4.1
(a) If Px, = u and n — oo then
0,50
where Q =~ x*(k).

(b) If Px, =v such that [le;|dv <oo and [e;,dv#0 for some j,€
{1,...,k}, then

0, — o0 a.s.

(c) If Px, = u and s3 = f(EJk:l |ej|3)d,u < o0, then

sup [P(Q, € C) = P(Q € C)| < cok’ssn™ 2 n>1 (4.1)
ceC

where cq is a universal constant.

PRrOOF:

(a) Consider the random vector

Zy =n"?(ag, ... ax)

n

and apply the central limit theorem in R* (see Rao 1984) to obtain Z, 2z
where Z is a standard Gaussian vector. By continuity it follows that

D
O =l Zu i = I Z I~ x*(K),

where || - || is euclidian norm in R*.
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(b) The strong law of large numbers (see Rao 1984) implies

Qjon —>/ej0dv a.s.

therefore

k
0,=n a’ > na®, — 0o a.s
n Jjn = "jon o
=1

(c) Inequality (4.1) is a direct consequence of the Sazonov inequality where
Ui = (e1(Xy),...,ex(Xi)),1 <i<nand {t,...,5} is the canonical basis
of R, [

Notice that one may obtain the limit in distribution and a Berry—Esséen inequality if

Px, = v, see Bosq (1980).
Now in order to test
Hy:Px, =
against
Hi(k):Px, =v

such that [ |ej|dv < oo and [ e;dv # O for at least one j € {1,...,k}, we choose the
test whose critical region is defined by

0n > xo(k)
with
P(Q > xo(k)) = & (a €]0, 1]).

Theorem 4.1 shows that this test has asymptotic level « and asymptotic power 1.
Moreover, if 53 < oo,

IP(Q > 1 (k) — | = O(n™'/?).

Example 4.1 (Application: testing absence of mixture)
Suppose that X has a density f with respect to ©. One wants to test f = 1 against
f=by+ Z;‘:l b;f; where fi,...,f; are densities which belong to L*(n) and

max |bjl #0. To this aim one may construct an orthonormal basis of
<<
sp{1,f1,...,fx} and then apply the above test. This example shows that the choice

of (e;) depends on the alternative hypothesis. We will return to this choice in the
next sections. &
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Finally simulations indicate that the ‘smooth test” defined above is in general better
than the classical x>-test (see Bosq 1989; Neyman 1937).

4.2 Tests based on linear estimators

We now consider the more general framework where one uses estimators of the form
1 n
gn n ; Kﬂ (XH )
with
o0
K, = Z)Ljnejn @ e, n >1
=0

where (ej,,j > 0) is an orthonormal system in L?(s) such that eg, = 1, Y A7, < 00
and Ag, = 1 for each n > 1. Moreover we suppose that 1 > |A;,| > |Ajt1], 7 >0,
n>1.

The test is based on the Hilbertian statistic

T, = nl/Z(gn - 1);

which rejects Hy for large values of || T, ||
In order to state results concerning 7,,, we introduce the following assumptions
and notations

1 3 .
by =—(1 4 |A3| 27Y2), inf |A3,] > 0,
n n>1
M, = sup || e [|oo< 00,
j>0
M= Y%,

j>r

00
Un = Z)‘-jn]\]jejn
=1

where (N;,j > 1) is an auxiliary sequence of independent random variables with
common law N (0, 1).
Then, we have the following bound.

Theorem 4.2
If Px, =,

?;g(lp(ll T, |°< a) = P(| Us [P< a)]) < G, (4.2)
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with

4
= (6426, + M2)A}} Y 3eM, =, n>1,r>3.

Vn

PRrOOF:
We divide this into five parts.

(1) Set Z,, =3/ A;,N?,  r>3,n>1.

The characteristic function of Z,, being integrable, its density is given by

1[04 .
frn( ) / H(l - Zi)‘fnf)_l/ze_”xdt, xeR

21 ) _o i
hence
1 : 4 2\—1/4
supfrn — l+4k dt
xeg ( ) 27[ /> 1:[
<4,.

(2) Consider the event

A={Zp<a| Uy |P>a}, acRy,
then, if 0 < y < a,
A=l U P =Zn > vIU{a—y <Z, <a},
therefore

2
ZA@N?)

P(A,) < —<j>n 5 + ysupfa(x)
14 xeR
2

for a > A2/ Jand y = A,z./,? one obtains

P(A,) < (3 +4,)A*?

r.n?

fora < A%? we have

P(A)) < P(Zew < a) < LAY
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Consequently

\P(Z,y < a) — P(| Uy |P< a)] < P(Ag) < (3+6,)AZ?

r.n (4.3)
a>0,r>3,n>1.
(3) Now, let us set
oo
Rr,n =n Z )»j,,&fn
r+1
where
1 n
@ = en(Xi), j>0.
i=1
After some tedious but easy calculations one gets
ER?, = }: l/e du—%3————§:
r+] r+1
s>, [ a5 1,
J j>r Joji>r
i#' i
which yields
2 2 2
ERr,n S (Mn + 3)Ar,n‘
(4) Consider the random variables
242
—nZAm a,, 3, n>1.

As in part (2) we may bound |P(|| S, ||*< a) — P(Z], < a)| by putting

{ r.n S a, || Sn ||2> Cl} g {R"Jl > y} U {a -7 S Z;l*,n S a}7 (4 4)
0<y<w '

Then the Sazonov inequality (Lemma 4.1) entails

4
’
|P(Zrn < a) — P(Z,, < a)| < coM,—=,

rn — n
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hence

P

7

|P(Zrﬂn e]a Y a]) - P(Z;,n E]Cl =Y a])' < ZCOMn (45)

and from (4.4) it follows that

M2+3 2 r4
1 A L, 2coM,, —,
V2 rn oY+ 200 Vn

P(&;) <

now, if A = Af/,? < a, we have
A

2/3 2/3
P(A,) < (M2 +3)A]} + LAY + 2¢0M, N

when, if a < A%/?,

4
P(A) < ,A2P 4 oM, ——,
’ n

7

consequently
4

N

(5)Finally (4.2) follows from (4.3), (4.5) and (4.6). [ |

P(Z],, < a) = P(| Sy [P< @)| < (b + M, +3)A7 + 2coM, (4.6)

From (4.2) one derives limits in distribution for 7,. Two cases are considered:

Assumptions 4.1 (A4.1)
Mjn = hjs j > 1 with [A;,] <A}, j > 1 where 37, A7 < oo.

Assumptions 4.2 (A4.2)
There exists (r,) such that

4
7 2 4
\/—”’_l—>0,g Ay — 0, gj Ay < 00.

J>rn

Corollary 4.1
If sup,~> M,, < oo, then

(a) If A4.1 holds,

o0
D
170 P = [ U IP=D_ %7,
=1
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(b) If A4.2 holds,
I T I =227 45 o

— N~ N(0,1).
\/E(le )\}4”) 12 N 0,1)

PRroOF:
Clear. |

Part (a) of Corollary 4.1 applies to fixed kernels of the form K = ZJ-OC:‘O Ajej @ ej, for
example:

e K= Zjl;o ej ® e; (see Section 4.1).

e K=1+ Z;il j’lej ® e;; for this kernel the limit is the Cramér-von Mises
distribution (see Nikitin 1995).

o K=3 ") 0e@ej(0 < p< 1), here the limit in distribution has character-
istic function

o(t) =1 —2i')7"?, reR
/=1

and the choice r, = [(3/8)In(1/p) - Inn] leads to the bound ¢(Inn)*//n where
¢ is constant.

Concerning part (b), it holds for kernels of the form K, = Zj‘io ej ® ej, with
ky — 00, k//n — 0.

4.2.1 Consistency of the test

Here the hypotheses of the test of fit are

Hy: Px, =
Hy: Px, =v

where v is such that there exists (j,(v),n>1) for which lim, . [A; )»
fejn(u)‘n dv\ > 0.

If ey =¢j, n > 1 and lim, . A;, > 0, j > 1 the above condition is equivalent
to [ ej(,)dv # 0 for some j(v) > 1. Then, if (¢;) is an orthonormal basis of L* (i),
Hy + H; contains all distributions of the form v = f-uu + y where 0 # f € L*(u)
and y is *orthogonal* to w.

Recall that the test || T, ||*>> ¢, is said to be consistent if, as n — oo,

oy = Pu(ll Tu |P> c4) — 0



106 FUNCTIONAL TESTS OF FIT
and

B.(v) = Pu(|| T, ||2> ) — 1, veH,.
Then, we have:

Theorem 4.3
If A4.2 is satisfied the test || T, ||*> c, is consistent, provided

C, Cn — ]DO 2
250 N 4.7
n — U, (Z )“4 )1/2 ( )
Proor:
Clear. [ |

If V>0, 3ve Hp: lim,_ o Yo )Lfn(fej,, dv)® < 5 one can show that (4.7) is
necessary for consistency (see Bosq 1980).

For obtaining a rate of convergence we need an exponential Hilbertian
inequality

Lemma 4.2 (Pinelis—Sakhanenko inequality)

Let Yi,...,Y, be H-random variables that are independent, zero-mean and
bounded: || Y; ||< b, 1 <i < n, where b is a constant, then

n [2
P<|ZY, |ZI> §2exp(—m), t>0,

i=1
where 2= 0 B || ¥; |-

ProOF:
See Pinelis and Sakhanenko (1985). [ |

4.2.2 Application

We write the test under the form

1 n
15> Kili) I> d
i=1

where K/, =K, — 1 and d, = (ca/n)">.
Applying Lemma 4.2 one obtains

oy, < 26Xp<— nd, )
o 2B, || K5 1P +(2/3) | K} lloo dn)




EFFICIENCY OF FUNCTIONAL TESTS OF FIT 107
and, if y, =E, || K/(Xy,+) || —d, > 0,

ny,
B(v) > 1 —2exp(— _ x )
) TR TAE DI

where K/ = K/(X1,+) — E,K/(X1, ).
In particular if

[o.¢]
Z jej @ ¢j

Jj=0

and d, = d > 0, we have

<2e nd”
n - X -
* PR TR TP +2/3) TK [

and

B >1—2exp(— - )
" 2B, || K7 |1 +(2/3) | K" |l

provided y =E, || K’ || —d* > 0.

Thus () and (B,) converge at an exponential rate. This rate is optimal since
the Neyman—Pearson test has the same property, see Tusnady (1973). Notice that
the choice ¢, = nd does not contradict condition ¢,/n — 0 in Theorem 4.3, since
this condition is necessary for consistency only if E, || K'(X1, -) ||*?< d.

4.3 Efficiency of functional tests of fit

In this section we study efficiency of functional tests of fit under local hypotheses
and in Bahadur’s sense.

4.3.1 Adjacent hypotheses

Suppose that we have i.i.d. data Xi,, ..., X,, with distribution v, close to u as n is
large enough; if K is a kernel of order &, v, is said to be adjacent to u if it fulfills
Assumptions A4.3.

Assumptions 4.3 (A4.3)

i) n[K'(x,-)dv,(x) — g(-), with || g|]*=2%#0 where convergence
takes place in & =sp(el,....en),

(it) T, (j,€) = [ejeedv, — [edv, [edv, — 8¢, 1 <j,l <k.
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For interpreting these conditions one may note that if
Vp = (1 + hn)M? (hn € g,)a n Z 17

Assumptions A4.3 can be replaced by:

Assumptions 4.4 (A4.4)

dv,

1 —
du

Vvn

— A #0.

L2(n)

Limit in distribution under adjacency appears in the following statement.

Theorem 4.4
If the test is based on a kernel of order k, then

(1) if A4.3 holds, one has
D
0, — Q(k, 1)

where Q(k, 1) ~ x*(k,1);
(2) if A4.4 holds with h, = g/+/n then

C
sup |[P(Q, <a)—P(Q<a)| <—
wp|P(Q, < a) ~P(@ <)l < -
where c is constant.
Proor:
Similar to that of Theorem 4.1, see Bosq (1983a). [ |

From Theorem 4.4 it follows that the test Q, > x2(k) where P(Q(k,A) >
x2(k)) = a has asymptotic level o and asymptotic power
B =P(Q(k, 1) > x5 (k)
= P(Q(k,0) > x5 (k) — A%

with a rate of convergence toward g; which is a O(1/+/n).
Conversely, consider alternatives of the form
v = (1484 0, 1<j<k
J \/ﬁ =/ =
where g, ; — g; weakly in L*(;1) and the g; are mutually orthogonal. Then, since
J(1 4 (gnj/+/n))dp = 1 one deduces that g; L 1, 1 <j <k and it is easy to see
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that the test of asymptotic level «, based on the kernel

£ 8 ® gj
— |l g |I?

K=1+

has maximal asymptotic power among functional tests based on kernel of order k.
The obtained asymptotic power is

P(Q(k,0) > xg (k)= [l g I"),1 <j < k.

Now in order to determine local efficiency of this test we first investigate asympto-
tic behaviour of the Neyman—Pearson (NP) test under general adjacent hypotheses.

Lemma 4.3
If vp=(1+ (cng,,/\/_))u, where || gu ||*— A* and (c,) is a sequence of real

numbers such that n='/> max(1,c?) max(1, || g, ||*) — 0, then

(Dif Px,, =, n>1,
—1 - Cy Cn » D - 5
c, ,-_len<1 +7ﬁgn(Xin)> +5 | gn |I” =N =~ N(0,17). (4.8)
(2)If Px,, = vs, n > 1,

& om(1+ GFa) - S s P 2N N0, @9

ProOF:

The proof can be carried out by using characteristic functions, see Bosq (1983a). If
¢y, = c and g, = g one may also establish the results from contiguity properties, cf.
Roussas (1972). [ ]

Now, in order to compare asymptotic powers we take ¢, = ¢, then (4.8) and
(4.9) respectively become

. c D A,
;:m(l —&—Wg,,(Xm)) SNy ~N<—? A )

and

Zln( \;_gn( ,,,)) 2N, z/\/(%z,ﬁ)
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Then the asymptotic power of the NP test of asymptotic level « is
Bo = P(Ngy > Ny — 1)

where Ny = ./\/‘(07 1) and P(N(O) > Ny) = a.
Consequently, the asymptotic efficiency of the test associated with the optimal
kernel of order k is given by

P(04(0) > x3(k) — 4?)
P(N(O) >Na7)x) '

e =

If k = 1, it takes the simple form

P(IN(gy = A| > Ng/2)
P(N(()) >Ny —A) '

e =

4.3.2 Bahadur efficiency

Bahadur efficiency is based on the required number of observations for obtaining a
given power.

Definition 4.1
Let (U,) and (V,)) be two sequences of statistics used for testing Hy against H.
One denotes as Ny(w, B,0) the required sample size for the test of level a
associated with (U,), to obtain at least a power B for 0 fixed in H,. Similarly one
defines Ny («, B, 0).
Then, Bahadur efficiency of (U,) with respect to (V,,) is given by

. NU(O[,ﬂ? 9)
cuv(B,0) =l e 5.6)

Details concerning theory of Bahadur efficiency appear in Nikitin (1995). Now we
have the following result.

Theorem 4.5
Consider the test problem

H():PX] =M

against

H :Px,=(1+hup (< 1,/h2du > O,/hdu =0).
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Let Q, be the statistic associated with the kernel

h h
K=1l+r—"®
Al Al

then, its Bahadur efficiency with respect to the NP test is

0 [ rdp
NP2 [(1+ k) In(1 + h)du”

ProoF:
See Bosq (2002b). [ |

Note that, since limyy, o egflvp =1, the test based on (Q,) is asymptotically
locally efficient.

4.4 Tests based on the uniform norm
Let K be a bounded kernel of order k and

0 =13 k),
i=1

In this section we consider tests of fit of the form
N I fn =1 |leo> c.

Such a test is more discriminating than a Hilbertian test, but its sensitivity may
produce an important rate of rejection.

In order to simplify exposition we suppose here that Ey = [0, 1]d, but other
spaces could be considered, in particular those that satisfy a ‘majorizing measure
condition’ (see Ledoux and Talagrand 1991).

Now, limit in distribution appears in the following statement.

Theorem 4.6
If K=1+ Z;;l ej®ej, where {l,ei,...,ex} is an orthonormal system of
L2(]0,1)¢, By i, 1), Px, = ¢*, and the e;’s are Lipschitzian, then

k
Valh —1) 2z = Ne (4.10)
J=1
where (Ny,...,Ny) =~ N(0,1)** and convergence in distribution takes place in

c([o, 11%).
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PrOOF:
K(X;,-) is a random variable with values in C([0, 1]%), thus (4.10) follows from the
CLT for Lipschitz processes (cf. Ledoux and Talagrand 1991, p. 396). [ ]

The associated test of asymptotic level o and asymptotic power 1 is given by

Vi [ fu—1x> ca
where
P(|| Z ||oo> ca) =@, (x€]0,1]).
However , determination of ¢, is rather intricate since the exact distribution of
Il Z || is in general unknown. An exception is k = 1 where || Z ||c= |N1] || €1 || -

For k£ > 1 one must use approximation. The most rudimentary comes from the
bound || Z || < MZJ].;1 |V;| with M = max<j< || ¢ ||c. We have

k
P<Z IN;| > caM_'> >«
J=1

hence ¢, < MF;'(1 — &) where Fy is the distribution function of Ej’f:] IN;].
If d = 1, improvement of that rough approximation uses the following lemma.

Lemma 4.4
Let (Z;,t € [0, 1]) be a Gaussian process such that Var Zy = o* > 0 and

E|Z, — Z|* <at—s]" (0<b<2)

then, there exists a strictly positive constant y, such that

Vb 2 1 772
Pl sup Z;>n ) <dexp|——n" ) +zexp| —=—= ], n>0.
a o

0<r<1

ProoOF:
See Leadbetter et al. (1983). [ |

Here b = 2, therefore

o =P(|| Z ||so> ca) < 8ex (_ﬁcz) P
= o0 o = p a o 2 p 80,2

where 0% = Zf:] ¢7(0) is assumed to be strictly positive.
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4.5 Extensions. Testing regression

Extensions of functional tests of fit are based on the following idea: let ¢ be an
(h — e)-adapted parameter (cf. Chapter 3); in order to test ¢ = ¢, one can employ
projection estimators of ¢ or, more generally, linear estimators of ¢.

If ¢y = @g,e0 and @, = Zj:’io Ajnéjnej, cf. (3.1), the test has critical region

1@ = 0 > ca

and one may derive results similar to those in Sections 4.2, 4.3 and 4.4.
Here we only consider the case of regression: let (X,Z) be a Ey x R valued
random vector such that Py = u and E|Z| < co. One wants to test

E(Z|X) = ro(X)
where r( is a fixed version of regression of Z with respect to X, from the i.i.d.

sample (X;,Z;), 1 <i<n.
To begin, one may reduce the problem to a noninfluence test by setting

Y; =Zi — n(Xi),
hence Hy is given by
E(Y|X) =r(X) =0.
The general alternative has the form
H, :r(X) € L*(n) — {0}.

Now let (e;,j > 0) be an orthonormal basis of L?(x) (assumed to be separable),
with eg = 1; r admits the decomposition

r:ibjej, ijz<00

=0 7

where
b= [ rejdn = B(E(YI0G(0)) = E(Ye (X)), >0

Natural estimators of b; are

R ,
i=1
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Now, we restrict the problem by considering the alternative
k k
Hl(k)z{r:r:ijej with Z|b,|7éo},
=0 0

and we use the statistic R, = v/n Z]I‘(:O bine;, hence the test || R, ||>> c,.
The next statement gives limits in distribution for || R, ||* and

k
7 2
| R, 1IP=n (bjn—b;)".
j=0

Theorem 4.7

(1) Under Hy(k),
IR, > 2R

12 with

where R' has characteristic function det(l | — 2it2)
3 = Cov(Ye;(X), Yer(X)) o< o<i-

(2) Under Hy and if E(Y?|X) = y where y # 0 is constant,

D
IR, 1= Ra I = v Qi1

where Qi1 ~ x*(k+1).
(3) Under H,(k),

| R, ||*— 0o a.s.

ProOOF:
Analogous to the proof of Theorem 4.1 and therefore omitted (see Ignaccolo
2002). [ |

As before the Sazonov inequality allows us to specify convergence rate; put

A, = sup P(| R, |I°< a) = P(yQis1 < a)|
a>

then, if d3 = maxo<j<k E|Yej(X)|3 < oo and ¥ is positive definite, we have

(k+1)* a2

where A, ..., A, are eigenvalues of 2. Note that, under Hy, Ag = -+ = Ay = y.
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It follows that the test
| Ry P> v (k+ 1)

has asymptotic level & and asymptotic power 1, with rate O(n~'/?).
If y = E(Y?|X) = E(E(Y?|X)) = EY? is unknown, it is replaced by the empiri-
cal estimator

1 n
) _——§ Y?
yn ni:1 i

and the limit in distribution of || R, ||* 7, ! is clearly a x*(k + 1).

On the other hand, the test || R, ||*>> ¢, will be consistent if and only if ¢, — oo
and ¢,/n — 0 (see Gadiaga 2003).

Finally one may combine the tests of fit studied before and the regression test, to
simultaneously test Py = u and E(Y|X) = 0.

4.6 Functional tests for stochastic processes

Suppose that data come from a strictly stationary process, then one may again use
functional tests of fit.

As an example we consider a discrete strongly mixing process and a statistic
based on a kernel of order k. Then the test takes the form

k
(0) :ng a >c
n jn N
J=1

If >, a0 < 00, where (o) is the sequence of strong mixing coefficients associated
with the observed process (X;,7 € Z), then, under Hy,

D

0,.—0

where Q has characteristic function det(l; — Zitlﬁ)_l and
T'=(Ty) = (ZE(ej(Xo)eé(xm))) 1 <jl<k
meZ

In order to achieve construction of the test, estimation of I' is required; one may
set

Vp 1 n—m
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1<j,¢ <k, where v, < n. Then, ifagga,oé (a@>0,0<p<1) and v, >~ n
(0 < y < 1/2) it can be shown that

Fj@n — 1l a.s.

If T is positive definite, it follows that eigenvalues (ijn,l <j<k) of (fjg,l)
converge to eigenvalues (1;,1 <j < k) of I, with probability 1.
Now, Q has representation

k
_ 272
Q_E_ lxij
p=

where (N1, ...,N;) ~ N(0, 1)®k . Consequently one may approximate distribution
of Q by distribution of

k
01 =D _AN;
j=1

where (N, ..., N;) may be assumed to be independent of (X, ..., X,). This allows
us to achieve construction of the test.

Notes

The ‘smooth’ yx2-tests appear for the first time in Neyman (1937). Bosq (1978) has
generalized these by interpreting them as tests based on projection density
estimators.

As indicated above, results in Sections 4.1, 4.2 and 4.3 are due to Bosq (1980,
1983a, 2002b). Gadiaga (2003) has obtained results in Section 4.4. Extensions
(Sections 4.5 and 4.6) come from Gadiaga and Ignaccolo (2005). Related results
appear in Hart (1997).

Finally simulations are performed in Bosq (1989), Ignaccolo (2002) and
Gadiaga (2003).
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Prediction by projection

In Chapter 2 we have presented some asymptotic results about prediction when
distribution of the observed process only depends on a finite-dimensional parameter.

We now study a class of nonparametric predictors based on projection methods.
The general framework allows us to apply the obtained results to prediction of
conditional distribution and to construction of prediction intervals.

5.1 A class of nonparametric predictors

Let X = (X;, t € Z) be a strictly stationary Markov process with values in the
measurable space (Ey, By), and observed at times 0, 1,...,n.

Suppose that Px, = u is known. One wants to forecast g(X,;;) where g is a
measurable application from Ey to H, a separable Hilbert space, with scalar product
(+,+), norm | - || and Borel o-field By. Moreover suppose that g € L?,(11), that is

1/2
e o= ( [ 166 I o) <.
0
As noticed in Chapter 1, it is equivalent to consider prediction of
r(Xn) = E(g(Xn+l)|Xn)» reR

where R is the family of possible regressions of g(X,1) with respect to X,,.
As in chapters 3 and 4 we use a method based on kernels of the form

Kn = ijnejn & €in, n Z 17 (51)
=0

Inference and Prediction in Large Dimensions D. Bosq and D. Blanke
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-01761-6
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where, for each n, (ej,, j > 0) is an orthonormal system in L?*(;) such that
| €jn ||oo= Mjn < 00,j > 0 and Z] o [Ajn| M2, < 0.

jn
K, defines a continuous linear operator on L2, (1) through the formula

(K)0) = [ Kol 2)olo)du(v), ¥ € Euio € Ly (n).
Ep
The predictor associated with K, is defined as

1 n

=- Z Ky (Xi1, Xn)8(Xi)
i3

= Z Mjn€jn(Xn)bjn
=0

with

S

Z YEH, j>0:n>1.

SI'—'

In order to study prediction error of r,(X,) we shall suppose that (X;) is strongly
mixing with coefficients («(¢), ¢ > 0) and use the following Hilbertian version of
the Davydov inequality (cf. Merlevede et al. 1997).

Lemma 5.1
If Y and Z are H-valued random variables such that E | Y ||9< co and
E||Z|'<oowithl/r+1/g=1—1/p >0, then

|E(Y,Z) — (EY,EZ)| < 18(a(0(Y),0(2))) " (E || ¥ |- E|| 2 |)"" (5.2)

From Lemma 5.1 one may obtain a bound for the quadratic error of prediction.

Lemma 5.2
If g € L, () where 2 < g < 0o and n > 2, then

E || r(Xy) — r(Xa) |I°< Ay + By + Cy
where

A, :2||Kr—r||iz(u)

2 244
| g HanqZ)‘m Jn+ ’
j=>0
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with
n—2 -
=1+ M 18 a (0),
=0
and where
_8 || gl SN
o 72 Cug Y hinhpn| MM,
JA
with
[n/2] . n—1 v
Cryg = 722 (€ +2)a'7(0) + 18 > @+ 3)e7 (0).
=0
Proor:

The proof distinguishes between various groupings of variables, in order to
optimize the use of (5.2); the o-fields that appear here taking the form
o(Xy, s <t) and o(Xy, s > t+ ¢). Computations are tedious since the presence
of X, creates intricate groupings. For details we refer to Bosq (1983b) where
calculations are performed with a B-*mixing coefficient* which does not modify
their principle. |

The following statement is an immediate consequence of Lemma 5.2.

Theorem 5.1

IfgeLl(n), 2<qg<o0)and
(a) || Kur —
(b) an>O|)“]’l|y jn njo; Oa Y= 1727

(c) ZQ] Ea 7 (E) < 00,
then

()—>0 }’ER

E| r(X,) —r(X,) |*— 0, reR.
Now, if K,, is a finite-dimensional kernel, i.e.

kn
K”:Zej@ej, n>1

where (¢;) is a uniformly bounded orthonormal system in L?(u) with ¢y = 1, one
may derive a more precise result.
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Corollary 5.1
If K, is finite-dimensional with k, — oo, one may replace (b) by k,/n — oo to

obtain
/ ejrdu

In particular, if | [e;rdu ||= O(77), (y > 1/2) the choice k, ~ n'/*) gives

2

n

E || rn(Xn) - V(Xn) ||2: O(Z

J>kn

k, +1
+ + ), remR.

2y—1

E || r(X,) — r(X,) ||>= @(,fz—)_

For example, if Eq = [0, 1], 4 is uniform distribution on [0, 1], r has two
continuous derivatives and ey = 1,¢j(x) = V2 cos2mjx, 0 <x < 1;j>1 then
ky ~ n~'/* gives

E || ra(x) = r(x) [P= O(n ).

Now, if r is known to be a polynomial of degree less than or equal to ky over [0,1],
one may use the orthonormal system associated with 1,x,...,x* (Legendre
polynomials) and the rate is O(n™").

Finally if magnitude of the Fourier coefficients of r is unknown one may use an
estimation k, of the best k,, similarly to Chapter 3.

Now it should be noticed that the assumption ‘Px, = p known’ is rather heavy.
However we are going to see that r,,(X,,) is, in some sense, robust with respect to u:

Theorem 5.2
Let g be a probability on (Ey, By) such that dju/dug does exist and is bounded.
Then, if || Kur — 1 |12 (u)— 0, r € R, and PRty |XJ,,|MJZ,Z < oo (for the decomposi-
tion of K, in L*(w)), if g € L} (1) and assumptions (b) and (c) in Theorem 5.1
hold, we have

du 2

e (5.3)

im E || 72 (X,) = r(Xa) 172 ) < ZH

n—oo

|-
o dpo

LZ(MD)

Therefore, r,(X,) remains an acceptable predictor if u, considered as an approx-
imation of u, is such that the bound in (5.3) is small with respect to the structural
prediction error || g ”if,(u) —r ”i;y(u) .

Proof of Theorem 5.2 appears in Bosq (1983b).

Finally, if p is completely unknown but has a density, one may construct an
estimator p, of u by using the projection density estimator studied in Chapter 3.
Replacing L% (u) by L2 (u,) one obtains a statistical predictor close to r,(X,) by
using Theorem 5.2. We leave details to the reader.
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5.2 Guilbart spaces

In order to apply the previous method to prediction of the conditional distribution
P§:H we need a structure of Hilbert space for the family of bounded signed
measures on (Ey, By). For this purpose we introduce the notion of Guilbart space.

Suppose that Ey is a separable metric space, with its Borel o-field Bg, and
consider G : Ey X Eg—R, a continuous symmetric bounded function of positive
type, i.e.

(Vk > 1), (Var,...,a) € RY), (V(x1,..., %) €E), Y aajG(x;,x;) > 0.

1<ij<k

Then the reproducing kernel Hilbert space (RKHS) H generated by G is obtained
by completing the space of functions of the form Zf: 1 aiG(x;, -), with respect to the
scalar product,

k K
(Za,-G(x,-,-), ijG(Yh')) = > abiG(x, ).
=1 =1 c 1<i<k
1<j<k

Then, G is a reproducing kernel in the sense that
fx) =), Gx,*))g, x€Ep, f €Hg.

Now let M (respectively M) be the family of bounded signed (respectively
positive) measures on (Ep, By); one sets

L) = /E G(x,-) dr(x), » € M.

Then, for a suitable choice of G, A—f; is injective and realizes a plug-in of M in
Hg. Actually it can be proved that M is dense in Hg. The associated scalar product
on M is defined as

(A V) = /E i G(x,y)dr(x) dv(y); A,v e M.

A typical choice of G is
G(x,y) =Y _FXAD)
i=0
where (f;) determines the elements of M, i.e.

/ﬁdA:O, i>0e 1 =0.
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Under mild conditions the topology induced on M. by (-,-); is the weak
topology (see Guilbart 1979). In particular this property is always satisfied if Ej is
compact (provided (-,-); is not degenerate). If (-, -); induces weak topology on
M we will say that H is a Guilbart space. Properties of Guilbart spaces appear in
Guilbart (1979) and Berlinet and Thomas-Agnan (2004).

For example, if Ey is compact in R, G(x,y) = e generates a Guilbart space.

5.3 Predicting the conditional distribution
We now study prediction of P§:+1 , a more precise indicator of future than
EX (X1 1).
In order to apply results in Section 5.1 we take H = H a Guilbart spaces space
and define g : Ey— Hg by
g(x) =8y, x€Ep
or equivalently

gx) =G(x,+), x €E,.

The next statement shows that prediction of g(X,,1) is equivalent to prediction

of })§n

ntl”

Lemma 5.3
If Hg is a Guilbart space we have

X — pXu
E 8(Xn—l) - P§,,+1 ° (5'4)
PrOOF:
First, note that g is bounded since

sup (81, 80)'* = sup G(x,x)'* =] G ||}/ .

xeEy x€Ey

Now, for every A € M,
(E¥8(x,.), A6 = X (8(x,.1): Mg
=E% / G(X,11,x) dA(x)
— [ GO warL 0) = (P 0

and, since M is dense in Hg, (5.4) follows. [ |
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We may now apply Theorem (5.1) with
V(Xn) = P§:+|

and our predictor takes the form of a random signed bounded measure:

1
rn(Xn) = ;an(Xifhxn)s(X[)
i=1

= Zpina()(,-)
i=1

where K, is given by (5.1).
Then we have consistency of the predictor:

Corollary 5.2
If (a), (b) and (c) in Theorem 5.1 hold then

2
E

— 0.
n—oo

Zpin5(x,) - P§Z+,
p

Hg

The i.i.d. case
In the i.i.d. case a consequence of the previous result is a Glivenko—Cantelli type

theorem. We complete it with an exponential bound due to C. Guilbart.

Theorem 5.3 (Glivenko—Cantelli theorem)
Let (X,, t € Z) be an i.i.d. Ey-valued sequence with common distribution u. Then

1
Bl = 0(2) (5:9)
where p, = (31, 8x))/n.
00
Moreover, if G(x,y) = |ai|fi ® fi, where a =), |at;| < o0 then, for all n > 0,
i=1
nn?
P(” Hp — 1 HHG2 77) < 2”0(77) exp _E ;, n=>1 (56)

where

no(in) = min{p P>l < %}.

i>p
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PrOOF:
Here P?zu =, thus r =f,(+) = on G(x,-)du(x). Now if K,, = 1 we clearly have
K,r = r. Applying Corollary 5.1 with k, = 0 one obtains (5.5).

Concerning (5.6) we refer to Guilbart (1979). [ |

Example 5.1
If G(x,y) =e¥ =>"2yx'y'/i!, 0 <x,y <1, we can choose ny(n) as the smallest

integer such that (no(ln) + 1)!' > [8e/n?] + 1. &
5.4 Predicting the conditional distribution function

The general results presented before are not very easy to handle in practice. We now

consider a more concrete situation: consider real data Yj,...,Y, with a common

continuous and strictly increasing distribution function, say F. If F is known one may

construct new data X; = F(Y;), 0 < i < n with uniform distribution w on [0, 1].
Thus, we now suppose that (Eo, Bg,) = ([0, 1], Bj,1;) and choose

gx 1) = g)() = Tp(), 0<x<1,

then
r(x, ) :i=r(x)(:) = PXps1 <X, =x), 0<x<1,

is the conditional distribution function of X, ;; with respect to X,,.
A simple predictor of g(X,,) is based on the kernel

k”
Kn,O =k, Z ﬂljn ® 1]Ijn
=

where

hence

n kn
rn,O(Xn)(') = ”&Z (Z ﬂlj,, (Xifl)ﬂlj,, (Xn)> 1 [X,-.l[(')'

I \=
In order to apply Theorem 5.1 we take H = L?(u), then if conditions in Theorem

5.1 are satisfied with ¢ = oo, one has
E || rao(x) — r(x) ”ii ) 0

2 ()

provided k, — oo and k2 /n — 0.
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Now, our aim is to construct a prediction interval. For this purpose we need a
sharper result; we suppose that the density fix,x,) of (Xo,X;) does exist, is
continuous and satisfies the Lipschitz condition

(L) |f(x0.,xl)(x7y) —ﬂxo,xl)(xl7y)| < £|xl — x|,

0<x,x <1,0<y<1, where / is a constant.
Then, one may state a uniform result.

Theorem 5.4

Let X = (X,,t € Z) be a strictly stationary geometrically a-mixing, such that
x, = Uo,1) and (L) holds, then

sup [r0(Xn,y) — r(Xu,y) = O(n™°)  as. (5.7)

0<y<l

forall § €10,1/6].

ProoF:
Set
kn
7}1 0 n7 y Z b e]n
j=1
where
1
bjn(y) (;Z l 1 ley)>
/ r(x,y)ejn(x)dx
and

€jin = krll/zﬂ 1

Lin 7

1 <j<k.
From (L) it follows that
Ir(x',y) = r(x,y)| < €X' —x[, 0 <xx,y <1,

where r(x,y) = P(X,+1 < y|X = x).
Now, let j, be the unique j such that X, € I;,; one has

?n,O(Xnvy) = kill/zb;mn(y) = k"/I r(xay)dx
= r(£,.) B
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where §, € I, . Therefore

Ry = sup [r(X,,y) — Fuo(Xa, )| < 0(X, — &,) < lk, " (5.8)

0<y<1

On the other hand
A, = sup |rn,O(me)| _?”sO(X”’y”

0<y<1
kn
<k/2> N bin = b lloe -
j=1

Then, in order to study A,, we first specify variations of Zjn (v) and bj,(y): consider the
intervals T, = [(m— 1)/vy,m/vy[,m=1,...,v, — Land J,,,, = [(vy, — 1)/vy, 1],
where v, is a positive integer; then, if y,y" € J,,,, (with, for example, y < y’), we have

N , k1/2 n
‘bjn(y) - I < 7Z'ﬂb,y

kl/2 n

<= Eﬂl (Xi1) = k" Zom,
similarly
16in (') = bjn(¥)| = [E(e;(Xo) Uy, (X1))]
<KVPP(X) € Jp) = K201,
hence
k) sup 1Bin(v) = b0 < &/ (Bjn — byn) ((m = 1), ")
| + ko, ' + knZyn,
therefore
= k2 | bjy — by ||s< k2B, + kv, + knZ
where
By = max |(bn = bin) (m = 1)y, ")
and

Z, = max Z,,.
1<m<v,
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Now, for all §, > 0,

=

P(A, > 8,) Z (Cjn > 8uk, !

and we have

8 ) 1
1 n

Now, applying v, times the exponential inequality (3.25) (see Lemma 3.8) one

obtains
5, 82 8K\ /n
r| B, <v, |2 — 1 (14== Z . (59
( >2k*/2> =7 [ exP( 32k2q>+ <( i 5n> qa(L}D G9)

Similarly, noting that

E(Zu) = P(Xo € ) = v,

n

one may use v, times the same inequality, provided y, = 8,/(2k2) —2/v, > 0 for
obtaining

P(Z, >yn)<vn[26xp< ’; )+11<1+%)1/2qa<{g])1. (5.10)

Combining (5.9) and (5.10) yields

P(A, > 8,) < kyvy,

52 2 .
2exp(—32’;€4q)+11(1+5") q age il

)/2 4 1/2 .
—|—2exp( g )+11<1 y) gage 0Ll (5.11)

where ag > 0 and by > 0 are such that a(k) < age™>*, k > 1.
Now, choose ¢ =g, ~n", k, ~nf v, ~n" 8, ~n? with v>28+38,
1>a>484268, B> 4, then (5.11) implies

Z P(A, >n™?
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Figure 5.1 Linear interpolation.

and, (5.8) gives
R, = O(n?),

hence (5.7) since o may be taken arbitrarily close to 1 and § arbitrarily close to B.

Prediction interval

n0(Xy, ) is a nondecreasing step function such that r,0(X,0) =0. By linear
interpolation (see Figure 5.1) one may slightly modify r,o in order to obtain a
continuous distribution function G, (X,,-) on [0, 1].

Now let @ € ]0,1[ and y, and z, be such that

o

Gn(yn) = 2

and

o
Gn(Zn) =1—-=

\S]

then using Theorem 5.4 it can be proved that
PXpi1 € s zal|Xn) 21—, 0<a<1

thus [y,, z,] is a prediction interval for X, of asymptotic level 1 — «.
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Notes

As indicated in the text, Theorems 5.1 and 5.2 are slight improvements of similar
results in Bosq (1983b). Guilbart spaces were introduced in Guilbart’s Thesis and
developed in Guilbart (1979). See also Berlinet and Thomas-Agnan (2004).
Prediction of the conditional distribution function is a slight improvement of
Bosq (2005b). A partial extension to continuous time is considered in Bosq and
Delecroix (1985).
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6

Kernel method in discrete time

6.1 Presentation of the method

Let Xj,...,X, be independent and identically distributed (i.i.d.) observed real
random variables with density f, and consider the basic problem of estimating f
from these data. Histograms are quite popular nonparametric density estimators,
indeed their implementation and their interpretation are simple (even for
nonstatisticians). On the other hand, their various drawbacks lead to the develop-
ment of more sophisticated estimators, like the kernel ones. Let us briefly recall that
histograms are obtained when the sample space is divided into disjoint bins and one
considers the proportion of observations falling in each bin (see section 4.1 for its
mathematical definition). As a result, these estimators are discontinuous and
strongly depend on the choice of the end points of the bins. To remove such
dependence, it is more convenient to consider bins which are centred at the point of
estimation x, which leads to the naive kernel estimator:

1 1 )C—X,‘
709 = 00 = S0 (), wem

Here (h,) is a given positive sequence called ‘the bandwidth’ (equivalent to the
histogram’s binwidth). The accuracy of o depends strongly on the choice of #,, that
must reconcile the smallness of [x -2 X+ } with a large number of observations
falling in this interval. Since this expected number has the same order as nh,f(x)
(provided f(x) > 0 with x a point of continuity), we obtain the natural conditions:
h, — 0" and nh, — +o0o0 as n — +o0.

Inference and Prediction in Large Dimensions D. Bosq and D. Blanke
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-01761-6
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Now, to get a smoother density estimate, the indicator function is replaced by a
kernel, that is, a smooth nonnegative function (usually a symmetric probability
density):

1 n X—Xi
n - K 5 Ra
700 = (hn) xe

leading to the general form of univariate kernel density estimators. In this way, one
may assign a greater weight to observations which are close to x, whereas remote
ones may receive little or no weight.

Finally, the kernel method may be interpreted as a regularization of the
empirical measure:

1 n
— -3 s,
Mo ni:1 (X:)

which is not absolutely continuous with respect to Lebesgue measure. Namely, the
kernel estimator consists in the convolution of u, with the kernel K:

Now for the purpose of performing nonparametric prediction, we have to
consider the closely related problem of nonparametric regression estimation. More
precisely, let (X1,Y),..., (X,,Y,) be i.i.d. bi-dimensional random variables, such
that a specified version r of the regression of ¥; on X; does exist: r(x) = E(¥;|X; = x),
x € R. In contrast to the traditional nonlinear regression (where r is explicit but with
finitely many unknown parameters), no functional form (except some kind of
smoothness conditions) is required or imposed on r. In this way, one avoids the
serious drawback of the choice of an inadequate regression model.

Like the histogram, the regressogram is easy to construct and to interpret. The
sample space of the X;’s is partitioned into bins and the estimator is obtained by
averaging Y;’s with the corresponding X;’s in the considered bin. A smoother
estimate is the kernel one, obtained with a distance-weighted average of Y; where
weights depend on the distance between X; and the point of evaluation:

—X;
S YK (xh—>

o x—X;
" K !
21:1 < hn )

Here the W, ,(x)’s represent the randomized weights defined by

L)

n(X)

= i Wi’n(X)Y,'.
i=1
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This estimator was conjointly introduced by Nadaraja (1964) and Watson (1964).
Note that in the case where > " | K((x — X;)/h,) = 0, commonly used settings for
the weights are given by W, ,(x) = n~! or W, (x) = 0.

In this chapter, first we recall some basic properties of these estimators in the
i.i.d. case and next, in our viewpoint of prediction, we focus on the properties of
convergence of kernel functional estimators (density, regression) in the case of
correlated sequences of random variables.

6.2 Kernel estimation in the i.i.d. case

For the whole chapter, we consider a d-dimensional kernel satisfying the following
conditions:

K: RI=R
K is a bounded symmetric density such that, if u = (u,...,uq)
K:g . (6.1)
fim oo || 1| K(u) =0
and [ [vi || vj| K(v)dv < 00, ij=1,...,d
where ||-|| denotes the euclidian norm over R?. Typical examples of multivariate

kernels satisfying conditions K are: the naive kernel K(u) = LIy /z]d(u), the
normal kernel K (1) = (2m02) *exp(— || u ||* /(20?)). the Epanechnikov kernel
d7d
K() = (3V3) TIL (1= 2/5)1 5.5 ().
Suppose that X1, . .., X, are i.i.d. R%-valued random variables with density f, the
associated multivariate kernel estimator is then defined as:

1 1 )C*Xi 1 L d
f,,(x):n—hz,lz;l(( T >::;;Kh(x—X,~), x e R, (6.2)

where Kj,(u) := h 'K (u/hy,), u = (uy,...,u;) € R

Note that more general kernels are considered in the literature. Here, we restrict
our study to positive ones in order to obtain estimators that are probability densities.
In the following, we need an approximation of identity:

Lemma 6.1 (Bochner lemma)
If H € L'"(RY) N L®(R?) is such that [H =1 and

I (|1 |H(x)| — 0,

[lx]| —o00

if g € L"(RY), then for H.() := e “H(/¢), one has g * H. g § at every continuity
point of g.
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Proor:

The condition H € L*(R?) ensures that g * H. is defined everywhere and we set
A(x) = (g*H:)(x) —g(x). Since [H= [H.=1, one may write A(x)=
[lg(x —y) — g(x)]H- (y)dy. First note that if g is a bounded function (not necessa-
rily in L'(R?)!), the Bochner lemma easily follows from the dominated conver-
gence theorem. In the general case, if g is continuous at x, then given 1 > 0, we
choose §(= §,) > 0 such that for || y ||< 8, one has |g(x —y) — g(x)| < n. Next,

A@)| < n /| S / lg(x — ) — g()||H-()|dy

[IylI=8

<nl|H| +/ lg(x — ¥)I[H:(v)|dy + [g(x)] |H-(y)dy.
Iyl =8 Ilyl|>8

Now since H € L' and §/¢ — oo as ¢ — 0, we have

/ IHs(y)Idy=/ |H (1)ldr — 0.
lyl>8 lel|>8/¢ e~

Moreover g € L'(R?) and || ¢ ||? |H(f)| — 0 as || ¢ ||— oo yield:

/ lg(x — y)[|H=(y)|dy < 6~ sup || 7 || |H(r)] lg(x —y)|dy — 0,
lyl>8 [yl >8

fle1>2
as € — 0 concluding the proof. [ |

Coming back to density estimation, we begin with a necessary and sufficient
condition for the L2-consistency of the estimator (6.2).

Theorem 6.1
The following assertions are equivalent:
(i) h, — 0O, nhﬁ — 0.

(ii) Vx € RY, for every density f continuous at x, E(f,(x) — f(x))* 7== 0.

Proor: (Outline)

(M (i) = (ii)
One may always write: E(f, (x) — f(x))* = Var f,(x) + (E f,(x) — f(x))*. Now the
Bochner lemma and h, — 0 imply that E f,(x) — f(x) and nh?Var f,(x) —
f(x) || K ||5 as n — oo at every continuity point of f. This relation, together with
nh? — oo, yields Var f,(x) — 0.
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(2) Let us assume (ii), we first show that necessarily 4, — 0. First suppose that
h, — h >0, then for a bounded continuous f, one has Ef,(x) =
JK)f(x — hyy)dy — [K(y)f(x — hy)dy and (ii) implies in particular
that Ef,(x) — f(x). So one has [h™K((x —z)/h)f(z)dz = f(x) which is
impossible since K and f are densities. Next if 4, — oo, one has

B () = [ K (55 )@e< K =0

which is contradictive with Ef, (x) — f(x) as soon as f(x) # 0. Other cases (h, not
bounded, %, bounded but A, 4 0) may be handled similarly (see Parzen 1962). So
one obtains h, — 0, implying in turn that nh¢Varf,(x) — f(x) || K ||* with the
Bochner lemma. Since Var f,(x) — 0, one may conclude that nh¢ — oc. [ |

It is not difficult to get exact rates of convergence for the mean-square error of
kernel estimators: as seen in the previous proof, if x is a continuity point for f,
nh®Var f,(x) — f(x) || K ||3. The term of bias can be handled with some additional
conditions on the smoothness of f. The exact behaviour of this L? error will appear
in the next section dealing with the more general case of dependent variables. Even
if the quadratic error is a useful measure of the accuracy of a density estimate, it is
not completely satisfactory since it does note provide information concerning the
shape of the graph of f whereas the similarity between the graph of f,, and the one of
f is crucial for the user (especially in the viewpoint of prediction). A good measure
of this similarity should be the uniform distance between f,, and f. We first recall a
surprising result obtained by J. Geffroy (personal communication, 1973) and then
generalized by Bertrand—Retali (1974).

Theorem 6.2
Let us denote by F the space of uniformly continuous densities and || f, — f ||cc=
SUP,cr | fu(x) —f(x)|, d = 1, one has

(i) (f € F), d(fu.f) 20 implies nh,/Inn — +o0.
(ii) If K has bounded variation and nh,/Inn — +oc then || f, — f |lse = 0.

In other words, for common kernels, convergence in probability yields almost sure
convergence! Note that this result was originally established in dimension d, with a
technical condition on kernels K (satisfied by kernels with bounded variations in the
univariate case). Concerning rates of convergence, one has the following result of
Stute (1984): if f is twice continuously differentiable with bounded partial
derivatives of order two, then for all A >0, f>0 and h, such that nh'*?/
lnh;d — 0 as n — oo,

n d n\X) —J X
m |S|“£AV( )f(){)( N,:go\ﬁ 1K 2, (6.3)
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with probability one. Note that uniformity over R? has been recently obtained by
Deheuvels (2000, d = 1) and Giné and Guillou (2002, d > 1).

Concerning regression estimation, there also exists an extensive literature for the
Nadaraya—Watson estimator. Our main purpose being prediction, we do not present
here the i.i.d. results, about rates of convergence and their optimality, choices of
bandwidths and kernels. The interested reader may refer to the monographs (with
references therein) of e.g. Devroye (1987); Efromovich (1999); Gyorfi et al. (2002);
Hirdle (1990); Silverman (1986). We now turn to the dependent case.

6.3 Density estimation in the dependent case
6.3.1 Mean-square error and asymptotic normality

Let§=(§,1€7Z) be a R%-valued stochastic process. The Kolmogorov theorem
yields that P¢ is completely specified by the finite-dimensional distributions P, . ¢,
k > 1, see Ash and Gardner (1975). Thus, it is natural to estimate the associated
densities if they do exist.

If &,...,6y are observed, with N >k, one may set X; = (&,...,&),
Xo=(&,...,&41),-- - Xn = (Ey_ts1,---,Ey) where n =N —k+ 1. This con-
struction yields R?-valued random variables X, ..., X, with d = kdy. In all the

following, we will assume that they admit the common density f.

Let us now evaluate the asymptotic quadratic error of f,,, see (6.1)—(6.2). We will
show that, under the following mild conditions, this error turns out to be the same as
in the i.i.d. case.

Assumptions 6.1 (A6.1)

(i) f € C3(b) for some positive b where C3(b) denotes the space of twice conti-
nuously differentiable real-valued functions 4, defined on R and such that
| %) || < b with h?) standing for any partial derivative of order two for A.

(ii) For each couple (s,7), s # t the random vector (X,,X;) has density fix, x,)
such that SUP|s_|>1 | g5 |loo<< +00 Where g, =fx.x) —fOf.

(iii) (X;) is assumed to be 2-a-*mixing* with «® (k) < yk#, k > 1 for some
positive constants y and 8 > 2.

Now we state the result.
Theorem 6.3

(1) If condition A6.1(i) is fulfilled,

5 2
I B )~ F(0) = B() =§< > @ [ v,-v.,-m)dv) . (64)
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(2) If conditions A6.1(ii)—(iii) are fulfilled with f continuous at x, then

nhyVar f,(x) — f(x) || K |13 - (6.5)

(3) If Assumptions A6.1 are fulfilled with f(x) > 0, the choice h, = c,n~'/(+%),
¢, — ¢ >0, leads to

W EIE( () ) — B3 + T KB

ProOF:

(1) One has

B ~f() = [ K= ho) = f@)d
By using the Taylor formula and the symmetry of K we get

2
Efn(x) *f(x):hfzn/RdK(U) Z Uivj%

where 0 < 8 < 1. Thus a simple application of the Lebesgue dominated conver-
gence theorem gives the result.

(2) We have
nh? Var f,(x) = h? Var K, (x — X;)

AN
AT ZZC(’“ = X), Kulx = Xr).
1'#t

The Bochner lemma implies that h¢ Var K, (x — X;) — f(x) || K ||3 whereas covar-
iances may be handled as follows:

Cov(Kpu(x — X;),Kn(x — Xr))

= / Kn(x — u)Kp(x — v) gr.p (u, v)dudv

- mm( sup || e 1oll K [ 4824 | K | a1 — t|>>

[t—1'|>1
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by condition A6.1(ii) and the *Billingsley inequality*. Next, splitting the sum of
covariances into {|t — 7| < [h;2¢/F]} and {|t — ¢'| > [ 2%/P]}, one arrives at
hd d(1-3
s Cov(Ki(x — X,), Kn(x — X1)) = C’)(hn(l ﬁ)) —0,
(n - ) 1<’ —t]<n—1

with the help of the mixing condition since 8 > 2.

(3) The mean-square error follows immediately from its classical decomposition
into Bias? -+ Variance. [ ]

Note that the i.i.d. case is a special case of Theorem 6.3.
Now, we give the limit in distribution of f;, in the univariate case (d = 1), which
is useful for constructing confidence sets for (f(x;),...,f(x,)).

Theorem 6.4

Suppose that X = (X, k € Z) is a real strictly stationary o-mixing sequence
satisfying conditions A6.1(i)—(ii); in addition if Zk>1“k < oo, f is bounded,
hy = cInlnn-n='3, ¢ > 0 and K has a compact support, then

Xi) — D
n\Ai . (m)
\Vn (/xl/2 1§l§m>—>N

1K Il e

Sfor any finite collection (x;, 1 < i < m) of distinct real numbers such that f(x;) > 0
and where N denotes a random vector with standard normal distribution in R™.

PrOOF:
See Bosq, Merlevede and Peligrad (1999) [ |

6.3.2 Almost sure convergence

We now turn to almost sure convergence of the kernel estimator. To this end, we
need the following exponential type inequality.

Proposition 6.1
Let (Z;,t € Z) be a zero-mean real valued process such that, for a positive constant
M, sup e, || Zi ||«< M. Then for each integer q € [1,n/2] and each positive «, e,

p<| ,-i:m > ne) < %(1 +K>0‘Z<{2’;D
’e*/q

+4exp| — n i (6.6)
8(1 +«)%0%(q) + T(l + K)n*q~2e
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where for p = n/(2q)

[pl+2[p]+2
Uz(q) m'(‘,lz); | Z VarZ/p e+ Z Z |COV Z[]p +le[1p]+k)| : (67)
7&

Note that in the stationary case, one has

[Pl+1
o*(q) < ([p] +2) (Vaer +2 Z |COV(Zo,Zg)|>.

=1

PrOOF:
We consider the auxiliary continuous time process Y; = Zj,q), t € R. Clearly
=" ,Z= f(:' Y,du. Now define blocks of variables V,(j), j=1,...,2¢ by

settlng Va(j) = ’ , Yudu with p = n/2q for a given integer g.
ne
2

2

Clearly, for any posmve €,
The two terms may be handled similarly. Consider e.g. the first one: we use
recursively the Rio (1995) coupling lemma to approximate V,(1),...,V,(2g — 1)
by independent random variables V;(1),...,V;(2g — 1) such that Py ;) =
Py-oj-1,j=1,...,q and

B[V, (2j = 1) = Va(2j = DI <4 Va(2) = 1) [loo az([P])- (6.8)

q

> Va(2i-1)

j=1

q
Z 2(2))

P(|S,| > ne) < P(

Now for any positive «, €, one may write

([Frr)-5) (.q

iVn(ZJ dovii-1)
nek
s

Since the V(2j — 1) are independent, the *Bernstein inequality* implies

(2

2(1 +K)>

Z 2j-1)=Vi2j-1)

Zv*zj—l

2(1 +K)>
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n*e?

<2exp| —
( B(1+1)° 30, VarV; (2 — 1) + 41+ 1) || V(2 — 1) [l na)

252/q
(1 + <Po2(q) + 31+ K)(n/a)’s

<2exp| —

, 2
since VarV(2j — 1) = VarV,(2j — 1) = E<ﬁg:;)za Z[Hl]du) and

(2j-1)p :
E / Z[u+1] du
(2j-2)p

< max E(([jp] + 1 = jp)Zjjpjs1 + Zjppia + -+ + Zigjsyp)

+(G+ Dp =[G+ DD ZiGrpen)

Z VarZ]p et Z Z |COV ip] +1/7Z[]p]+k)
(=1

k;él/

44444

Next from the Markov inequality and (6.8), one obtains

4 . nek

am n
<= — .
T ek (1+K)az(2q>

Since the same bound holds for V,(2j), inequality (6.6) is proved. [ |

q

Z 2 —1)=Vy(2i—-1)

1+K

Our following result deals with pointwise almost sure convergence of f, for GSM
processes with

a(u) < e, u>1 (By>0,8 >0),

which clearly implies condition A6.1(iii).
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Theorem 6.5
Let (X;,t € Z) be a GSM R%-valued process,

(i) iff is continuous at x and h, such that (Inn)”/(nh?) — 0 with p > 2, then

((ﬁ%p)l/zﬁ( ) — Efu(x)| —0,

almost completely,

(ii) if Assumptions A6.1 hold with f(x) > 0, the choice h, = c,(Inn/n)"/“*¥
where ¢, — ¢ > 0 implies that, for all x € [Rd,

Tim ()70 @] < 2092 K o VIR + )] (69)

n—oo\ln n

almost surely with by(x) given by (6.4).

These results may be easily interpreted: for geometrically strong mixing processes,
one obtains a quasi-optimal rate of pointwise convergence for the stochastic term
even if joint densities are not defined. Such a result is particularly useful for
estimation of the finite-dimensional densities of a process (if they do exist), as well
as for the prediction problem (see Section 6.5). Moreover, under the general
Assumptions A6.1, the result is improved with a rate and an asymptotic constant
similar to the one of the i.i.d. case, see (6.3).

ProoF:
We apply inequality (6.6) to the random variables

Z; = Kp(x — X;) — EKy(x — X;)

with the choice: g, = [n/(2po Inn)] (po > 0). Note that, for a positive kernel K, one
has M =|| K || k.

(1) For 0%(g,) defined by (6.7), the condition (Inn)”/(nh¢) — 0, together with
the Cauchy-Schwarz inequality and Bochner lemma, 6.1, imply that
0%(gn) = O(p*h,*). Now, the result follows from & = n(In n)'o/z/(nhd)l/2
(p>2), po >5/(28,) and Borel-Cantelli lemma.

(2) We have to refine the bound for o2(g,). Actually, it is easy to infer that
condition A6.1(ii) yields

‘72(%) < (pn +2)Var Ky (x — X1) + (pn + 2)2 sup || grr lloo

[t—1'|>1

< paby | K (3£ (x)(1 + o(1))
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since p, = n/(2q,) has a logarithmic order and 4, = ¢,((In n)/n)l/(4+d), ¢, — c.In

this way,
24d
nn _ 8,c? | na+d P
> | S (I+6) | K lloo —537
d e (Inn)++d

(1
P\
2Inn
4exp| — n .
! p( a1 17 ||K||%f<x><1+o<1>>>

Therefore >, P((n/(In n) 4D £(x) — Bfy(x)] > ne; %) < oo for all n>2
(14+x) || K |2 v/f(x) and po > 2/8,, so that the Borel-Cantelli lemma implies:
2

Tim () L0~ EA()] <2072 (1040) | K 2 VIR as.

n—oo\Inn

n
Z Zi,n - EZi,n
i=1

for all positive «, hence (6.9) from (6.4). [ |

Now we may state uniform results on a (possibly) increasing sequence of compact
sets of R? and then over the entire space.

Theorem 6.6
Suppose that X is a GSM process with a bounded density f and that K satisfies a
Lipschitz condition, also let ¢ and c4) be some constants (>0, ¢ >0).

(1) If condition A6.1(i) is satisfied then, the choice h, = c,((Inn)?/n)"/“™¥,
with ¢, — ¢ > 0 yields

2\ 73
sup Iﬁ(X)—f(X)|:0<M> ,

[lx]l <e@yn’ n

almost surely.

(2) If Assumptions A6.1 are fulfilled, the choice h, = c,((In n)/n)l/(”l+4> with
cn — ¢ > 0 yields

7
sup 1) —f(2) —0<(“”) )
[lxll <e(ayn’ n

(3) If in addition K has a compact support, f is ultimately decreasing, and
E || Xo ||< oo, then, almost surely,

s |1 (x) — (2] = 0((1—)_>

almost surely.
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ProoF:
First, the Taylor formula gives the following uniform bound for the bias:

d
T, sup B, ~ 0] <53 [ ol K )
xeR?4

=0 ij=1

For convenience, we take ||-|| as the sup norm on R?, defined by || (x1,...,x;)||=
SUp; i<y |xi|. Let Dy := {x :|| x ||< c(gn'}; one may cover this compact set by M?
hypercubes, Dy ,, centred in x;, and defined by:

Dip={x:]x—xpp [|< c<d>n€/Mn} for 1<k< Mff
with Dy, N Dy, = @, 1 <k # Kk < M. One has,

sup [fa(x) = Efu(¥)]

[lxl|<cayn

< - _E
< Dax, xségrzn | fu(x) = fo (i) | + max., | fo(Xkn) — Efu(xn)|

max sup |Ef,(xx.) —Ef,
+ m S)A(l,‘{xelzljlz,,| Jo(Xen) — Efu(x)]
=:A| + A + As.

Since K satisfies a Lipschitz condition, there exists L > O such that

X — X
| fu(x) —f,,(xk7,,)|§L7” ko ”, X €Dy, k=1,...,M,.
pd+1
n

If ¢, denotes the rate of convergence, it follows that

4
(AL + As) = O(AZ:’;L).

Next, we choose
M, = (log,n)n‘y,h- @D ;> 1, (6.10)

which implies ¥, (A; + As) = o(1). For the term A,, we proceed as follows:

1<k<M?

e
P( max |f(xin) — Efu ()] > ) <3 Plfu(en) — Efuln)] > )
=T
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Similar to the proof of Theorem 6.5(1), the choice ¢ = n(lnn)/(nhff)l/2
leads to an upper bound not depending on x; ,, and of order

O(M? exp(—cin*(Inn))) + O (Mffn%”sl”“ (In n)”)

where ¢; > 0, cz are given constants. The result follows from (6.10), with
¥, = (n(lnn)” )2/ @+ and the Borel-Cantelli lemma as soon as 7 is
chosen large enough and py > (¢d +d + 3)/B;.

We set £ = n(In n)l/z(nhz)_m, n > 0, and we follow the steps of the proof
of Theorem 6.5(2). Using the uniform bound /¢ || f |||l K ||3 for
Var(K,(x — X1)), we get:

P 140 1K e () e
> \Inn

+4exp<— 7 Inn >
41+ 1) | K (BN £ Il (1+0(1))

where  o(1) is  uniform  with  respect to  x;,.  For
n>204) | K |2l £ 12 (¢d+ d+1)"* and po > (bd+d+3)g;",
we may deduce, with the ch01ce of M, given in (6.10) and
Yo = (n/ ) thae S POy, (ki) — Efy(xn)] > m) < 2an
with A; > 0 and X, > 1 yielding the result.

Pl fa (i) = Bfalven)| > 1) <

Finally we turn to uniform behaviour of f, over the entire space. One may
write

sup ¥, [fu(x) =f(O)[ < sup o, |fulx) —F(x)]

[lxf| € R? (€l <e(ayn*
+ sup Y, lfHu(x)[+ sup ¥, f(x).
[lxl|>e(ayn’ [Ixl|>eayn

The first term has been studied just above. Now we have

14

n Cayn
{sup 1% 1< 295 x> eqpn } {n Sy Py }
1<j<n n

Since K has a compact support, say [—ck, cx], K((x — X;)/h,) = 0 as soon
as || % N> ck Now let g be a positive real number such that for all
nzno, @'/ (2hy) > ck, we get for all || x [|> ¢(gn’,

{ sup || X; ||< } c { sup ¥, |fa (x)| 20}7
1<j<n [lx[>c(ayn’
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then for all n > 0, n > ny,

Cd 1
Pl sup v lh@]>n ) <P( sup | X;[>=0n' :0<ﬁ>
[[x1>c(ayn 1<j<n 2 n

from Markov inequality.
Now the Borel-Cantelli lemma implies that for all > 2,

SUP||y et Yl fu(x)| — O almost surely.
On the other hand,

Yy sup f(x) < sup x| f(x)

[l >can’ @M x| >eqn’

where for all ¢ > 2, wnn’é — 0 as n — oo. Finally, since f is ultimately
decreasing (and integrable!), one obtains supys., . || X [|f(x) = 0 as
n— 0. |

To conclude this section, we consider the case of compactly supported densities

not fulfilling condition A6.1(i). The following result illustrates the bad behaviour of
bias near the edge of the support.

Theorm 6.7

Suppose that X is a GSM process. If f is bounded and f(x) = f(x) [[ | Vo b ( i)

where f € CX(b) for some positive b, one obtains for h, = c,((Inn)*/n)"/(@+4)
¢, — ¢ >0, that

2\ &3
wp 1A —f@)] =0 <(‘)>

erj’:, laiten,bi—en] n

almost surely and as soon as, K = ®dK for a real normal kernel K with variance
02(0 > 0) and £, > ’h,(Inn)"/? with ¢ > (20)//5.

ProoF:

We have:

sup () =f[ < sup [fu(x) — Efu(x)]

xel‘[;i:] laiten,bi—en] XEHLI lai,bi]

+ sup |Efu(x) —f(x)].

xell? | [ait+e,,bi—e,]
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The stochastic term should be handled as in the proof of Theorem 6.6(1) (with
¢ = 0). Concerning the bias we obtain, for x € Hle [ai, bi], that

B0 ~f0) = [ o KO =) )

—f(x) / K(z)dz.
R, 3575

hn 7 hn

A Taylor expansion leads to

/ K@) (x — hae) — F(x))dz
o |

x;—b; x,-fui]
.9
= _hl‘l - K d
D5 ey O

hn 7 hn
hn 0 hn ]

hZ d azj'
+ 5 Z /1‘[4 [ﬁﬁ ZkZ[K(Z) m (x — Qz)dz.

i=1 Tl e ]

First since K is a product of univariate normal kernels, the choice made for ¢,

induces that
o
— (9(6 2/1%&) _ o(hn).

As usual, f € C3(b) implies that the second term is O(h2) and the result follows
since

xXj—a;

Tin ~
ﬁib_ Z,‘K(Z[) dz;

hn

sup
Xi€lai+en,bi—en]

hn <~
sup / K(t)dt
xi€laitenbi—en] J —00

+oo
sup / K(t)dt

xi€lait+enbi—en] S

hn

and

are of order o(h?). [ |

6.4 Regression estimation in the dependent case
6.4.1 Framework and notations

Let Z; = (X;,Y;), t € Z, be an R? x R?-valued stochastic process defined on a
probability space (€, A, P) and m be a Borelian function of R? into R such that
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w+— m*(Y,(w)) is P-integrable for each t € Z. Assuming that the Z,’s have the same
distribution with density fz(x,y) we wish to estimate the regression parameter
r() = E(m(Yy)|Xo =), given the observations Zi,...,Z,. One may define the
functional parameters

flx) = /fz(x,y)dy, xeR? (6.11)
o(x) = /m(y) 7(x,y)dy, x€ R? (6.12)

and

o) {w(X)/f(X) if f(x) > 0,

Em(Yy) if f(x)=0. (6.13)

Clearly, r() is a version of E(m(Yy)|Xo =-). We call r() a regression parameter.
Typical examples of regression parameters are

r(x) = P(Y € BIX =x), (B € Bga),
r(x) = E(YHX = x), (k>1,d =1),
leading to the conditional variance of Y:
Var(Y|X =x) = B(Y’|X =x) — (E(Y|X =x))?, (d' =1).
We consider a d-dimensional kernel estimator defined as:

0. (x)/fux), if fu(x) >0,
e 6.14
(%) %Z?:l m(Y;), if f,(x) =0, (6.14)

where f,, is given by (6.2) with K a positive kernel satisfying conditions /C given by
(6.1) (so that f,(x) > 0) and

1 1 .X—X,'
%(x):Wzm(y,-)K( - ) x e R (6.15)

n

In some cases, we also use the following variant:

@a(X) /fulx), 1f fulx) >0,

P =31, . (6.16)
;Zizl m(Yi)7 lffn(x) =0,
where
- 1 I X _Xi
@n(x) = 2 m(Y;)ﬂ{mmxm}K( I ) (6.17)
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and (b,) is a positive sequence such that b, — oo. Note that b, = oo yields the
classical regression estimator (6.14).
6.4.2 Pointwise convergence

In this context of regression estimation, we begin by an analogue of Theorem 6.5,
i.e. a strong consistency result involving a sharp rate and a specified asymptotic
constant. This constant involves the conditional variance parameter V(x) defined by

V(x) = Var(m(Y,)|Xo = x) = Em*(Yo)|Xo = x) — 2 (x). (6.18)
We consider the following assumptions.

Assumptions 6.2 (A6.2)

(i) ¢ € C3(b) for some positive b;
(ii) E(m*(Yy)|Xo =) f() is both continuous and bounded away from zero at x;

(iii) either E(|m(Y,)|’|Xo =) f() is continuous at x and integrable over R? for
some s > max(1 +5/d,2 4 1/d), or there exist A > 0 and v > 0 such that
E(exp(A|m(Yp)]")) < +oc;

(iv) for each s # t, (Z;,Z;) has a density fz, ) such that, if G, := fiz, 7.~ fzfz,
one has

sup  sup /M |Gye(x1, y1,%2, y2)[dy1dy> < o005
R

‘57421 (X],Xz)ERZd
(v) (Z;) is a GSM process with az(u) < Be P%, u > 1, B, > 0, p; > 0.

Note that, in condition A6.2(iii), the integrability is simply equivalent to the
moment assumption E|m(Yp)|" < oo for some s > max(1 +5/d,2+ 1/d). The
alternative condition involving the existence of an exponential moment for m(Yy)
is then clearly more restrictive but does not require any continuity assumption. In
particular it is fulfilled in the concrete situations where m(;) is a bounded function
(e.g.m = 1p, B € By ) or m is any polynomial function and ¥; is Gaussian. Finally,
condition A6.2(iv) is easily satisfied as soon as f and f(x, x,) are taken to be
uniformly bounded (s # 7).

Theorem 6.8
(1) If K satisfies [ || u ||* K(u)du < oo, if

1/(d+4
A (lnn> /(d+ )’ b — C;nzd/((4+d)max(5,d+1))
n
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(¢n = ¢ >0, ¢, = ¢ >0), then condition A6.1(i) and Assumptions A6.2 yield

2
H(L)A.M

7 — < 8.
00 lnn rn('x) r(x)| — C(X7C7K7 (p7f)a a.s

where C(x,¢,K,¢.f) = 2c | K |2 F)V(x) + ¢[bys (x)]) /f (x) and

d 2 2
porls) =53 (G 010 50 ) [ k()

i,j=1

(2) If m(Yy) admits some exponential moment, the same result holds for the
estimator r, defined by (6.14).

Proor:
Let us consider the following decomposition (with x omitted):

wn(r”_r):wn(;ﬂ_r)—’_Wn(rn_?n) (619)
_ Ipn((:bn B ’fn) + Wn(gon B (Z)n)
I I

where @, is given by (6.17) and ¥, = (n/ Inn)*“*% Note that, by Theorem 6.5(1),
one has f,(x) — f(x) # 0, almost surely.

(1) We begin with the truncated estimator, while indicating, during the proof,
the variants used in the second part of the theorem. One has:
¢n|¢n - ’ﬁ1| S er|¢n - ’fﬂ - E(()Non - ’fﬂ)| + WH|E(¢n - rf;l)‘ = A" +Bn

(a) Study of A,

We consider (6.6) with the choices g, = [n/(2po Inn)](po > 2/B;), for a
positive 7, £, = n(Inn / nhjf)/Z and variables Z;,, = W;, — EW;, where

Win = Ki(x — X)) [m(Yi) U pmy)<p,y — 7(0)]-

First, one has |Z;,| <2 || K ||o 1, 9b,(1 + 0(1)). Next concerning 02(g,), defined
in (6.7), we obtain

hiVar Z,,, < h “EK? (x;—

n

+ I, "EK? (x_—)m(Yo)(Zr(x) = m(Y0)) T jm(r) >,
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Note that this last term reduces to zero in the case where m is bounded and
by =|| m ||oo- On one hand, the Bochner lemma and condition A6.2(ii) yield

iy f‘EKZ( X) (m(Yo) — r(®) — FIVE) | K I

n

On the other hand, with condition A6.2(iii) and the Bochner lemma, one gets

x—Xo
EK2 <hn> mZ(Y())ﬂ {Im(Yo)|>b,}

= /K2 (xh_n Z)E(mz(yo)ﬂ{m(yo)%,,}wo = 0)f(t)dt
< E(lm(Yo)['1Xo = x)f (x) || K |15 by (1 + 0(1)) = o(h])

as s > 2. If an exponential moment exists, one applies Cauchy—Schwarz and
Markov inequalities to get a bound of order O(exp(—3b.)) = o(hd) if b, =
(81nn)"" with 8 > 2/A.

Finally with the help of conditions A6.2(ii), (iv), one arrives at

0*(gn) < puly FOV ) | K |3 (14 0(1)) + by (1 + o(1)).

2d/ ((4+d) max (5, d+1))

Therefore, since p, has a logarithmic order and b, = c\n condi-

tion A6.2(v) and the Borel-Cantelli lemma entail

TimA, <2VVX)F(x) || K |2, as.

n—oo

(b) Study of B,
Since r(x) = [ m(y)fix,.v,) (x,y)dy/f(x), one may write

E(9,(x) — r(x)fu(x)) = /Kh(x — 0f (0)(r(1) — r(x))ds
— Em(Yo) U jn(vy) b, Kn(x — Xo)
=B, — B;.
First, £, € C3(b), [ || u|® K(u)du < +o0, [u;K(u)du =0 and Taylor formula
imply
1

81| Z{ af;xJ< ) - r<x>%<x>} [ sk

and with condition A6.2(iii), one gets also that v,|B2| = O(y,,b1~%) = o(1) since
s> max( +5/d,2+1/d). Finally this last bound turns out to be

Oy, h, ¢ expg Ab)/2)) = o(1) in the case of an exponential moment as soon as
by = (81nn)"" with § > 2/a.
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(2) If Be*mM)l" < oo for some positive A and v (and b, = (81nn)"", 8 > 2/1)
or if m is bounded (and b, =|| m ||), results concerning ¥, |@, — rf,| hold
true. In order to conclude, note that, for all positive ¢,

Y PWlen(x) = @, (0)] =€) <Y nP(Im(Yo)| > by) < +o00

using Markov inequality and previous choices of b,. Details are omitted. [ ]

6.4.3 Uniform convergence

Similar to density estimation, uniform convergence of a regression estimator may
be obtained over compact sets, but in general, not over the whole space, even if
some information about the behaviour of r(x) for large || x || is available.

As a simple example, let us consider the case where the Z;’s are i.i.d. bivariate
Gaussian variables with standard margins and Cov(X;,Y;) = p. In this case the
classical estimator of r(x) = px is p,x where p, =n"'>"  X;¥; and clearly
SUP,cp |0nX — px| = 400 almost surely. In fact it is impossible to construct a
regression estimator R, such that sup, .y |[R,(x) — px| — 0 a.s. since such a property
implies that, whatever (u,) T 0o, u,(R,(u,)/u, — p) — 0 a.s. and consequently it
should be possible to obtain an estimator of p with an arbitrary sharp rate of
convergence.

However it is possible to establish uniform convergence over fixed or suitable
increasing sequences of compact sets. We need the following definition.

Definition 6.1

A sequence (D,) of compact sets in R? is said to be regular (with respect to f) if
there exists a sequence (B,,) of positive real numbers and nonnegative constants ¢, ¢!
such that for each n

inf f(x) > B, and diam(D,) < ¢()(Inn)"n’ (6.20)

xeD,

where c¢(q) > 0 and diam(D,,) denotes the diameter of D,,.
We first consider convergence on a fixed compact set D: as for density estimation,
we obtain a quasi-optimal rate of convergence under the following mild conditions.

Assumptions 6.3 (A6.3)

() f € C3(b), ¢ € C3(b) for some positive b;
(ii) f and ¢ are bounded functions, inf,cp f(x) > 0;
(iii) E(m?(Yy)|Xo =) f() is a bounded function over R?,

(iv) the strong mixing coefficient a; of (Z,) satisfies az(u) < Bye P1%, u > 1,
Bo >0, B; >0.
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Theorem 6.9

(1) Suppose that Assumptions A6.3 are satisfied. If hy, = c,((Inn)* /n)l/ (d+4)
(cn — ¢ >0), by =c.h*(c, — ¢ >0) and K satisfies a Lipschitz condi-

n'n
tion, one obtains that:

2\ 7
sup |7 (x) —r(x)| = O ((lnn) ) ,  as.

xeD n

(2) Under Assumptions A6.3(ii)—(iv), suppose moreover that f(x) = f(x)1p(x),
¢o(x) = @(x)1p(x) where D = Hl.d:l la;, bi] and f, @ € C%(b) for some posi-
tive b. The previous choices for h,, b, yield

2\ 77
sup |Fu(x) — r(x)| = O <M> )

xeD. n

almost surely, as soon as K = ®‘1’I~( for a real normal kernel K with vari-
ance o> (6 >0) and D, = H?Zl[ai + en,bi — &) with g, > c’h,,(lnn)l/2
and ¢ > 20/ V5.

ProoFr: (Sketch)

(1) We start from:

Sup 6, (x) = ¢(x)|  sup|r(x)|suplfu(x) = f(x)]

su ;'nx — rx <x€D : + .XGD
i AT inf £, (x)

Note that condition A6.3(ii) implies that r() is bounded on D.
From Theorem 6.6(1) (with ¢ = 0), one may deduce that, with probability 1,

SUp.ep Vlfu(x) —f ()] = O(((Inn)*/n)* **) and inf f, (x) — inf f(x) > 0.
Concerning the first term, one has

|00 (x) — @(x)| < [E@,(x) — 9(x)| + |@,(x) — Eg,(x)].
Conditions A6.3(i),(iii) allow us to write, uniformly in x,

Eg,(x) — p(x) = /K;,(x — )[e(t) — @(x)]dt + Em(Y0) T {jm(vy) >, Kn(x — Xo)
= O(h;) + O(b, ") = O(hy),

since b, ~ h;2. The stochastic term |@,(x) — E@,(x)| is handled similarly to the
proof of Theorem 6.6(1) (with £ =0 but additional term b,) by considering a
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suitable covering of D. Uniform bounds are obtained with the help of conditions
A6.3(ii),(iii). Details are left to the reader.

(2) The result is obtained by proceeding similarly to Theorem 6.7 and by noting
that, almost surely,

inf fux) > inf f(x) = inf F(O(1 + o(1).
|

Results for the classical estimator r, are straightforward if m(Y,) admits some
exponential moment. This is the purpose of the following corollary.

Corollary 6.1
Results of Theorem 6.9 hold true with 7, replaced by r, under the additional
condition: Ee*" )" < 400 for some positive ) and v.

Proor: (Sketch)

Let us start from (6.19). Uniform convergence of ¥, (7, —r) is established in
Theorem 6.9(1) with b, of order h,% If m(Yy) admits some exponential moment
(respectively m is bounded), the same result holds with b, = (51n n)l/ "8 > 2/
(respectively b, =|| m ||« ). The main change is in the bias, but

Em(Y) (m(yy) b,y Kn(x = Xo) = O, e ™) = o(h}),
by Markov inequality. Note that this last term disappears for bounded m if b, =

|| m ||oo. Concerning sup,.p ¥,|rn — 7|, one has infiep f,(x) — infyep f(x) almost
surely and,

ZP<§35 Yalda () — 0, ()] > ) < S nP(m(¥o)| > b,) < +00 (621

n

for all € > 0, so that sup,.p, ¥,|r, — 7| is negligible. [ |
Our last result considers the case of varying compact sets.
Theorem 6.10

(1) Under the assumptions of Theorem 6.9(1), if D, is a regular sequence of

compact  sets, the choices hy = c,((Inn)?*/n) (¢, = ¢ > 0),
by = clh! (c) — ¢ > 0) lead to

sup [7,(x) — ()] = O (““n”)>+-ﬂ;1 ,

xeD,

almost surely, with B, defined in (6.20).
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(2) In addition, ifEe*'m(YO)‘V < 400 for some positive A and v (respectively if m
is a bounded function),

2\ 73
sup I (x) = ()] = O <—<‘“”)> al

xeD, n ﬁn

with b, = (In n)l/U (respectively b, =|| m ||o)-
Proor: (Sketch)

(1) We omit x and write

sup 17|

sup |f — | <= Suplf —fl+ Supm ¢l-

D, D f

n

First, by using (6.16)—(6.17) we easily get that sup |7,(x)| < by, next Theorem 6.6(1)

xeD,
implies that sup,.p, |fu(x) —f(x)| = O(((Inn)*/n)*“**) almost surely. Next,
following the proof of Theorem 6.9(1) one ozbtair;sd almost surely that, for
~ 4
by = ey supyep, 1,(x) = 9(x)] = O(by ((Inn)* /1),

(2) Note that,

sup|r, —r| < —

1 _ _
{sup |7l sup |fo —f| +sup|®, — ¢| +sup|p, — %I}-
D, ff Dy

n

The first term is handled with Theorem 6.6(1), noting that

P(sup |70 (x)] > A) < P( sup |m(Y;)| > A) < nP(lm(Y,)| > A)=0(n7")
xeD, i=1,...,n

with y > 1if A = (agInn)"" for ag > 2/A. The second term is derived similarly to
Theorem 6.9(1), Corollary 6.1 while the third one follows from (6.21). [ |

In conclusion, we give examples of expected rates of convergence in some specific
cases.

Example 6.1 (Case of Xy with density f(x) ~| x |7, | x ||— oo, p > d)
Under the assumptions and choice of %, proposed in Theorem 6.10, one obtains
that,

sup [7u(x) — r(x)] = O(n~“(Inn)"), as.

[l <n’
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where a, b and 7, are respectively given by

() a=1/d+4)—lpwith0<{l<1/(p(d+4)),b=2/(d+4), Fy =Fn,

(2) if moreover, Ee*"Y)" < 400 for some positive A and v, a = 2/(d + 4)
—lpwith0< ¢ <2/(p(d+4)),b=4/d+4)+ 1/v, 7y =1y,

(3) if moreover m is a bounded function, a =2/(d +4) — fp with 0 < £ < 2/
(p(d+4),b=4/(d+4), 7y = ra.

Example 6.2 (Case of Xy with density f(x) ~exp(—q| x|["), || x]|— oo,

q,p >0)
Under the assumptions and choice of %, proposed in Theorem 6.10, one obtains

that, almost surely,

sup |70 (x) — r(x)] = O(n™“(In n)b),

lll<(eq" tnm)""”
where a, b and 7, are respectively given by

(H)a=1/(d+4)—cforeach0O<e<1/(d+4),b=2/(d+4), 7y =Ty

(2) if moreover Ee*"("0)I" < 400 for some positive A and v, a = 2/(d + 4) — ¢
foreach 0 <& <2/(d+4),b=4/{d+4)+1/v,F, =1,

(3) if moreover m is a bounded function, a = 2/(d +4) — ¢ for each 0 < e <
2/(d+4),b=4/(d+4), 7n =1y &

6.5 Nonparametric prediction by kernel
6.5.1 Prediction for a stationary Markov process of order k

Let (&, 1€ Z) be a strictly stationary R%-valued Markov process of order k,
namely

£($I|€:t—m s> 1) = ‘C(gt|$l—lv' o agr—k)v a.s.

or equivalently

E(F<§t)|§l—sa s> 1) = E(F(i:r)|§z—lv~ .- ,Et—k) a.s.

for each Borelian real function F such that E(|F(&))]) < +oc.

Given the data &, ...&, we want to predict the nonobserved square integrable
real random variable m(&,, ) where 1 < H < n — k. In the present case, note that
d =kdy and d' = dj.
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For that purpose let us construct the associated process

Zi= X Yy) = (& &n1)i Erppmram), tEZ,

and consider the kernel regression estimator ry (or ry) based on the data
(Z, 1 <t<N)where N=n—k+1—H.
From ry (or possibly 7y) we consider the predictor of m(&,, ) defined by

/\
mlanrH' = rN(Snkarla s 7511)

and we set

r(x) = E(mE&_ 1 n)| (&, - - -, E_y) = %), x € R,

The empirical error

/\
|m“§n+H| - r(Snkarl) cee 7$ll)| = |rN(ank+l) - r(Xn7k+l)|

gives a good idea of the predictor’s accuracy. Collecting results in the previous
section, one may obtain various rough estimates for this error in the case
d=dy=1andd=k.

Example 6.3 (Case of a fixed compact set D of R¥)
Under the assumptions and choices of hy, by proposed in Theorem 6.9(1), one
obtains that, almost surely,

n

B Inn 2\
Py Knts1) = FXe)Tx, e = O <u>

If the assumptions of Corollary 6.1 hold, one may replace 7y(X,_x+1) by
N (Xn—k+1)- °

Example 6.4 (Case where m is bounded)

A typical example of such a situation is the case of truncated prediction where one
is interested in predicting, for some fixed positive M, the variable &, 51 . |<m (sO
that, m(x) = xTjy<p).

(1) If X, is a.s. bounded with support [a,b]*, one may derive that, under the
conditions of Corollary 6.1,

(In n)2 i
|rN(Xn—k+1) - r(Xn—M—l)|1]X,,,k+|eD,x =0 ( ) ,

n
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almost surely, and

2 1,2
D,=la+e,b— En]k with ¢, = il (In n)?r*”kn*ﬁ

V3

s

whereas P(X,_x+1 & Dn) = O(ey).

(2) If Xy has density f(x) ~exp(—q || x ||I), || x ||— oo, ¢, p > 0, one may
derive from Example 6.2(1) that, almost surely,

4
v (Xati1) = F(Xt1) 93, 1 sen, = O(n~ ) (Inm)e),

with D, = {x: || x || < ("' Inn)'"} where 0 < & < 2/(k + 4).
Moreover, one has P(X,_x11 € D,) = O((Inn)’n=¢) for some real
number y.

(3) If X has density f(x) ~|| x |77, || x ||— oo, p > k, one may derive from
Example 6.1(1) that, almost surely,

4

Iy (Xaa1) = FX 1) 05, 1. sen, = O(n™F ) (I m)e),

with D, = {x: || x || < n‘} where 0 < £ < 2/(p(k + 4)).
In addition, one has P(X, ;1 € D,,) = O(n~"?=K)). O

Example 6.5 (Case where m(x) = x)
(1) If X is a.s. bounded with support [a, b]k, then m(Y,) admits an exponential
moment. In this case, results obtained in the Example 6.4(1) hold true.
(2) If X, has density f(x) ~exp(—gq || x [|’), || x ||— oo, ¢, p > 0, one may
derive from Example 6.2(2), that

(2 __ -
|W@fH0*N%%HW&%ﬂ»:0@(M°MMMM”)7

almost  surely  with D, ={x: | x||<(eq¢'Inn)'/’}  where
0<e<2/(k+4).

Moreover, one has P(X,—+1 € D,) = O((Inn)’n"°) for some real
number y.

(3) If X has density f(x) ~|| x |7, || x ||— oo, p > k, one may derive from
Example 6.1(3) that, almost surely, for b, ~ h ',

2
P (Xaetin) = Xk, rep, = O (0”50 (tnn)),

with D, = {x: || x || < n’} where 0 < £ < 1/(p(k + 4)).
In addition, one has P(X,_4+1 € D,) = O(n*f(P*k)). S
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As indicated above, there is a loss of rate for prediction in the general case. This is a
consequence of both phenomena: bad behaviour of the bias (if one considers fixed
compact sets) and unpredictable behaviour of r(x) for large values of || x ||.

6.5.2 Prediction for general processes

The assumptions used in the above section allowed us to obtain some rates for
the prediction error. However these assumptions may be too restrictive for applica-
tions. Actually, most of the stationary processes encountered in practice are not
Markovian even if they can be approached by a kth order Markov process for a
suitable k. In some cases the process is Markovian but & is unknown. Some methods
for choosing k are available in the literature, particularly in the linear case: see
Brockwell and Davis (1991), Gourieroux and Monfort (1983). Finally, in practice,
k appears as a ‘truncation parameter’ which may depend on the number of
observations.

In order to take that fact into account we are induced to consider associated
processes of the form

Zin=Xin,Yin) = (&, En—1)mEriny—14m)), tE€EZ, n>1,

where lim,,_, k, = 0o and lim,_,», n — k, = co. Here the observed process (§,) is
R%-valued and strictly stationary.
The predictor of m(&, ) is defined as

% Y K<Xn ky+1ln — Xt,n)
tn

n k+ln th)

l"N (Xn k,,+1

where N=n—k,+1—H and K = K(?k” with Ky a dp-dimensional kernel.

Now some martingale considerations imply that E(m(&,,4)|€,, ..., &, 4, +1) is
close to E(m(&, )&, s < n) for large n. Then under regularity conditions compar-
able to those of Section 6.5.1, and using similar methods, it may be proved that

r]t’(Xﬂ*k;Hﬁl) - E(m(%_nwLH)‘Es» N S I’l) 2)0

provided that k, = O((Inn)®) for some & > 0. There is clearly no hope of reaching
a sharp rate in this general case. In fact, it can be proved that a (In n)f(S rate is
possible. For precise results and details we refer to Rhomari (1994).

Notes

Kernel methods were first described in 1951, in an unpublished report by Fix and
Hodges (see Silverman and Jones 1989). There were early studies by Rosenblatt
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(1956) and Parzen (1962), who established Theorem 6.1. Concerning regression,
the kernel estimator was simultaneously introduced by Nadaraja (1964) and Watson
(1964).

Results of Section 6.3 and 6.4 are improvements of results that appeared in
Bosq (1998). Concerning almost sure convergence, we have deliberately chosen
a quite strong mixing condition (namely an exponential decrease of the coefficient)
to present sharp results (that is with asymptotic constants similar to those of the
i.i.d. case). For weakened dependence conditions, the interested reader may refer to
e.g. the following works (and references therein): Liebscher (2001) for arithmeti-
cally strongly mixing processes; Doukhan and Louhichi (2001) (density); and Ango
Nze et al. (2002) (regression) for a new concept of dependence including processes
that are not mixing in general. For practical choices of /, in the dependent case, we
refer also to: Hall er al. (1995); Hart and Vieu (1990); Kim (1997).

Note that other topics are addressed in Bosq (1998, Chapter 3): especially the
study of the mean-square error of prediction, the nonstationary case as well as
related extensions (interpolation, chaos, regression with errors). Infinite-dimen-
sional extensions appear in Dabo-Niang and Rhomari (2002) and Ferraty and Vieu
(2006). Finally, a systematic comparison between prediction by ARMA models and
nonparametric prediction appears in Carbon and Delecroix (1993).
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Kernel method in continuous time

In this chapter we investigate the problem of nonparametric estimation of density
when continuous data are available. This continuous time framework is especially
of interest since many phenomena (in various domains such as physics, medicine,
economics) lead to continuous time observations (possibly interpolated).

We shall see that the situation is somewhat different from Chapter 6. First, under
conditions closely related to the discrete case, one obtains similar rates of
convergence (depending both on dimension and regularity of the unknown density).
Now in the continuous time framework, the crucial point is that regularity of sample
paths may also act on rates of convergence: a quite irrelevant phenomenon in the
discrete case! Actually, one should get a whole collection of optimal rates which are
specific to the regularity of the underlying sample paths. As a by-product, these
results will also be involved in Chapter 8 where only sampled data are at one’s
disposal and the question of an appropriate sampling scheme (well fitted to
regularity of the underlying sample paths) naturally arises.

In Sections 7.1 and 7.2, we give rates of convergence for the kernel density
estimator, while regression estimation is treated in Section 7.3 and applications to
prediction are considered in Section 7.4.

7.1 Optimal and superoptimal rates
for density estimation
Let X =(X,,t € R) be an R?-valued continuous time process defined on a

probability space (£}, A, P). In all the following, we assume that (X;) is measurable
(.e. (t,0) — Xi(w) is Br ® A-Bps measurable).

Inference and Prediction in Large Dimensions D. Bosq and D. Blanke
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-01761-6
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Suppose that the X;’s have a common distribution p. We wish to estimate u
from the data (X;, t € [0,T]). A primary estimator for u is the empirical measure
wr defined as

T
ur(B) = —/ 1p(X,)dt, B € Bge, T>0.
0

Now if u has a density, say f, one may regularize 7 by convolution, leading to the
kernel density estimator:

f(x):L TK X4, xemrd (7.1)
’ Thi J, hy ) '

where K is a kernel (see Chapter 6) satisfying conditions X given by (6.1) and the
bandwidth Ay — 0" as T — oco. We also set

Kh(u) = h;dK (h—l,tT), uc R

Since the bias has exactly the same expression as in the i.i.d. case, we will now
focus on the variance of the kernel estimator. First we show that this variance has, at
least, the same rate of convergence as in the discrete case: we will refer to this case
as the ‘optimal’ one. Next, under more stringent conditions, we will establish that
this rate can be improved up to a ‘bandwidth-free’ rate, that we will call the
‘superoptimal’ case or ‘parametric’ case.

7.1.1 The optimal framework

The following conditions are natural extensions of Assumptions A6.1 to the
continuous time framework. As in Chapter 6, notice that neither strict nor large
stationarity of X is required.

Assumptions 7.1 (A7.1)

(i) f € C(b) for some positive b where C2(b) is the space of twice continuously
differentiable real-valued functions #, defined on RY, such that || A?) ||, < b
and h® represents any partial derivative of order 2 for h.

(i) There exists I', a Borelian set of R? containing D = {(s,1) € R* : 5 = t},
such that for (s,7)¢ T, the random vector (X, X;) has a density f(x, x,) and
sup(ser || &s: [loo< 00 Where g5, = fix, x,) —f ®f. Moreover,

— 1
lim — dsdr = fr < +o0.
T—oo T Jio 1121

(iii) (X,) is supposed to be 2-a-*mixing* with o (|t —s|) < y|r—s|*,
(s,7)¢ T for some positive constants y and g > 2.
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Figure 7.1

On the left:T = {(s,1) : |s — 1| < uo}, r = 2uy.
On the right:T = I (5,1) : [s/uo] = [t/uo] = n}, tr = up.

Note that only condition A7.1(ii) differs from the discrete case: here the Borelian I'
is introduced to prevent the explosion of fix, x) for small |t — s|, s # 1.
Typical examples of Borelian I' are furnished by Figure 7.1.

Theorem 7.1

(1) If conditions A7.1(ii)—(iii) are satisfied with f continuous at x, then
Th{ — oo yields
Jim TheVarfr(x) < rf(x) || K |3 (7.2)
—00

(2) If Assumptions A7.1 hold with f(x) >0, the choice hy = cyT~"/14+4),
cr — ¢ >0, leads to

Tim TYIE( ()~ W) < B0+ O b | K 3

with constant by(x) defined by (6.4).

Proor:

(1) We consider the decomposition

1 x—X x — X
The Var fr(x :—/ Cov (K( )K( ’))dsdt
T Var fr(x) TH Jio.zper hy hy

1 -X —-X
+—d/ Cov (K(x )K(x ’))dsdz (7.3)
Tht Jiorpare hr hr

=Ir+Jr.

The first integral may be bounded above by

— X\ 1
Ir < h9BK? (=20 - / ds dr (7.4)
hr T Jorpar
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and the Bochner lemma implies that limr_.o Iy < ¢rf(x) || K ||3. The second
integral may be handled as follows: for (s,7) € [0,T]> N T,

Cov (Kp(x — X;),Kn(x — X,))
= // Ky (x — u)Kp(x — v)gs(u, v)dudo

< min( sup | g [loos 4177 || K |13 Ol(2>(lt—S)> (7.5)
(s,)¢T

by condition A7.1(ii) and the *Billingsley inequality”. Next, splitting the integrals
into {(s,1) eI :|s—1] < h;Zd/ﬂ} and {(s,r) e : |s—1 > h;Zd/ , one arrives
at

_

Jr
T Jomare

Cov(Kn(x — Xy), Kn(x — X,)) = o(;f;“‘%)) = o(1),

since one has § > 2 in the mixing condition A7.1(iii).

(2) Since the bias has the same expression as in the discrete case, the mean-
square error immediately follows. [ ]

In order to show that the above rate is achieved for some processes, let us consider
the family X of processes X = (X;, t € R) with common marginal f and satisfying
Assumptions A7.1(i1)—(iii) uniformly, in the following sense: there exist positive
constants Ly, 8o, Yo, By such that, with obvious notation, for each X € X):

° (I/T) f[(),T]szFX dsdr < Lo(l + L()/T),
® SUP(s ¢TIy | 8s,t llso < b0,
oy < yyand B> By > 2.

Then we have:

Corollary 7.1
If f is continuous at x, the condition Thi. — oo yields

lim max ThéVary fr(x) = Lof(x) || K |3

T—o0 XeX)

where Var x denotes variance if the underlying process is X.

ProoF:
An easy consequence of (7.3)—(7.5) is

T d
Jim max Thi Varx fr(x) < Lof(x) || K I3 -
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It remains to exhibit a process X in X such that

Th%VaI‘)}fT(X) — Lof (x) || K H% :

To this aim let us consider a sequence (Y, n € Z) of i.i.d. R?-valued random
variables Yvith density f continuous at x and set ):(, = Yji1,), t € R (notice that the
process X is not stationary). One has X € Xy with I'y = U, {(s,1):
[s/Lo] = [t/Lo) = n}, supygr, | 85 loo= 0. and a@(|s — 1]) = 0 if (s,7) ¢ T
Now for this particular process fr takes a special form, namely

[T/Lo] ,

T — Lo[T/Lo] ., (¥ — Y{r/1,)
= K
fr(x) =5 I frx) + Thi iy
where fT is a kernel estimator of f associated with the i.i.d. sample Yo, ..., Y7 1,1

Then, from the Bochner lemma, 6.1, it is easy to deduce that

2
ot (U2 Var f1t0) = a1 52
and
g (Tl 1) g (V) < By
The hy Th
hence the result [ |

Finally it can be shown (see Bosq 1998, Chapter 4) that the rate 7-2/(+4) g
minimax over X for densities belonging to C,4(¢) (r =k+A,0 <A < 1,k e N),
where C,4(¢) denotes the space of k-times differentiable real-valued functions,
defined on R? and such that

ofk
N+ O

of®

o W S x|
Ol . o

(') =
xxX €R ji+ - Hja=k

Note that C3(b) is included in C; 4(b) with k = A = 1.

7.1.2 The superoptimal case

Castellana and Leadbetter (1986) have pointed out that, in the stationary case, if the
local dependence of X, and X,,, u > 0, is sufficiently restricted then it is possible to
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obtain a bandwidth-free rate for the variance of smoothed density estimators
(including the kernel one). We present here their result as well as some extensions.
For that purpose we suppose that gy, = fix, x,) —f @ f exists for s # ¢ and use the
abbreviated notation g, for go,, u > 0.

Theorem 7.2
Let us assume that g5, = g;—,t 7 5.

(1) If (y,z fo o] |gu(y, 2)|du is defined and bounded on R*, then

+o0
T-Varfr(x) < 2 sup / lgu(y,2)|du,
()R /O

for any T > 0.
(2) If w— | gu |l is integrable on ]0,+oo[ (Castellana and Leadbetter’s
condition) and g, is continuous at (x,x) for each u > 0, then

lim T-Varfr(x) = / &u(x, x)du.
T—+o0 0

In addition, if f € C%(b), the choice hy = o(T~'/*) implies

Jlim TG0~ 0 =2 [ e

PrOOF:
Using the stationarity condition g, = g|;—,, we get

T-Varfr(x / / Cov(Kp(x — X;), Ky(x — X;))dsdt

:2/0 (1—7 //RZthx—y)Kh(x—z)gu(y, )dydzdu.  (7.6)

Concerning the first part, one easily obtains that
+00
rVarfr() <2 [[ | K=K =2) [ T2 dudyds
R? 0

+o00
<2 sup / |gu(y,2)| du
(y2)eR* JO

from the Fubini theorem.
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For the second part, note that in (7.6), the function
u
(1,0, w)— (1 = 2) 83, 2K (r = ¥)Ki (= 2) 07 ()T (3,2)

is integrable since fooc | g |loo du < +o0. Using again Fubini, one gets
T
T-Varfr(x) =2 // / (l — %)K(U)K(w)gu(x — hrv,x — hyw)dudy dz.
rR* Jo

Next, one has

(1 — ;) gu(x — hrv,x — hyw)K (v)K (w)1 0,7 ()1 e g (v, w)

Eg gu(x, ) K (V)K (w)1 R, xR xR? (u, v, w)
and

[ (1= )l = forvx = hrw) K @)K ()01 (0T (v, )
< ” 8u ||:>o K(U)K(’LU) € LI(R+ X Rd X Rd)

so the dominated convergence theorem yields

+00

Tlim T-Varfr(x) = 2/ gu(x, x)du.
- 0

The mean-square error easily follows since the choice iy = o(T~'/*) implies that

the squared bias is negligible with respect to the variance. [ |

Note that this superoptimal mean-square rate of convergence remains valid for less
regular densities: for example if f satisfies a Holder condition of order A
(0 <A < 1), the choice hy = O(e™T) yields the same result. However, from a
practical point of view, this choice is somewhat unrealistic since it does not balance
variance and squared bias for finite 7. On the other hand, it is interesting to note
that a choice of Ay which would give asymptotic efficiency for all continuous f is
not possible since the bias depends on the modulus of continuity of f. An estimator
which captures global efficiency will appear in Chapter 9.
We now give some examples of applicability of Theorem 7.2.

Example 7.1

Let (X;,t€ R) be a Gaussian real stationary process with zero mean and
autocorrelation function p(u) = 1 — alul’ 4+ o(u) when u — 0 for 0 < < 2. In
this case, it is easy to verify that

lgu(x,¥)] < alp(u)lysp + (¢ + d‘u|79/2)ﬂ()<|u\§b

where a, b, ¢, d are suitable constants. Consequently, conditions in Theorem 7.2 are
satisfied as soon as p is integrable on |0, +oo]. &
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Example 7.2
Let (X, t > 0) be a real diffusion process defined by the stochastic differential
equation

dX, = S(X;)dt + o(X,)dW,, t>0

where S and o satisfy a Lipschitz condition and the condition

I1=1(S) = /Ra’z(x) exp (2 /Ox S(y)oz(y)dy>dx < 400

and where (W,, t > 0) is a standard Wiener process.
It may be proved that such a process admits a stationary distribution with
density given by

fx) =I"o72(x)exp (2 /Ox S(y)a_z(y)dy>, xeR.

Moreover, under some regularity assumptions on S and o, the kernel estimator of f
reaches the superoptimal rate 7~'. In particular if X, has the density f, conditions in
Theorem 7.2 are satisfied, see Kutoyants (1997b); Leblanc (1997) and Veretennikov
(1999). Moreover it can be proven that this estimator is also asymptotically efficient
Kutoyants (1998, 2004). O

7.2 From optimal to superoptimal rates
7.2.1 Intermediate rates

One may naturally ask about the existence of intermediate rates of convergence
(lying between the optimal and superoptimal cases). We begin by a result
illustrating that conditions in Theorem 7.2 are, in some sense, necessary for
obtaining the bandwidth-free rate 1/T for the variance.

Proposition 7.1
Let (X, t € R) be an R?-valued process such that

(a) 851 = 8|i—s| exists for s # t and for ug > 0,

sup / |gu(y, 2)|du < occ.

(v,2)€R? Jug

(b) fis continuous at x and fix, x,) is continuous at (x,x) for u > 0.

(¢) Jo'" fixox,) (%, x)du = 400 for up > uy > 0.
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Then, if K is a positive kernel,

Tlim T-Varfr(x) = 4o00.

Prookr:
From (7.6), observe that

/: <1 a 9 //W, Ky (x — y)Kn(x — 2)gu(v, 2)dy dz du

<2 sup / 19403, )ldu = O(1)

2

with condition (a). On the other hand, condition (b) implies

Jim, K (x — Y)Kn(x — 2)f (y)f (2)dy dz = f*(x)

so that
T-Varfr(x) =

2 /0”0 (1-7) //RM K = y)Ki(x = 2)f(x, x,) (v, 2)dy dzdu + O(1).

Now for T > 2uy, using the affine transformation (y,z) — (x — hrv,x — hyw) and
the image measure theorem (see Rao 1984), one obtains that

T-Varfr(x
> 2/ / )fxo.x,) (X — A7, x — hrw)dv dw du + O(1)
RZd
and the result follows from the Fatou lemma and conditions (b) and (c). [ |

The next proposition illustrates, in the real Gaussian case, the link between sample
path regularity and rate of convergence.

Proposition 7.2

Let X = {X,, t € R} be a real zero-mean and stationary Gaussian process. If X is
mean-square continuous with autocorrelation function p(-) such that |p(u)| < 1 for
u> 0 and f;}c |p(u)|du < +o0 for some u; > 0, then if K is a positive kernel, one
obtains for all real x

du = +o0 = T-Varfr(x) — 400,

u; 1
@] VT
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() / “ 1
——————du< 400 = T-Varfr(x) - ¢ < 4o0.
0 1= p*u)
Proor:
See Blanke and Bosq (2000). [ |

From proposition 7.2 one gets the following alternative: if 1 — p(u) ~ cu*® asu | 0
with 0 < o < 1, the bandwidth-free rate 1/7 is reached and there exists an equivalent
process with sample functions satisfying a Holder condition of any order a < «, with
probability one (see Cramér and Leadbetter 1967, p.172). Such a condition is satisfied
by the *Ornstein—Uhlenbeck process* (cf. Example 1.14). On the other hand, if the
process is mean-square differentiable one has 1 — p(u) ~ cu® as u | 0 and Proposi-
tion 7.2(a) implies that the bandwidth-free rate is no longer possible. In the following,
we will establish that the obtained rate is in fact In(1/h7)/T.

7.2.2 Classes of processes and examples
Now we introduce our main assumptions on processes.

Assumptions 7.2 (A7.2)

(i) f is either bounded or continuous at x;

(ii) for s#1t, the joint density fix x) of (X, X;) does exist and for
1>, fxox) =fxox)

(iii) Jup >0 : sup(, g futoo |g. (v, z)|du < 400, where g, is defined by g, :=
Jxox) —f&f, u>0;

(v) o >0 - fixox)(0,2) < M(y,z)u™", for (y,z,u) € R2%]0, ug[, where
M(+,-) is either continuous at (x,x) and R*-integrable or bounded.

Let us give some information about these assumptions. First A7.2(ii) is a weak
stationarity condition whereas A7.2(iii) is a condition of asymptotic independence
discussed in Vertennikov (1999) (for the special case of real diffusion processes)
and Comte and Merlevede (2005). Condition A7.2(iv) is less usual but could be
linked to the regularity of sample paths, in this way it is quite typical in our
continuous time context. More precisely, let us define

(Xt(tn B X(()l) Xb(td) _ X(()d))
Y o—

u = uw geeey

uvda

where Xis the ith component of (X)) = (X,(l),---,Xl(d)) and y;, 0<vy; <1,
i=1,...,d are the respective Holderian coefficients; one may show that condition
A7.2(iv) is equivalent to

.
fxorg (W) £ MO0, (0020) € R¥X)0, 1) (1)
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where (z —y)/u” := ((z1 — y1)/u", ..., (zs — ya)/u¥*) as soon as y, = Z?:l y;. In
this way y, is linked to the ‘total’ sample path regularity and the condition:
Yo € ]0,d] naturally arises.

We now present typical processes satisfying Assumptions A7.2.

Example 7.3 (Multidimensional homogeneous diffusions: y, = d/2)
Let (X;,¢>0) be an R?-valued diffusion process defined by the stochastic
differential equation

dXt = S(X[)dt + de t Z 0

where (W, t > 0) is a standard d-dimensional Wiener process and § : RY — R?
satisfies a Lipschitz condition, is bounded and such that for My > 0, r > 0,

X

,
S — ) < —— 0 < 1 > M,. 7.8
(o) < - O Sp<uIsM 09

Following the work of Qian et al. (2003), and Klokov and Veretennikov (2005), it may
be shown that Assumptions A7.2 hold with y, = d/2; (see also Bianchi 2007). <

Example 74 (Case y,=1)

This case may be associated with regular real processes satisfying condition (7.7),
(see e.g. Blanke and Bosq 1997; Skold and Hossjer 1999). Typical examples are:
the Gaussian process defined in Example 7.1 with 6 = 2; bi-dimensional processes
(d = 2) whose components are independent and with y; = y, = 1/2 (see Examples
7.1 and 7.2) and bi-dimensional diffusions processes in Example 7.3. &

Example 7.5 (Case y, > 1)
This last case typically arises for dimensions d > 1, by combining the previous
examples, see also Blanke and Bosq (2000); Skéld (2001). &

7.2.3 Mean-square convergence

We begin by giving upper bounds of convergence for the variance of the kernel
estimator.

Theorem 7.3
Under Assumptions A7.2, one obtains

Tli—m ‘Il(hTa Tv yO)VarfT(x) < +00;
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where Y (hr,T,y,) is given by

T lf y0<15
T P
W(hr,T,yo) =4 In(1/hy) ° Y075 (7.9)
d
d (e
Th;O(yo ) if yo> L

Note that Skold (2001) obtains the exact behaviour of the variance under more
restrictive conditions on the joint density f(x, (x,—x,)/u) for a given «. Furthermore
in the case where no local information is available (in other words if one omits
condition A7.2(iv)), one gets back the ‘optimal case’ by letting y, tend to infinity.
Finally, rates of Theorem 7.3 are preserved if condition A7.2(iii) is replaced by (X,)
GSM (in the case y, = 1), or (X;) 2-a-*mixing* with coefficient 8 > 2y,/(y, — 1)
(in the case y, > 1).

Proor: (Elements)

The stationarity condition A7.2(ii) allows us to decompose T Varfr(x) into two
terms involving the function g, with u € ]0,uo[ and u € Jug, +oo[. The Fubini
theorem and condition A7.2(iii) imply that the second term is O(1). Next, under
condition A7.2(i), the main term, depending on y,, is given by

a=2 [ @ =w [ K=K i Dy dedn (1.10)

First if y, < 1, condition A7.2(iv) implies, with the Bochner lemma 6.1, that
A = O(1). Next for y, > 1, one may bound A by

Al < 2/ // (D) fixox,) (X = hry, x — hrz)dy dz du

+ 2/ // (D) fixox,) (X — hry, x — hrz)dy dzdu.

where uy is a positive sequence such that uy — 0 as T — oo. The Cauchy—Schwarz
inequality implies that the first term is a O(ur/h%). Now, if y, = 1, condition
A7.2(iv) with the Fubini theorem implies that

Uy
2/ //de |K(y)K(2) lf(xo’xu)(x — hry,x — hrz)dydzdu
ur R

< 2(Inug — Inur) /M |K(y)K (z)|M(x — hry,x — hrz)dydz.

Setting ur = h‘%, one obtains with either the Bochner lemma or dominated
convergence theorem (if M is bounded) that A = O(In(1/hr)). For y, > 1, the
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same methodology yields A = (’)(h‘;(lfy‘))/ ") with the choice uy = h’;/ " Finally,

note that for strongly mixing processes not satisfying condition A7.2(iii), a similar
proof as for Theorem 7.1 yields the same rates of convergence as soon as (X;) is
GSM in the case y, = 1, or (X,) is 2-a-mixing with coefficient 8 > 2y,/(y, — 1) if
Yo > 1 -

Now, we turn to lower bounds of estimation. First, note that if one strengthens
condition A7.2(iii) to f;ooo Il gu |loo du < 400 and if M(,-) is a bounded function
in condition A7.2(iv), the case y, < 1 is included in Theorem 7.2(2) and the
variance has the bandwidth-free rate. If ¥, > 1, we obtain the following result.

Theorem 7.4
Assume conditions A7.2(i)—(iii) and moreover that

Pu(y;2)
u’o

f(Xo,Xu)(y7Z) Z with Yo 2 17 uc }O,Lt()[, (y>Z) € de (711)

and

lim inf  p,(x —ery,x —er2) > po(x,y,2) >0, x€R’

T—0o0 ue[al;/m o[
where ey — 0 as T — oo. Then, for a positive kernel K,

(1) ifyo =1, Thﬁm (T /Inhy') Varfr(x) > 0;
(2) if yo > 1 lim 7" V7 Varfy(x) > 0.

T—o00
The additional minorant condition is technical but it holds in particular for Gaussian
processes (see Blanke and Bosq 2000) or d-dimensional homogeneous diffusion
processes such that f(x) > 0 and with either bounded drift (see Bianchi 2007; Qian
et al. 2003, Theorem 2], or drift with at most linear growth (see Qian and Zheng
2004, Theorem 3.1).

Proor: (Elements)
Again, the main proof concerns the term A, given by (7.10). For all T > 2u, one
gets by the Fubini theorem

Uy
A> 2//21 Ki(x — y)Kp(x — z)/ Jxox) (v, 2)dudy dz,
R 0

where the integral is finite for A%?-almost all (y,z) (with A2? Lebesgue measure on
R?¢). Hence

uo
A> // K(v)K(w) / Jixox,) (X — hrv, x — hrw)du dv dw
R er

for all positive sequences ey — 0 as T — oo.
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Now, we set J = f fxox (x — hrv,x — hrw) du.
() Ifyo=1and er = hT, then

J > (Inup +Inhy?) inf  p,(x — hrv,x — hyw),

uelh., uo

and the Fatou lemma gives

T
lim Var fr(x // po(x, v, w)K(v)K(w) dvdw > 0.

T—00 ll‘lh Inhd

(2) In the case where y, > 1, one may choose ey = h‘;/ Y0 and write:

hd/Vofd _ MI*VO
r 0 inf  p,(x — hrv, x — hyw),
Yo — ue[h;/yo‘uo[

which yields, again by the Fatou lemma

lim ThY Wroyar fr(x
T—o0 -1

Po(x, v, w)K(v)K (w)dvdw > 0.

[RM

With some additional assumptions on f, one may specify the mean-square rates of
convergence.

Corollary 7.2
Under the assumptions of Theorems 7.3 and 7.4 and if f € C3(b),

(1) for yo = 1 and hy = ¢ (InT/T)"* (¢ > 0), one has

o<hmliE(fT() £ < T —— E (fr(x) — £(x))? < +o0;

T—ooInT T—ooInT
(2) for yo > 1 and hy = ¢ T~70/Gre+dvo=1) (¢ > 0), one obtains
. 4 2 — M 2
0 < lim 75050 D E(fr(x) — f(x))" < lim 7507000 E (fr(x) — f(x))” < +o0.
T—o0 —00

As a by-product, we may also show that under the natural condition y, € ]0,d],
these rates are minimax in the following specific sense: if one considers the set of
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processes with a given rate of convergence for the kernel estimator, there does not
exist a better estimator over this set (see Blanke and Bosq 2000).

7.2.4 Almost sure convergence

We consider the following exponential type inequality extending the result of
Proposition 6.1 to the continuous case.

Proposition 7.3
Let (Z,,t € Z) be a zero-mean real valued process such that supy<, <7 || Z ||
< M, E(ZZ,) = E(ZyZ_s),t > s and [;" |EZyZ,|du < +oc. o

Then for each real number pr € [1,T/2] and each positive «, e,

1 T
P(’—/ Z,dt
T Jo
Te?

+4dexp| — ; i . (7.12)
8(L+ k)" [i" |Cov (Zo, Z,)|du + 3 (14 «)pre

> 5) < %4(1 + az(pr)

ProoF:
Similar to the proof of Proposition 6.1 (see also Bosq and Blanke 2004) and
therefore omitted. [ ]

To obtain sharp almost sure results, we consider geometrically strongly mixing
processes. Note that multidimensional diffusions processes of Example 7.3 are
GSM as soon as p = 0 in (7.8) (see Veretennikov 1987).

Now for convenience, we suppose that the process is observed over intervals
[0, T,,] where (T,, n > 1) satisfies T,,;1 — T, > © > 0 and T, ] co: in other words
sampled paths are displayed at increasing instants 7', T, - - -.

Theorem 7.5

Let (X;,t € Z) be a GSM Re-valued process and suppose that Assumptions A7.2
hold.

(1) If hy, satisfies

TnthZd

(In Tn)3

L

(1]{0<y0<1} +In(1/hr,) V=1 +hrnd(m—1)1]{y0>1}) e +o0, (7.13)
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then for some constant Cy,(x),

—  [P(hry,, T,
llm ( Tns )/0)

— <
Tm | [ T () — Efry (0] < €0 s

with W(h,T,y,) given by (7.9);
(2) if hry is such that T,hr,/(InT,)* — oo but

Ty100

TnhTid

(InT,)’

L

(ﬂ {0<y,<1} + 111(1/th)1] {ro=1} + hT”d(ynil)ﬂ {J/0>1}) 7?007

then we have,

2
|an(x) - Ean(x)l = O<(1n Tn) > a.s.

T,hd

The proof of this result is similar to that of Theorem 6.5(2) with results of
Proposition 7.3 and Theorem 7.3. The constant C,, (x) can be made explicit but
it depends on unknown constants such as M(x,x) and sup, g /. ZO lgu (v, z)|du.

Remark

Note that A7.2(iii) and the GSM property could be considered as redundant
properties of asymptotic independence. Nevertheless, it may be shown that under
(7.13), and for y, > 1, one has also

fra(x) = E fr(0)] = O((n T) 9™ 20y, T, 1)

a.s. with condition A7.2(iii) replaced by f(x, x,) uniformly bounded for u > ug’
(whereas a logarithmic loss is observed for y, < 1). This methodology will be used
in the general case of regression estimation (see Section 7.3).

Next if f € C3(b), and if max(1,y,) > d/2, the choices

1/2
(inT)*\ " .
Tn ’ y()

hra(vo) = T4, Yo =1 (7.14)
Y0
InT,\ #otdro—D
<Tn> o y Yo > 1
give the almost sure rates:
InT, 12
( T ) ) Yo < 1
» InT, 1
W7 (vo) = T2 Yo = (7.15)

InT,\ T
n 4yg+d(yp—1)
( T n) s Yo > 1.
n
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The technical condition max(1, y,) > d/2 is a consequence of (7.13) and should be
relaxed to max(l,y,) >d/r, if, with obvious notation, f € Cy(b). If
max(1,y,) < d/2, one obtains the alternative result

frn (%) — F(x)] = 0(((111 Tn)ZT,;l)”L"> a.s. (7.16)

for hr, = ¢((InT,)*/T, )1/ 7 o> 0.
As a by- product for y? d / 2 (e.g. for d-dimensional diffusions, d > 2), the choice
hr, = c((InT,)?/T,) 2147 yields

o) = 1091 = O (07,77, 7) 7 ) s

We now turn to uniform results over increasing compact sets.

Theorem 7.6
Suppose that Assumptions A7.2 hold with f(-) and M(-,*) bounded functions; in
addition if X is GSM with f € C3(b) and K satisfies a Lipschitz condition, then

(1) for max(1,y,) > d/2 and hr,(yy), Yr,(yy) given by (7.14)—(7.15),

sup | fr,(x) = f(0)| = O(¥7 (1)) aus

llxll < e T}

(2) for max(1,yy) < d/2 and hy, = c((InT,)*/T,)"/*™ ¢ >0,

o ) =) = O (Tn ) as

[l < e T,

Details and proofs of these results may be found in Blanke (2004). Under more
stringent conditions and using the continuous-time version of the Borel-Cantelli
lemma established in Bosq (1998), one should replace 7, by T. Moreover uniform
convergence over R? can also be obtained. Note also that the case y, < 1 was first
addressed by Bosq (1997). Finally for real ergodic diffusions, van Zanten (2000)
obtains the rate Op(1/v/T ) and in a multidimensional context, Bianchi (2007)
extends (7.16) and Theorems 7.5-7.6 to diffusions which have a subexponential
mixing rate (i.e. for u >0, a(u) < e w2 Bo>0, B >0, 0< B, <.
Diffusions satisfying (7.8) with 0 < p < 1 are subexponential mixing, (see Klokov
and Veretennikov 2005). In this last case, similar almost sure rates of convergence
(up to some additional logarithmic terms) are obtained.
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7.2.5. An adaptive approach

As we have seen before, the choice of the optimal bandwidth depends on the
parameter y,, which is not always known. In this section, we propose an algorithm
providing an adaptive estimator, i.e. an estimator with automatic choice of the
bandwidth. Here we suppose that the regularity of the density, say rp, almost equals
2 and that adaptivity refers to y, in the case d > 2.

Regarding (7.7), we use the natural condition y,, € ]0, d]. As before, we suppose
that (7)) is such that 7,,,; — T, > 7 > 0 and T,, T oo. Now, we consider a grid I'r,
including tested values for y:

Iz, = {»o, 1, Yir, VNTA,T,lad}a
where one sets
{ O<F)70<1, VO,Tn = 1,
Yisrr, — Vjir, =61, >0, j=0,...,Nr— L
Recall that for y, < 1, the bandwidth choice does not depend on the exact value of

Yo, in this way y, symbolizes all values y, < 1. Moreover, we suppose that (8;r,),
(Nr) are such that

1+ Z;V:T(;l r, >d,  sup &, —0,

InlnT,
InT, ’

8o > —

j=0,...,Nr — 1.
d’ J ) s INT

81, = 8o

Such conditions discriminate the rates Wr,(y) for different y in I'z,. They hold
clearly for
d

1 InT7,
81, = 81, = with Np=0|-———"—].
T, = 0T, Ny T ((ln In Tn)2>

The candidate y; is obtained by setting, for x € R,

vo =min{y, € 'y, : V5, (n,)|fy,(¥) —f,(x)| < 0, Yy 2 v1, v, €1, },

where

A=t =g, o)

with
(InT)*/T)'* it y<1,
hr,(y) = T, it y=1,
(InT,/T,) 770 if y>1
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and
(T,/InT,)"* if y<1,
Wy (y)=<{ T2/ InT, if y=1,

2y

(T,/InT,)wa=n if p> 1.

Finally the adaptive estimator of f(x) is defined by

A 1 T x —X;
Jry(x 27/ K( *)dt.
W= b K )

Theorem 7.7
Under the assumptions of Theorem 7.6, one obtains, for all y, € |0,d] with
max(1,y,) > d/2 and large enough 1,

s (5) £ = O () as.

Proof of this result is intricate and appears in Blanke (2004). We see, up to
logarithmic terms, that rates of the previous section are not altered. Finally, in the
special case max(1,y,) < d/2, the same paper establishes that the adaptive
estimator converges also at the alternative rate.

7.3 Regression estimation

Let Z, = (X,,Y), t € R, be an R? x R?-valued measurable stochastic process
defined on a probability space (€, A, P). Let m be a Borelian function from R
to R such that (w,t)—m?(Y,(w)) is P ® Ar-integrable for each positive T (Ar
stands for Lebesgue measure on [0, 7).

Assuming that the Z,’s have the same distribution with density fz(x, y), we wish
to estimate the regression parameter E(m(Yy)[Xo =) given the data
(Z:,0 <t < T). Functional parameters f, ¢, r are unchanged from Chapter 6,
see (6.11)—(6.13).

The kernel regression estimator is defined as

rr(x) = or(x)/fr(x),

where

1 T x—X;
=— Y, K
(pT(x) Th‘;/o m( 1) < hy )dt

and fr is given by (7.1) with a positive kernel K, defined on R, and satisfying
conditions K given by (6.1).
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In our viewpoint of prediction, we now focus on the almost sure convergence
of this estimator. Note that results concerning mean-square error and limit
in distribution have been obtained by Cheze-Payaud (1994) and Bosq (1998,
Chapter 5) in the optimal and superoptimal cases.

7.3.1 Pointwise almost sure convergence

The pointwise study of rr(x) is considered under the following conditions.

Assumption 7.3 (A7.3)

() f,¢ € C3(b) for some positive b;

(ii) either (Z,) is a strictly stationary process such that for s # 1, (X, X;) has
density fix, x,); or for s # ¢, the joint density, fi7 7, of (Z,Z;) exists with
fa.z) =t z.,) for t > s;

(iii) there exists up > 0 such that fix, x,)(*, *) is uniformly bounded for u > uo;

(iv) thereexists yo > 0 fix,, x,)(v,2) < M(y,z)u",for(y,z,u) € R*x 10, uo |,
with either M(+, +) bounded or M(-, -) € L'(R*?) and continuous at (x, x);

(v) there exist A > 0 and v > 0 such that E(exp(x|m(Yy)|")) < +o0;
(vi) the strong mixing coefficient oz of (Z,) satisfies az(u) < Boe ™ #1*, (u > 0,

ﬂ() > 0’ /31 > 0)

As noted before, the GSM condition A7.3(vi) allows us to relax A7.2(iii) to
A7.3(iii) (with only a logarithmic loss of rate in the case y, < 1). Moreover, it
should be noticed that conditions about the regularity of sample paths only involve
the process (X;) but not (Y;). Finally, again we assume that sample paths are
displayed over intervals [0, 7,] with T,4y — T, > 7> 0and T, T oc.

Theorem 7.8
Suppose that Assumptions A7.3 hold with f(x) > 0. Then

(1) if max(1, yo) > d/2 and

L/4 2\ ToTeT
InT,)? InT, votdro=l)
hry = ¢ (@) ﬂy051+<u> Ty>1 |, (c>0)

T, T,

(7.17)

one obtains
|7, (x) = r(x)| = O(®7H(T0, v0)) as.
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where ®(T,,v,) = T¢-(In T,) " and

1 1
Cl:—,b:——Fl lf VOS 17
2 Y (7.18)
2y, 1 4y, . '
a:—7b:_+ lf y >1
dyo+d(yo— 1) v 4y, +d(y,—1) 0

(2) If max(1,y,) < d/2, the choice hr, = c((InT,)*/T,)" ¥ yields
12
7, (0) = ()| = O L)L, 77) as,

Up to logarithmic terms, these rates have similar order as for density estimation
(compare with (7.15)—(7.16)). Note that this logarithmic loss is overtaken if one
strengthens Assumptions A7.3 with conditions that jointly involve the function m
and the density of (Z;,Z,) (cf. Bosq 1998, Chapter 5).

ProoF: (Elements)
We start from decomposition (with omitted x):

|¢Tn - E@T,J n |E¢Tn — ¢l
f f

- 2
rw =1 < Jrr— ) 422

f

(7.19)

where 77, = ¢ /fr,, with fr,(x) — f(x) > 0 a.s. (using (7.15) combined with the
remark following Theorem 7.5), and moreover

. 1 T x— X,
o1, (%) / m(Y) Uy, <7, K ( ’) dr
0

B TnhT:f th

with by, — oo.

The choice by, = (81nT,)"", with Markov inequality and condition A7.3(v),
implies that |¢y, (x) — @7 (x)| = o(®~'(T,,, 7)) (uniformly in x), with probability
one, as soon as 8 > 4/1 where ® '(T,,y,) denotes any rate of convergence
obtained in Theorem 7.8. On the other hand, since [rr,| < br,, the proposed
choices of hr,, br, and f, ¢ € C3(b) respectively yield ([7r,|/f)|Efr, —f| =
O(® (T, 7o) and [Egy, — ¢ = O(13,) + Olhipden /> = o(® (T, yy)).

For |¢r (x) — E@r, (x)|, we apply Proposition 7.3 to the zero-mean process (W;)
where

W; = m(Y[)ﬂPﬂ(yI)‘ gthKh(x — X[) — Em(YO)ﬂ\m(YO)\ ng"Kh(x — X()).

A7.3(ii) yields stationarity and sup,cior | Wi [loo < Mz, :=2 || K ||oo br,h7".
Finally, EW} = O(b}. hr,“) by the Bochner lemma.

The main task consists in the evaluation of [™ [EW,W,|du. Note that one has

[EWoW,| < b3 (EKp,, (x — Xo)Kiy, (x — X,,) + (BKy(x — X0))?). (7.20)
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We split this integral into three parts: the first one (u € [0, ur]) is controlled by the
Cauchy—Schwarz inequality. On the other hand, the bound (7.20), Bochner lemma
and condition A7.3(iv) are used for the second one (1 € |ur, up[) while the third one
(u €Jug, pr]) follows from (7.20) and condition A7.3(iii). In this way,

PTy, ury uo Pty
/ IEWoWaldu = / 4 / 4 / IEWo W, |du
0 0 ur, uo

= b} {O(ur,hr, ")+ O(In(up Yy, <1 +u” M, 21)+ Olpr,) -
Finally the result follows from (7.12), the choices
ur, = hrzﬂyo <1+ hTZ/yUﬂy0>lv pr, 2 poInT,

(po a large enough positive constant) and for some positive 7,

1 1+l
(InT,)" (InT,)"™
e(=er)=nl—7Ty<ta<2t—5——a— ly>1a<2
< T;i/z Yo T,i/zhﬁ,%(yoil) Yo> Yo
1
+7(1n T")Huﬂd 2max(1,y,)
>2max(1, .
TnhTZ Yo

The last term |fr,(x) — f(x)| is handled similarly by setting, in the definition of
Wi, m(-)ﬂ|m<.)|§b7,“ = 1. Details are left to the reader. [ |

7.3.2 Uniform almost sure convergence

For the sake of simplicity, we suppose from now on that max(l,y,) > d/2.
Uniform convergence of a regression estimator will be established over fixed or
suitable increasing sequences of compact sets, that are defined similarly to the
discrete time case (see Definition 6.1).

Definition 7.1

A sequence (Dr,) of compact sets in R? is said to be regular (with respect to f) if
there exists a sequence (Br, ) of positive real numbers and nonnegative constants /,
¢ such that for each n

inf f(x) > By, and diam(Dy,) < c¢(g(In Tn)[ T!

XEDT,,

where C@y > 0, diam(Dry,, ) denotes the diameter of Dy, and T,y — T, > t© > 0 with
T, T oc.
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Theorem 7.9
Suppose that Assumptions A7.3 hold with max(1,y,) > d/2, f(+), ¢(+) and M(-, ")
bounded functions. In addition if K satisfies a Lipschitz condition, then

sup [ry, (x) = r(0)] = O(® (T, 70)B;') as.

.XGDT”

if Dy, is regular and such that ®~'(T,,, J/o)ﬁil — 0, with hr,(y,), ®(Ty, vo) given
by (7.17)~(7.18).

ProoF:

Based on decomposition (7.19), with a similar covering to Theorems 6.6 and 6.10,
noting that obtained bounds are uniform in x under our assumptions. The main
change occurs for the term sup,cp, |rr,(x) —7r,(x)| :0((D_1(T,,,y0),3}”1) a.s.
since | infyep, fr,(x) — infxep, f(x)] = O(® ™ (T,,¥o)) = o(Br,) almost surely. Hl

Explicit rates of convergence may be deduced from the obvious following
corollaries.

Corollary 7.3
Under the assumptions of Theorem 7.9, if { = {' = 0 and B;, = By > 0, then

sup |rr, (x) = r(x)| = O(®~ (T, 7))

xeD
a.s., with hr,(yy), ®(T,,vy) given by (7.17)—(7.18).

Corollary 7.4
If the assumptions of Theorem 7.9 are satisfied and f(x) ~|| x |77 (with p > d) as
| x ||— oo, one obtains

sup |7, (x) = r(x)| = O(T,*(InT,)")
el < e(a)(inT,)' T

a.s. where b is some positive constant depending on v, y,, £ and ¢ and, either
1 ) -1
a:E—Zplf0<€<(2p) and yy < 1,

or

2y,

2
a=— "0  pif 0<fl<—" and y,> 1.
dyo+d(yo— 1) 0

p(4+d)
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Corollary 7.5
If the assumptions of Theorem 7.9 are satisfied and f(x) ~ exp(—q || x ||P) (with
g,p > 0) as ||x|| — oo, the choices £ =0 and ' = p~! imply

sup|rr, (x) = r(x)] = O(T,“(InT,)")

o
llx]| < ey (In T,

a.s. where b is some positive constant depending on v, y,, and, either

1
a =3 = c{yq for each 0 < ¢ < (20)""" and for vy < 1,

or

2o Vp
=———> (" q foreach 0 < ¢ <<> and for y, > 1.
4y +d(yy—1) @ @ q(4+d) 0

7.4 Nonparametric prediction by kernel

Let (£, t € Z) be a strictly stationary and GSM, R%-valued Markov process. Given
the data (&, 7 € [0, T]), we want to predict the real-valued square integrable random
variable &7,y = m(§r,y) where the horizon H satisfies 0 < H < T. Particular
interesting cases are obtained with m(x) =x and dy =1 (usual prediction) or
m(x) = 15(x) (B € Bra), do > 1 (prediction of zone alarms).

Now let us consider the associated process

Z = (Xth) = (snm(‘gHH))a reR

and consider the kernel regression estimator based on the data (Z, t € [0, S]) with
S =T — H (respectively S, = T,, — H). The nonparametric predictor has the form

f() §+H <'§S+H %_I)

A ! h

Sren = Esin — ézs
k(o= o

We now study the asymptotic behaviour of ET .y as T tends to infinity, H
remaining fixed. As usual ¢ .y 1s an approximation of (&)=
E(¢rinlés, s < T) = E(¢rynlér). Collecting results of the previous section, one
may obtain sharp rates of convergence for this kernel predictor in the two specific
cases:

Case I: m(x) =x, dy = 1, E(exp(A|&]|")) < +oco for some positive A and v.
Moreover (&) satisfies conditions A7.3(1)—(iv) with y, < 1.
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Case IT: m(x) = 15(x) (B € Bga) and (&) satisfies conditions A7.3(1)—(iv) with
max(1,y,) > do/2.

Example 7.6 (Case I)
Suppose that K satisfies a Lipschitz condition and ks, = c((InS,)"/?/S1/4) (¢ > 0).

(1) Let D be a fixed compact set such that inf,cp f(x) > 0, then
Cr,en — 1l e, 0 = O(S, (1 5) ) as.

) If Ds, = {x: || x || < c(g)(InS,)"/*}, then

Cr, 1 — r(&r,)1, ens, = O(S,“(In )

a.s. where b is some positive constant depending on v, y,, and,

1 —1/v
a=5=ciyh if 0<cq<(24) 1,
o

Example 7.7 (Case II)
For D a fixed or an increasing compact set, we obtain similar rates, as in Corollary
7.3, 7.4 or 7.5, depending on y, and ultimate behaviour of f. &

Notes

Some of the results presented in this chapter are new or extensions of those stated in
Bosq (1998). We have quoted along the way some recent references on relevant
topics. In addition, we mention that first results on density estimation for diffusion
processes appeared in Banon (1978), followed by Banon and Nguyen (1978, 1981);
Nguyen (1979); Nguyen and Pham (1980). The strong mixing case was studied by
Delecroix (1980). Concerning intermediate rates, related results were also inde-
pendently obtained by Skold and Hossjer (1999), and Skold (2001) under slightly
different conditions.

We have focused our study on kernel estimators but, of course, other functional
estimators share similar properties. In the optimal and superoptimal cases, we refer
e.g. to results of Leblanc (1997) for wavelet estimators, Comte and Merlevede
(2002) for adaptive projection estimators, Lejeune (2006) for frequency polygons
and Labrador (2006) for a kr-occupation time density estimator. Note that a last
method, based on local time (see Bosq and Davydov 1999; Kutoyants 1997a) is
extensively discussed in Chapter 9.
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Kernel method from
sampled data

Concerning functional estimation, a family of optimal rates of convergence is
given in Chapter 7 when observations are delivered in continuous time. Now, we
consider the practical case where the underlying process is in continuous time but
data are collected in discrete time. In this context, several deterministic or
random sampling schemes have been proposed and studied by various authors.
By basing this chapter on results of the previous one, we especially investigate
the case of high rate (deterministic) sampling, where observations are displayed
at high frequency. The advantage of such modelling is, of course, reduction of the
total length of observation but a drawback is that estimators could become
inconsistent, due to the high local correlation between successive variables.
Clearly, in the univariate case, a very irregular path should indicate that
consecutive observed variables are not highly correlated, whereas more local
dependance is involved if the sample path is smoother. In this chapter, we
investigate the minimal spacing time which must be respected between two
consecutive observations and we show that such choice depends both on
dimension and regularity of the underlying continuous-time process. We illus-
trate these theoretical results by some numerical studies concerning the real
Gaussian case for sample paths which are either differentiable or nondifferenti-
able. Analogous results stand for regression estimation and simulations are also
performed in this framework.

Inference and Prediction in Large Dimensions D. Bosq and D. Blanke
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-01761-6
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8.1 Density estimation

Let {X,, r € R} be an R?-valued measurable process, defined on the probability
space ({1, A, P) and suppose that the X,’s have a common distribution p admitting
a density f w.r.t. Lebesgue measure A over R?. We suppose that (X;) is observed at
equidistant times #;,, i = 1,...,n with ;. , — t;, = 8, so that T, = nd, represents
the total length of observation. We use the standard kernel density estimator defined

i ul hdz ( X””) (8.1)

where h, is the bandwidth (h, — O, nhg — o00) and K, the kernel, satisfies
conditions /C given in (6.1).

8.1.1 High rate sampling

We begin with a result that illustrates that high rate sampling (§, — 0) does not
necessarily provide a good approximation of the continuous time framework and,
that estimators (8.1), computed from such a sampling, may have a quite erratic
behaviour.

For that purpose, let us consider the sampling scheme where 7, =T and
8, = T/n. A special case is the dichotomic sampling with n =2¥ N =1,2,...
Parametric estimators based on this sampling are known to be consistent in various
cases. A well known example is variance estimation of a Wiener process
(W;, t > 0), where

1 n—1 )
(Wis1yr/n — Wiryn)
j:1

is clearly consistent in quadratic mean and almost surely.
Now, if (X;, 7€ R) is a process with identically distributed margins, the
associated kernel density estimator is written as

A 1 & —Xir/n
Ful) = — K<x—h 1) ) e R
1

The next result shows that, in some cases, fn can be totally inconsistent!
Proposition 8.1
Let (X;, t € R) be a zero-mean real stationary Gaussian process with an auto-

correlation function p satisfying

cu <1—p*uw) <cu®, 0<u<T
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where 0 < c < <1land 0 <o <2/3. Then if h, =n"" (0 < y < 1) and if the
kernel K is positive and satisfies fu4K(u)du < +00, we have

' R 4(C1)71/2 1
lim Var f,(0) > —————F————>0.
Va0 2 - —w) 2

Proor:

We may and do suppose that 7 =1 and EX] = 1. Now let us consider the
decomposition

Varf,,(O) = Vn + Cln + C2n + C3n

with V,, = (1/nh?)VarK (Xo/hy),

where f, := fix, x,)»

Co =23 [ (1) Gnthrne) ~ 0 0.0)K DK )0y
and

com s o) (o)

First, the Bochner lemma 6.1, and nh, — oo imply that V, — 0 and
C3, — —f2(0). Since f;/,(0,0) = (27) "' (1 — p*(j/n)) /> we have

ln_n\/?n: n)\n

j=1

consequently

. 4
h_mCln >

n—oo _JT\/CT(Z—G)(L‘-—Q).

Finally, using 1 — p*(j/n) > c(j/n)" and the inequality e~ — 1| < au(1 + au/2)
(a >0, u > 0), one obtains C,, — 0 as soon as i, — 0 and 0 < a < 2/3. [ ]
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Notice that under slightly different hypotheses, it may be established that

fim Var f,(0) = — [ 174
nggo arf,,( )_ﬁ 0 (1—,02(14))1/2 u.

In conclusion it appears that the condition /2, — 0 seems not to be appropriate in
this context. Our next result gives another point of view, namely, considering f. as
an approximation of fr, see (7.1), as soon as h, tends to s7. Note that an other kind
of approximation will be derived in Chapter 9 (Theorem 9.9).

Theorem 8.1
If (X;,0<t<T) has cadlag sample paths, if K is uniformly continuous and
h, — hr, then

fulx)—fr(x), x¢€ R4,

n—oo

Proor:
We have

70 = [ Ko=) and frl) = [ Koy = )dier

where p, = (Zf’:l 8x;r /n) /n and p; are empirical measures.
Now let ¢ be a continuous real function defined on R, then for all w in ()

1T 1T
/Rwdun :?';;(ﬂ(XjT/n)njo’of/o o (X;)dr

since #+— ¢ o X;(w) is Riemann integrable over [0, T]. In particular,

[ o= ) [ iy (5= ) ) = ).
R 0

On the other hand

/R (K (x — ) — K (x — 1)) (1) —0

n—oo

since K is uniformly continuous. Hence the result. [ |

Note that convergence in Theorem 8.1 is uniform with respect to x.
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8.1.2 Adequate sampling schemes

In this part, we suppose again that ¢;,1, — t;, = 8, — 0 as n — oo but, now, with
T, = né, — oo. Our aim is to give minimal threshold &, (to get minimal time of
observation T,) such that i.i.d. rates are reached again by kernel estimators, while
the underlying process is in continuous time. Such schemes will be referred in the
following as ‘adequate sampling schemes’. This search is performed with the
results obtained in Chapter 7 in the ideal framework, where the whole sample path
is observed. We reformulate Assumptions 7.2, since a strengthened condition of
asymptotic independence is needed in this case of high rate sampling.

Assumptions 8.1 (A8.1)

(i) f is either bounded or continuous at x;
(i) for s # ¢, the joint density fix, x, of (X;,X;) does exist and for ¢ > s,
Jox) =fxox s
(i) let g, :=fixyx,) —f ®@f, u>0:3ug > 0:Yu € [ug, +00[, || gu lloo< 7(u)

for a bounded and ultimately decreasing function m, integrable over
]M(),"‘OO[;

(IV) ElyO > O:f(XU,X“)(yaZ) S M(yvz)uiyo’ fOl" (y7 2y M) € RZdX]Ov MO[’
where M(-,-) is either continuous at (x,x) and R*-integrable or bounded.

Mean-square convergence

We focus on the asymptotic variance of the estimator (8.1) since, clearly, the bias
does not depend on choice of the sampling scheme. The next result gives adequate
sampling schemes, according to the value of .

Theorem 8.2
Suppose that Assumptions AS8.1 are satisfied, and set

8 (vo) = il ity <1,
8:(70) = hg ln(l/hn) it yy=1, (8'2)
8 (vo) = hg/yo it yy>1,

then for all h, such that nhz — 00, and 8, such that 8, > k,8,,(vy) (kn — k > 0),
one obtains

Var f,(x) = O(n"'h, ), (8.3)
more precisely if §,/8,(y,) — +0o, one has

lim nh) Var f,(x) = f(x) | K |3

n—oQ

at all continuity points x of f.
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ProoF:

Recall that 7(u) is decreasing for u large enough, u > u;(> up) say. The
stationarity condition AS8.1(ii) allows us to decompose nhZVarf,, (x) into V,, + C,,,
with V,, = h,4VarK ((x — Xo)/hy,), and

om0 el )

S Cln + C2n + C3n + C4n

with

No
Cy, = 24 Z // KK (2)f (x) X,5,) (X = Buy, x — hyz)dy dz,
=1
2
Con = 2h¢Ny (/ K(y)f(y)dy) )
Ny
Csn = 2h Z // (2)|8ws, (x — hny, x — hyz)|dy dz,

k=Ny+1

Cy = Zhd // |gk5 ( = hyy,x — hnz)|dy dz
k=N;+1

where one has set Ny = [uo/8,], N1 = [u1/8,], with [a] denoting the minimal
integer greater than or equal to a.

Under condition A8.1(i), V, is either bounded or such that V,, — f(x) || K ||3 by
the Bochner lemma 6.1, at all continuity points of f. Similarly, one obtains
C», — 0. Cy,, is handled with condition A8.1(iv),

Cin <2k Z (k8,) // — huy, x — hyz)dy dz.

If ¥, > 1, one obtains that C;, = O(h¢§,7) which is either bounded if
8y > knhdl70 =2 §%(y,) or negligible if 8,/8: (y,) — +oo.

If y,=1, one has Cy, = O(h%,'In(5,')) which is bounded as soon as
8n > 1c,hd In(h 1) =: 8%(y,) or negligible if 8, /8% (y,) — +oo.

If yy < 1, C1, = O(h8, ") a bounded term if 8, > «,h? =: §"(y,) or negligible
i 8,/8%(vp) — +oo.

Finally condition A8.1(iv) implies that terms C,3 and C,4 have the order hZ(S; !
which is either bounded or negligible under previous choices of §,,. [ ]

As usual, mean-square convergence can be directly derived from the previous
results with an additional regularity condition on f.
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Corollary 8.1
Iff € C3(b) and h, = can VD) (¢, — ¢ > 0), then for 8. (vo) given by (8.2) and
all 8, > k8, (yo) (kn — & > 0), one obtains

E(f(x) — /()" = O(n77)
whereas if 8,/8;(y,) — +oo, one gets that

nE(f, (x) — f(x)) — B3 (x) + U () || K |13
with by(x) defined by (6.4).

Note that the fixed design (5, =8 > 0) is self-contained in the second part of
Theorem 8.2. In this framework, and if no local information on sample paths is
available (see, for example, Assumptions A7.1), one can also establish that results
in Chapter 6.3 remain valid with only slight modifications.

For high rate sampling (8, — 0), a natural consequence of our results is that the
smaller y,, the more observations can be chosen near each other. In the real case
(d = 1), the interpretation is immediate since irregular sample paths (y, < 1) bring
much more information to the statistician than more regular ones (y, = 1), where
the correlation between two successive variables is much stronger. Simulations that
we have made (see Section 8.3) well confirm these theoretical results.

The previous sampling schemes are sharp, in the sense that kernel estimators
should no longer reach the i.i.d. rate if one chooses 8, = o(8;(y,)) with y, the true
regularity. Actually, if we denote by T = nd; (y,) the minimal time of observation,
one may express the rate n=*/ 4% in terms of T;. Thereby, for Yo < 1,7y =1and
yo > 1 the corres;})onding rates are respectlvely ()", (InT)(T?)™" and
()~ 40/ Brotdro=1)): we recognize the optimal rates established in Chapter 7.2.3
where the whole sample path is observed over [0, T)]. Our next theorem refines the
result (8.3) in the superoptimal case (y, < 1): we establish that the variance error is
exactly of order (nh?)™" for 8, = 8%(y,) = h? (so that T} = nh? and the obtained
rate is superoptimal in terms of length of observation).

Assumptions (8.2) (A8.2)

(i) f is continuous at x;

(i) lfgvt—fx X)) —f®f for s # t, then 8s,t = 80,)s—1] =* 8|s—1]>

(iii) for all u >0, g,(-,-) is continuous at (x,x), || gu |lc< 7w(u) where
(I +u)m(u) is integrable over ]0,+oo|, and um(u) is bounded and
ultimately decreasing;

(19) SUpyy sy 3, 2)d = Sy i, (50)| 0.
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Theorem 8.3
Suppose that Assumptions A8.2 are satisfied, then for §, = hff — 0 such that
nhZ — +00, one obtains

+00
lim nh¢Var f,(x) = f(x) | K ||*> +2 /0 2u(x, x)du.

n—oo

Proor:
One has just to show that C, — 2 [;° gu x ,x)du with C, given by (8.4) and 8, = h.
For this purpose, write C, =2 [[ K(y)K(z)[C1, + Can + Cs,)dy dz with
Cln yv an (1 __)gké ( hn%X—hnZ)
=1
- Z 8k, (X = huy, X — hy2),
o0
C2n yv Z Sngké - nyax - I’an) - / gu(x - hnyvx - hnz)dua
0

00
C3n(y7 Z) = / gu(x =y, x — hnz)du'
0

First, COIIdlthl’lS A8.2(iii)—(iv) clearly 1mply that [ K(y)K(z)Can(y,z)dydz — 0
and [ f K(y)K(z)Cs,(y,z)dydz — fo gu(x,x) (by dommated convergence). Since
um(u) is decreasmg for u large enough, u > u; say, and n, = nh? — oo, the term
Cy, is uniformly bounded by

00 [u1/84] n—1
1 1 ,
; m(ksy) + - ; dukre(ké) +— > Skm(ks,).
= - " k=1 3] +1
We have Y ;- 8,7(ks,) < fa u)du — 0 as n — oo. Since um(u) is bounded on

0, 1], one has also n~! 3} ”'/6 1 8,k(ks,) < (nhd)™! SUP,.cj0,) () — 0. Finally
the decreasing of um(u) over [ur, +oo[ implies that the last term is bounded by
(nh®)™! f;oo ust(u)du — 0 this concludes the proof. [

Almost sure convergence
For observations delivered at high rate sampling, we now study the pointwise
behaviour of |f,(x) — f(x)]|.

Theorem 8.4
Let X = (X, t € R) be a GSM process with f € C3(b).
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(a) Set 8, = § and suppose that fix, x,) is uniformly bounded for u > 8. Under
conditions A8.1(i)—(ii), and for h, = cn(lnn/n)1/4+d(c,, —c¢>0) one
obtains

i ()71 0) ()] < 26 K b FG) + b)) as.

n—+oo\Ilnn

with by(x) given by (6.4).

(b) Suppose now that conditions A8.1(i)—(ii),(iv) are satisfied with fx, x,)
uniformly bounded for u > uy The previous result still holds for all
8y — 0 such that 8,/8;(y,) — oo with

8t (vo) = hilnn if o<1 and d<2,

n

8% (vo) = h¥"Inn if yo>1 and d <2y, (8.5)
8 (yo) = (lnn)3/2(nhff)_l/2 if d>2max(1,y,).

n

Similarly to Chapter 7, the GSM condition allows us to relax condition A8.1(iii) as
soon as f(x, x,) is bounded for u > uy: one observes only a logarithmic loss in the
case ¥, < 1. Moreover, we get again the technical condition max (1, y,) > d/2 that
comes from the exponential inequality (6.6). As before, if one expresses the rate in
terms of Ty = né};(y,), we recognize the continuous time almost sure rates given by
(7.15)—(7.16) (up to a logarithmic loss). Note that in the borderline case
8n =~ 85(vy), Theorem 8.4(b) remains true but with a much more complicated
asymptotic constant.

Proor: (Sketch)

The proof essentially involves the exponential inequality (6.6): we outline here only
the main parts. We write |f,(x) —Efy(x)| = (1/n)|> 1, Zui| with Z,; =
Ki(x — Xis,) — EKj(x — X;s,), so that for all i, E(Z,) =0 and |Z,| <|| K || &, ¢
(recall that K is a positive kernel).

(a) If 8, =8, we apply (6.6) with the choice g, = [n/(2poInn)] for some
positive py. Next under the assumptions made, one obtains that

(qn) < }qﬂhgdf(x) 1K (3 (1+o(1)), (8.6)

and the result follows with the Borel-Cantelli lemma under the choices

en = n((Inn)/(nh))”, po large enough and 1 > 2(1 4 &) | K |2 v/f(x).
(b) For §, — 0, the condition A8.1(iv) allows us to keep the bound (8.6) for all

8, such that 8,/87(y,) — oo, under the choice g, = [18,/(2polnn)]. M

We conclude this section by giving uniform results over increasing compact sets.
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Theorem 8.5
Suppose that the assumptions of Theorem 8.4 hold with f(-) and M(-,-) bounded
functions, f € C3(b) and K satisfies a Lipschitz condition.

(1) For max(1,y,) >d/2 and 8, > & 8*5)/2), with 8y > 0 and 8(y,) given by
(8.5), the choice h, = c¢,((In n)/n)lﬂ ) with ¢, — ¢ > 0 yields

ngsuuclsz Ifu(x) —f(x)| = O ( (1117;1) ﬂ)

almost surely, for positive constants £ and cy).

(2) If max(l,yy) <d/2, the same result holds for all 8, — 0 such that
8, > 8o~ 24+ (1n ) Y EHD) 5 0 50 > 0.

The proof is similar to those of Theorems 6.6 and 8.4 and therefore omitted. Finally,
since sampling schemes are governed by y,, that may be unknown, an adaptive
estimator is proposed and studied in Blanke (2006) (even in the case where ry, the
regularity of f, is also unknown).

8.2 Regression estimation

Results obtained for density estimation with high rate sampled observations can
naturally be applied to the nonparametric regression framework. As in section 7.3,
(Z;, t € R) denotes the R? x R?-valued measurable stochastic process (X;,Y;)
(with common distribution admitting the density fz(x,y)), and we consider the
same functional parameters m, ¢, f, r.

Now, if (Z;) is observed at times #;, = i8,, i = 1,...,n, the associated kernel
estimator of r is given by:

rn(x) = §0n(X)/fn(X),

where

1 <& x— X,
LK,
0) = g Yot K ()

and f, is defined as in (8.1) with a positive kernel K (so that r,(x) is well defined).

As in the previous chapters, we focus on almost sure convergence of this
estimator and consider the following set of conditions.

Assumptions 8.3 (A8.3)

() f,9 € C%(b) for some positive b;
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(ii) for s # ¢, the joint density fix x,) of (X;,X;) does exist and for 7 > s,
fix,.x) = fixox.,)- In addition, there exists uo > 0 such that fiy, x,)(:,) is
uniformly bounded for u > uy;

(iii) there exists y, >0 such that fix x,)(y,2) <M(y,z)u", for
(y,z,u) € R*x]0,up[, with either M(-,-) bounded or M(-,-) € L'(R*)
and continuous at (x,x);

(iv) there exist A > 0 and v > 0 such that E(exp(A|m(Yy)|")) < 4003
(v) the strong mixing coefficient oy of (Z;) satisfies oz (1) < Bype ™ #1*, (u > 0,
Bo >0, B > 0).
Theorem 8.6

(a) Set &, =6, under conditions A8.3(i)—(ii) (with uy =$6), (iv)—(v) and for
hy = ca((Inn)/n)"/“™ (¢, — ¢ > 0), one obtains

ra(x) — r(x)] = O < (thn)ﬁ(ln n)%> as.

for all x such that f(x) > 0.

(b) Suppose now that Assumptions A8.3 are satisfied. The choice §, — 0 such
that 8, > 808, (vo), with 8 (y,) given by (8.5) and 8y > 0, leads to the
previous result with unchanged h,,.

Proor: (Elements)
Since f(x) > 0, we start from the decomposition:

[ra ()] )] 4 a0 = @] 1@ (x) — p(x)]
T ) )+ e 67)
= A] —|—A2 —|—A3

[ra(x) = r(x)| <

where

n

@n(x) = n_l Zm(Yti.n)ﬂ\m(Yr,_n)\Sanh(x - Xli,n)

i=1

with b, = (bpIn n)l/", for by > 217! (X, v defined in condition A8.3(iv)).
For A;, one has for n > 0,

i=1,...,n

P(|ra(x)| > by) < P( up |m(¥, )| > (bo mn)l/v) _ O,

so that a.s. r,,(x) = O(b,) (uniformly in x) since by > 217".
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Next if ¥, = (n/Inn)” "™ one easily verifies that, under condition A8.3(i),
E f,(x) — f(x)| = O(¢;, 'b; ") as well as for |f,(x) — Ef,(x)| by using the expo-
nential inequality established in (6.6), the upper bound (8.6) and proposed choices
of h,, §,.

For A,, one easily gets that

P(y,bul@,(x) = @,(x)| > ) < nP(jm(Yo)| = by) = O(n~ 1),
which implies ¥,b,|@, (x) — @,(x)| — 0 a.s. as soon as by > 211,
For the last term A3, one has
|E¢n(x) - (p(x)‘ S |E€bn('x) - E(pn(x)| + |E(pn('x) - §0(x)|
- O(h;de’%bx) + o),

so that ¥, |E@,(x) — ¢(x)| — 0, under the proposed choices of A,, b,. On the other
hand, the exponential inequality (6.6) applied to the variables

(Y, ) Vy, <o, Kn(x — X)) — Em(Yy, )Yy, 1<, Kn(x — Xi,,)
yields the result |@, (x) — E@,(x)| = O(¢;, 'b; ') with probability 1. [ ]
Concerning uniform convergence and following the remark of Section 6.4.3 we
restrict our study to regular compact sets D,,, so that

I4

inf f(x) > B, and diam(D,) < c(g(Inn)"n,

x€D,
see Definition 6.1.

Theorem 8.7

Suppose that Assumptions A8.3 hold with f(-), ¢(-) and M(-,-) bounded functions.
In addition if K satisfies a Lipschitz condition, h, = c¢,((In n)/n)l/(d+4)
(¢, — ¢ >0) and 8, > 80 8;(yy), (80 > 0) with 8 (y,) given by (8.5), one obtains

sup [ (x) — r(x)| = O((?)ﬁ (lnn)l/”> a.s.

xeD, ﬂn

Proor: (Sketch)
Based on the decomposition (8.7), using results of Theorem 8.6 and technical steps
in the proof of Theorems 6.6 and 6.10. [ |

Explicit rates of convergence may be deduced from the obvious following corollary.



NUMERICAL STUDIES 201

Corollary 8.2
Suppose that the assumptions of Theorem 8.7 are satisfied, the previous choices of
8n, hy yield, almost surely,

(1) ift=¢=0and B8, = B, > 0:

sup [r (x) = r(x)] = 0<<ln7n>ﬁ(lnn)l/v>§

(2) if () =] x |7 (with p > d) as | x |~ o,

sup |r,(x) — r(x)| = O(n~“(lnn)")

([l <n’

wherea=2/(d+4) —pwith0 < { <2/(p(d+4)) andb=2/(d + 4)+
1/v;
(3) if f(x) ~exp(—q || x |I"), (with q,p > 0) as || x || — oo,

sup |ra(x) — r(x)] = O(n “(Inn)"),

Il <(eq " tnm)'?

where a=2/(d+4)—¢ for each 0<e<2/(d+4) and with b=
2/(d+4) + 1/,

Using Corollary 8.2, results concerning prediction for strictly stationary GSM R%-
valued Markov processes (dy > 1) are then straightforward (see Sections 6.5.1 and
7.4). In this way, given n observations, one obtains sharp rates of convergence for
the nonparametric predictor (with horizon H§,, 1 < H <n—1), built with
N = n — H observations over [0, N&} ()]

8.3 Numerical studies

We present some simulations performed with R, a software package actually
developed by the R Development Core Team (2006). First, to illustrate our previous
results on density estimation, we consider the real Gaussian case for two stationary
processes: Ornstein—Uhlenbeck (nondifferentiable, y, = 0.5) and CAR(2) (differ-
entiable, y, =1). Figure 8.1 illustrates how much the two processes differ:
typically estimation will be easier for the ‘irregular’ OU process than for the
‘regular’ CAR(2) process.

Ornstein—Uhlenbeck process
The *Ornstein—Uhlenbeck (OU) process* is the stationary solution of:

dX; = —aX, dt+bdW;, a>0,b>0.
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Figure 8.1 Simulated sample paths of (left) OU and (right) CAR(2) processes.

In the following, we choose b = /2 and a = 1 so that the X,’s have common density
N(0,1). We simulate this process using its (exact) autoregressive discrete form:

X(i1ye, =€ "X, + Zis1)g,,  Xo~N(0,1)

where Z;; are i.i.d. zero-mean Gaussian variables with variance o*(1 —e~2™)/2.

From a simulated sample path (with 7, = 1072), we construct the estimator
using the normal kernel K (x) = (27)"/exp(—x?/2), n = 1000 observations and
the bandwidth %, equal to 0.3. We deliberately select a high sampling size to get a
somewhat robust estimation, that allows us to show the effect of the sampling rate
3,. We test the maximal sampling rate §, = 0.01 (7,, = 10) and one close to the
threshold &7 (y,)) with 8, = 0.35 (T, = 350). Figure 8.2 shows that estimation is not

Figure 8.2 OU process: N (0,1) density (solid) and estimated density (dash). On the left:
8, = 0.01, on the right: §,, = 0.35.
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consistent in the first case, but that approximation turns out to be good for §, equal
to 0.35.

CAR(2) process

A CAR(p) processes is a continuous-time AR process, see e.g. Brockwell (1993);
Brockwell and Stramer (1995) and also the earlier reference of Ash and Gardner
(1975). For p = 2, this process is the solution of the 2nd order differential equation:

dX; = — (a1 X, + a;X;)dt + bdW,

where X| represents the mean-square derivative of X,. Note that the OU process is
no more than a CAR(1) process (with a, = 0 and dX] replaced by dX;) and that
CAR(k) processes are discussed in Example 10.10. The choices a; = 1/2, ap =2
and b=+/2 lead to a Gaussian process which is stationary, mean-square
differentiable (y, = 1) and with marginal distribution A(0,1). Furthermore,
sample paths can be simulated from the (exact) discrete form:

(1)
X(i-H)t ) A (Xir > Z(H—l)‘[ / 1
") =i "+ ", Xo~N(0,1), X, ~N[0,=],
(Xfiﬂ)rn Xt{r,l Z((izl)rn 0,1) 0 2
where X is independent from X{). Here A, a 2 x 2 matrix, and 2, the covariance
(1)
matrix of ( i(fz") > have rather complicated expressions that can be calculated from

e.g. Tsai and Chan (2000).

<
o
@
@
— o =
2 3 =
S
o
=
-4 -2 0 2 4 -4 -2 0 2 4
X X

Figure 8.3 CAR(2): Estimated density (dash) and the N(0,1) one (solid), §, = 0.35 (left)
and 8, = 0.75 (right).
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Figure 8.4 ISE(S) for OU (circles) and CAR(2) (stars).

Using the same parameters as before (n = 1000, i, = 0.3) we see, in Figure 8.3,
estimations obtained respectively for 6, =0.35 and 3§, =0.75 (on the same
replication). It should be noted that §,, = 0.35 (corresponding to a good choice in
the OU case) is not suitable for this smooth process whereas 8, = 0.75 (T,, = 750)
furnishes a much better approximation of the A/(0, 1) density.

Finally, we study the effect of various § upon efficiency of estimation. We
simulate N = 100 replications of OU and CAR(2) processes and compute an
approximation of ISE(§), a measure of accuracy defined by:

ISE(8) = %Z / (s (x) — F(x)) dx

ISE
0.05 0.06 0.07
1 1 L 1

0.03 0.04

Figure 8.5 ISE(8) for OUIOU (circles), OUICAR(2) (stars) and CAR(2)ICAR(2) (+).
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Figure 8.6 True regression (bottom), estimates for y, = 1 (upper), ¥, = 2 (middle). On the
left: 8, = 0.75. On the right: §, = 1.1.
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where f is the A(0, 1) density, h, = 0.3 and fA‘nl!; j 1s the (normal) kernel estimator,
associated with the jth simulated sampled path and based on 1000 §-equidistant
observations. For both processes, Figure 8.4 clearly establishes that choices of over-
small § yield to inconsistent estimation. This phenomenon is intensified for the
regular process CAR(2). Finally, we note that for larger §, a stabilization occurs
around the ISE obtained with 1000 i.i.d. observations (bottom dotted line on the
figure).

To conclude this numerical part, we now turn to regression estimation for
processes we have defined before. We consider the regression model
Y., = sin(}(fi_ln> X,(2>) +¢&,, where (Xl(l)), (X,(2>) and (g,) are independent OU
and/or CAR(2) processes. From simulated sample paths of (Y;,X;), we construct
the regression estimator using a tensorial product of normal Kkernels
K(x) = (v27)"" /2, n = 3000 observations and the bandwidth &, equal to
0.25. For 100 replications, we compute an approximation of the ISE(§) error, when
(X;) has components either OUIOU, OUICAR(2) or CAR(2)ICAR(2). We calculate
this error on [—1, 1] x [—1, 1] to avoid the boundary effect, which is quite important
in this multidimensional regression framework. In Figure 8.5, it is seen that the
error clearly decreases as § increases, it is more important for larger y, and seems to
stabilize to the bottom dotted line that represents the error obtained for 3000 i.i.d
observations. Finally, in Figure 8.6, we present estimations in cases where (g;) is
OU and for i = 1,2, (X\") are either both OU (with y, = 1) or CAR(2) (with
Yo =2).

Notes

In the past, various deterministic or randomized sampling schemes have been pro-
posed and studied, we refer e.g. to the works of Masry (1983); Prakasa Rao (1990);
Wu (1997) and references therein. They do not take into account, the sample path
properties of underlying processes.

Concerning the high sampling rate, the first results appeared in Bosq (1995,
1998) for processes with y, < 1. Extensions to regression estimation, and wavelet
estimators, were studied respectively by Bosq and Cheze-Payaud (1999); and
Leblanc (1995). For general values of y,, adequate sampling schemes are given
in Blanke and Pumo (2003) for the mean-square error of kernel estimators (as well
as in the case of errors-in-variables). Finally, note that simulations are also
performed in this last cited paper, with a comparison between Ornstein—Uhlenbeck
and Wong (see Example 2.3) processes.
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The empirical density

9.1 Introduction

Let X1, ..., X, be observed real random variables with the same distribution w. If ©
possesses a density f with respect to Lebesgue measure A, we have seen that an
estimator of f may be obtained by regularizing the empirical measure
Uy, = (27:1 S(Xi)) /n by projection (Chapter 3) or by convolution (Chapter 6).
Such a regularization is necessary since u, is not *absolutely continuous*.

In continuous time the situation is somewhat different: under reasonable
conditions the empirical density does exist!

In this chapter we study this estimator and show that the projection estimator
and the kernel estimator are approximations of it.

The most amazing property of empirical density is unbiasedness, since it is well
known that, in general, no unbiased estimator of density may exist. Its asymptotic
properties are similar to these of the kernel estimator, in particular it reaches the
so-called superoptimal rate.

9.2 Occupation density

Let X = (X;,7 € R) be a real measurable continuous time process, defined on the
probability space ({), A, P).
Consider the occupation measure on [0, T] defined as

T
VT(B) = / ﬂB(X[)dt, B € Bg.
0

vr(B) is the time spent by X in B in the time interval [0, T].

Inference and Prediction in Large Dimensions D. Bosq and D. Blanke
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-01761-6
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If vy is absolutely continuous with respect to A, (a version of) its density is
denoted by ¢7(x,w), x € R, @ € ) and is called occupation density on [0, T]. In the
following we often write ¢7(x) instead of /7 (x, ).

By definition we have

/Tﬂg(x,)dt:/ef(x)dx, B € Bg, (9.1)
0 B

then, by using linearity and monotone convergence one obtains

[ o= [ @, peM,, 92)
0 —

o0

where M, is the class of positive Borelian functions.
The following statements are classical criteria for existence of occupation
density.

Theorem 9.1
Let (X,,0 <t <T) be a measurable real process.

(1) If (X;) has absolutely continuous sample paths, existence of Uy is equivalent
to

P(X'(r) =0) =0 A a.e. on [0,T]. (9.3)

Under this condition one has

1
b0 = >

{r:X,=x}

(2) (X;) admits an occupation density {7 € L*(» ® P) if and only if

1
liminff/ P(|X; — X,| < n)dsdr < oo. (9.4)
nl0 1 Jo,1?
Proor:
See Geman and Horowitz (1973, 1980). [ ]

If (X;) is a Gaussian process, (9.4) can be replaced by

/ [E(X, — X,)?]/2dsdr < oo,
o.7)*
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if, in addition, it is stationary, a sufficient condition for existence of an occupation
density is

/ [1— p(u)] " du < o0
0

where p is the autocorrelation of (X;).
Now, under more precise conditions, {7 has some regularity properties. Con-
sider the following assumptions:

Assumptions 9.1 (A9.1)

(i) The density f;,(y,z) of (X,,X,) exists and is measurable over
(DN [0,T]*) x U where U is an open neighbourhood of D = {(x,x),
x € R},

(ii) The function Fr(y,z) = f[oﬂz fs1(y,z)ds dt is defined in a neighbourhood
of D and is continuous at each point of D.

Let us set

K1 ={K: R — R,K is a bounded density, a.e. continuous,

with compact support Sk},

and

1 /7 -X
Z£K>(X)=Z/O K(xh ’)dt, xeR,h>0,K € Ky;

then we have the following existence theorem for /7.

Theorem 9.2
If Assumptions A9.1 hold, then (X,) has an occupation density Ur such that

(K) ?
sup E|Z,"(x) — {7 (x)| —O (9.5)

a<x<b h—0
a,beR,a<bKeK,.

Moreover x — Ur(x) is continuous in mean square.

Proor:
See Bosq and Davydov (1999). [ |

Example 9.1
The process

X; =Usint+ Vcost, 0<t<T,
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where U and V are independent absolutely continuous random variables, admits an
occupation density since

P(X'(t) =0)=P(Ucost — Vsint=0) =0, te€][0,T].
O

Example 9.2
The *Ornstein—Uhlenbeck process* has a square integrable occupation density,
thanks to

' — ()] V?du = ' —e 7124y < o
/0“ o) /(1 )24y < oo,

0

moreover (9.5) holds since Assumptions A9.1 are satisfied. O

Example 9.3
Consider the process X defined by

X, =y(Yt+2Z), teR

where Y is a measurable deterministic function, periodic with period § (§ > 0), Y
and Z are independent random variables such that P(Y #20) =1 and Z has a
uniform distribution over [0,8]. Then X is strictly stationary with §/Y periodic
sample paths. The case where ¥(x) =cosx is particularly interesting since
a suitable choice of Py leads to a process X with arbitrary *autocovariance*
(Wentzel 1975).

Now, if 1 is absolutely continuous, (9.3) holds iff /' # 0 almost everywhere. In
particular, if Y = 1 and § = 1 then ¢, exists, does not depend on w, and is nothing
but the density of Ay~!. Given a density g it is always possible to find v such that
dAy~! /da = q. Thus it is possible to construct a process with £; = ¢. In particular,
there exists X satisfying (9.3) and such that ¢, € L?>(A ® P). )

9.3 The empirical density estimator

The occupation density generates a density estimator. The following lemma is
simple but crucial.

Lemma 9.1
Let (X;,0 <t < T) be a real measurable process such that Px, = u, 0 <t < T, and
which admits a measurable occupation density (7.

Then 1 is absolutely continuous with density f and E({r/T) is a version of

f.
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Proor:
From (9.1) it follows that

%/0 1p(X,)dr = /Berf) dr, B € Bg. (9-6)

Taking expectations in both sides of (9.6) and applying the Fubini theorem one
obtains

,u(B):/EET(x)dx, B € Bg,
T

thus, u is absolutely continuous with density E(¢7/T). [ |

Since the empirical measure associated with the data (X,,0 < ¢ < T) is defined as

1

T
ur(B) = ?/ 15(X;)dt, Be€ By
0

it is natural to say that fro = 07 /T is the empirical density (ED). Lemma 9.1 shows
that fr is an unbiased estimator of f.

Note that, if Assumptions A9.1 hold, Theorem 9.2 implies that x — E(¢r(x)/T)
is the continuous version of f.

Now, other interesting properties of this empirical density estimator (EDE) are
recursivity and invariance.

9.3.1 Recursivity

The occupation density is clearly an additive functional, that is

() =30 1) (9) (a5) (9.7)

where 0 = #y < t; < --- <t, =T and {;_, .1 is density occupation on [t;_,#].
From (9.7) one deduces the recursion formula

n 1 B
frrr0(x) = n—an,o(x) +;£[n,n+l] (x), neN*(as.),

that may be useful for computations.

9.3.2 Invariance

Definition 9.1
Let g¥ be an estimator of the marginal density based on the data (X;,0 <t <T).
Let ¢ be a measurable real function. gr is said to be ¢-invariant if
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Y, = ¢(X;),0 <t < T implies

y _dlyie™)
8r = da
where y% is the measure of density g5.

The next statement gives invariance for {7.

Theorem 9.3

Let (X;,0 <t <T) be a real measurable process with Px, = u, 0 <t <T and
admitting the occupation density {r. Then, if ¢ is a strictly increasing derivable
function, fro is g-invariant.

ProoF:
Let u% and uX be the empirical measures associated with (X,) and (Y,). Then

WHE) =7 [ (i = 7 [ (0 = 1o B,

B € Bg, thus uX = pXe~! which is equivalent to (9.8) with gr = fro. [

An interesting consequence of Theorem 9.3 is invariance of fro with respect to
translations and dilatations of time.

Of course, unbiasedness, recursivity and invariance are not satisfied by kernel
and projection estimators.

9.4 Empirical density estimator consistency

Under mild conditions fr ¢ is a consistent estimator. The main reason is additivity: if
T = n (an integer) then

l n
Jno = P ; Ciz1,s (9.9)

thus, if X is a strictly stationary process, f, o is nothing but the empirical mean of the
strictly stationary discrete time process (£, € Z). It follows that asymptotic
properties of fro are consequences of various limit theorems for stationary
processes.

Note also that, contrary to the cases of kernel or projection estimators, no
smoothing or truncating parameter is needed for constructing the EDE.

Theorem 9.4
Let X = (X;,t € R) be a strictly stationary real ergodic process with occupation
density l1. Then, as T — oo,
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(1) for almost all x

fro(x) = f(x) as., (9.10)
(2) with probability 1
I fro—f lo@y— 0, (9.11)
hence
E |l fro—f llwp— 0, (9.12)
and
;&WﬂmfuwNHOMu (9.13)

(3) if by € L*>(A ® P), then, for almost all x,

E( fro(x) —f(x))* = 0. (9.14)

ProOF:
Without loss of generality we may suppose that

X, =UXy, teR

where Ujé(w) = &T(w), w €  and (T;,t € R) is a measurable group of transfor-
mations on (), A, P) which preserves P (see Doob 1953).

On the other hand, since ¢7 is increasing with 7', we may and do suppose that T’
is an integer (T = n).

Now, let us set gi(x) = Upli(x),k € Z,x € R where ¢, is a fixed version of the
occupation density over [0, 1]. For all x, the sequence (gi(x),k € Z) is stationary,
and

1 n—1
ﬁho(x) == ng(x)a
=
then, the Birkhoff—Khinchine ergodic theorem (see Billingsley 1968) yields
foo(x) — g(x)as., xeR (9.15)

where g(x) = EZgo(x) and T is the o-algebra of invariant sets with respect to
T,.
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Since ergodicity of X does not mean triviality of Z we have to show that
gx)=f(x), ARPae.

For this purpose we apply a variant of the Fubini theorem: g being nonnegative we
may write

[ e = [ Ealoiar =B [ ol =1 (a5,

thus, for almost all , g is a density.
Applying the Scheffé lemma (Billingsley 1968) and (9.15) we obtain

| foo—8&llepy— 0, as.,
and

sup ‘/’Ln(B) - 1)(B)| —0 as,
BeBR

where v is the measure with density g.
But, the ergodic theorem entails

1

1n(B) = E/OnﬂB(X,)dt — Elp(Xo) = u(B), as., (9.16)

B € Bp.

From (9.16) we deduce that, if (B;) is a sequence of Borel sets which generates
Br, there exists )y, such that P({)y) = 1, and

wy (Bj) — n(B;), j>0, wey,

hence, with probability 1, v = u, thatis f = g, A ® P a.e., and (9.15) gives (9.10).
(9.11) and (9.13) are consequences of (9.10) and the Scheffé lemma. (9.12)

follows from the dominated convergence theorem since || fo0 —f |11 < 2.
Finally, if /7 is square integrable, E|go(x)|* < oo a.e., thus

E|f0(x) — g(x)]* =0,
hence (9.14) since g =f, A Q P a.e. [ ]
Note that, in discrete time, the analogue of (9.13) does not hold. Davydov (2001)
has shown that (9.13) is satisfied if and only if X has an occupation density.

With some additional assumptions it is possible to establish that the a.s.
convergence is uniform over compact sets (see Bosq and Davydov 1999).
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The main purpose of this section is to derive the parametric rate of the EDE.

Lemma 9.2
If Assumptions A9.1 hold, and Px, = i, t € R, then

1
Var fro(x) = ﬁ/[oﬂz gsi(x,x)dsdr, x € R,

where gs; = for —f ® .
If, in addition, g;; = 8|1—5,0 := 8|1—s, We have

Var f, ()2/T(1u) (x,x)d €R
T,OX*TO Tgux,x u, X .

Proor: (Sketch)
Let K € Ky, Theorem 9.2 yields E(Z}(lm (x))> — B (x); it follows that

h—0
E(2(x) = Fr(x,x) = Ssr(x,x)ds dr.
077
On the other hand,
Bz () = (Blr(v) =T (x) = | fP(x)dsdr,
(N

hence (9.17).
(9.18) is an easy consequence of gy, = gy and (9.17).

Theorem 9.5
Suppose that Assumptions A9.1 hold, and Px, does not depend on t.

(1) If .
G(x) := %Lngo? o 851 (x,x)ds dr < o0,

then

Tliim T - Var fro(x) < G(x).

(2) If 854 = 8y and

/ 906, 0)ldu < 00
0

(9.17)

(9.18)

(9.19)
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then
o0
T - Var fro(x) — / &u(x, x)du. (9.20)
ProOF:
It suffices to take lim in (9.17) and lim in (9.18). [ |

(9.20) shows that fr has the same asymptotic behaviour as the kernel estimator
fT(K) (see Theorem 7.2, Chapter 7). Note however that the parametric rate is obtained
for a larger class of densities. In fact, whatever the choice of hy — 0, it is possible
to construct a continuous density f; associated with a suitable process X for which

T-E(f° (x) — fo(x)? = o
while

Tﬂwmrwwfelm@wmm

Finally note that (9.19) is close to Castellana and Leadbetter’s condition (see
Theorem 7.2). It also implies condition A9.1(ii). Actually, under some mild
additional conditions, it may be proved that the kernel estimator and the EDE
converge at rate 1/T if and only if (9.19) holds. For details we refer to Bosq (1998),
Chapter 6.

We now turn to uniform convergence. We need the following family of
assumptions:

Assumptions 9.2 (A9.2)

(1) X is a strictly stationary GSM process,

(i) X admits an occupation density ¢; such that E[expc/;(x)] < oo,
x€R(c>0),

(iii) inf E|¢)(x) —f)]* >0, a<b,
(V) SUP,<y yp jxyi<s 1 () = Li(x)] < V189, 8 >0, (d > 0), with V; € L (p)
(v) Efr(-) is continuous.

The Ornstein—Uhlenbeck process satisfies these conditions. The next statement
furnishes a uniform rate.

Theorem 9.6
Under Assumptions A9.2, we have

sup ra(s) ~ /)] = 027 Jas

a<x<b
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ProoOF: (Sketch)

Again we may assume that 7 is an integer. Then, using (9.9) and an exponential
type inequality under Cramér’s conditions (see e.g. Bosq 1998, Theorem 1.4), one
easily obtains

frolo) 1] =02 s
a<x<bh.

Similarly to Theorem 6.6, one deduces uniformity from A9.2(iv).
Note that regularity of f is hidden in A9.2(iv) since

F) —f()| = [E6(y) — EG(x)] < Eli(y) — £i(x)]- [}

We finally state a result concerning limit in distribution.

Theorem 9.7
Suppose that

(a) X is strictly stationary and a-mixing with a(u) = O(u™?), B > 1,
(b) gy exists for u # 0, is continuous over D, and fj:: | gu lloo du < o0,

(c) there exists § > 2B/(2B — 1) such that B£(x) < oo, x € R;

then

D

VT (fro(x) —f(x1), .- fro(w) — () — Ne = N(0,T), (9:21)

+0o0
X1,...,xx € R k> 1, where I' = (/ g,,(xi,xj)du>

—o0 1<ij<k

ProOF: (Sketch)
It suffices to prove (9.21) for T =n and k = 1, since for kK > 1 we can use the
Cramér-Wold device (Billingsley 1968).

Then we have

Vilfuo(x) —F(x)) = %;wm () - £(2)),

x € R, and the central limit theorem for a-mixing processes (Rio 2000) gives the
desired result. [ ]
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Under the same conditions one may derive a functional law of the iterated
logarithm (cf. Bosq 1998).

9.6 Approximation of empirical density by common
density estimators

The EDE has many interesting properties: it is unbiased, recursive, invariant and
asymptotically efficient. However, due to its implicit form, it is difficult to compute,
thus approximation is needed.

It is noteworthy that the usual nonparametric density estimators are good
approximations of the EDE.

Concerning the kernel estimator (see Chapter 7), (9.2) yields

T +00
&) 1 / (X - Xz) B / 1 (x - Y> lr(y)
X)) =— K dr = —K dy, xeR,
fT’hT( ) ThT 0 /’ZT —00 hT hT T Y

that isfﬁl = Kp, * fro, where K, = h;'K(-/hr), and K is a bounded density such
that limy_ xK(x) = 0.

Suppose that T is fixed and write % instead of h7. Then, if ¢7 is continuous at x,
the Bochner lemma 6.1, gives lim;,_ fyz) (x) = fro(x). If Assumptions A9.1 hold,
(9.5) implies 7

~ (K) *_
lim sup E| f7), (x) = fro(x)| =0.

h—0 a<x<b

Now, if £7 € L*(» ® P), let (e;,j > 0) be an orthonormal basis of L?(1). For
almost all € Q we have ¢7(-,w) € L*(1), hence

o0

fro =Y (fro.e)pzpe (as.)

j=0
where convergence takes place in L?(1). Then (9.2) entails

1 +00 1 T .
(fro.€)p2p) = —/ Cr(x)ej(x)dx = ;/ ej(X))dr = ayr,

T 00 0
j >0, thus fro = Z;io ajre; (a.s.). Note that this implies the nontrivial property

ia}T <oo (as.). (9.22)
j=0

Note also that (9.22) is, in general, not satisfied in the discrete case.
Now, the projection estimator fTizT associated with (e;) is defined by

kr
fé?kl = ajre;

=0
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(cf. Chapter 3) thus

A, =T (fro) (9.23)

where T is the *orthogonal projector* of sp(e;, 0 < j < kr).
If T is fixed, and writing k for kr, it follows that

lim | £ —fro =0 (as.)

where || - || is the L?(1)-norm.

As stated in Chapter 3, approximation of EDE by the projection estimator
allows us to obtain a parametric rate for the latter. The starting point is asymptotic
behaviour of the mean integrated square error (MISE) of fr:

Theorem 9.8
If X is strictly stationary, with an occupation density {r € L*(\ ® P) and such that
the series

=% / " Cov(lr (), f10(0)dx (9.24)

kez v —

is absolutely convergent, then

lim T-E || fro —f |’= L. (9.25)

PrOOF:
Note first that f exists (Lemma 9.1) and is in L?>(A) since

+00 +00 400
F(x)dx = / (Bl (x))*dx < / E£(x)dx < co.
Now take T = n and write

5 n—1 |k| +00
s = S (10 [ ot tiomas
| i

k=—(n—1 o0

then (9.25) follows by dominated convergence with respect to the counting measure
on Z. [ ]
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App1y1 ; the Davydov inequality, one sees that (9.24) holds provided
JRIEC (x)]7"dx < 0o, (r > 2), and X is a-mixing with >~ [e(k K] < 0. Also
note that 1f in addition, [p |gu(x,x)|dudx < oo then

ToE |fro—f P~ [ eu(vx)dudy
;

thus L = o gu(x, x)du dx.
The parametric rate for fT , follows from Theorem 9.8.

Corollary 9.1
If conditions in Theorem 9.8 hold and (kr) is such that

Z( W (X)ej(X)dX> . 0 (%) (9.26)

Jj>kr -
then
limy_ooT-E || £, —f IP< L.
Proor:
Write

Elf9 —fIP =B f, —Tf |2+ | 1 — £ |2,

from (9.23) it follows that

e . 1
E A —f 2 =E | T (fro— f) | +o (T)
<E|fro—fIP +o<;>

and (9.25) gives the conclusion. [ |

A practical choice of k7 is possible if one has some knowledge concerning the
Fourier coefficients of f. For example, if |[fe;| = O(j#) (8> 1/2) the choice
kr >~ T°, where § > 1/(28 — 1), entails (9.26). Note that, in such a situation,
constructlon of an adaptive estimator f (cf. Chapter 3) is not necessary since the
nonadaptive estlmator reaches the superoptlmal rate even on F.

However fr = f (©) (see Section 3.7) has an interesting property if f € Fy: under

the assumptions in Theorem 3.12 we have

K(f) roo
Jim 7B [l £ =23 [ CovleXo) g (92)
— 00 j:O 0
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Now

T-E|fro—fI°= TZVar&jT

zic: / ( ——>COV(€j(X0) e;(X,))du (9.28)

and, since [*|Cov(e;(Xo),e;(X,))|du < oo, the dominated convergence theorem
yields

T - Var&jT — 2/ COV(EJ'(X()), ej(XL,))du,j Z 0.
0
Applying the Fatou lemma for the counting measure, one finds

liminf 7 E || fro —f IP>2 " Cov(e;(Xo), j(X,))du.

Since it is easy to construct examples where Jo Cov(ej(Xo),e;(X,))du > 0 for
some j > K(f), (9.27) and (9.28) show that fr is asymptotically strictly better than
fro for f € Fo, with respect to the MISE.

Discrete time data

Another type of approximation appears if only discrete time data are available.
Suppose that the observations are (X,»T/n,l <i<n) and consider the kernel
estimator

n h” ZK;, 11:/n x € R.

We have the following approximation result.

Theorem 9.9
Let X = (X;,t € R) be a real measurable strictly stationary process with a local
time {1 and such that

(@) E(sup_yjs [0 (y) = £r(x)]) < 18", § >0, (> 0),
and

(b) BIX, — X,| < drlt —s|"; (s,1) € [0, T]*(y > 0),
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then, if K is a density with bounded derivative and such that [, |u)* K (1)du < oo,
we have

HK) dr || K' [l T
E || fup —fro [[= S yh2+r Jul* K (1)

consequently, for T fixed, if n — oo and hy, ~ n="/@+%) it follows that

E %)~ fro o= O 7/C),

Proor:
See Bosq (1998). [ |

Notes

Nguyen and Pham (1980) and Doukhan and Le6n (1994) have noticed the role
played by the occupation density in density estimation. The fact that the projection
estimator is the projection of EDE has been noticed by Frenay (2001).

Most of the results in this chapter come from Bosq and Davydov (1999) and
Bosq and Blanke (2004).

In the context of diffusion processes, Kutoyants (1997a) has defined and studied
an unbiased density estimator f; based on local time.

The local time L7 is the occupation density associated with the quadratic
variation of the process (see Chung and Williams 1990). In particular, if X is a
stationary diffusion satisfying the stochastic differential equation

dw, = S(X,)dt + o(X,)dW, (o(:) > 0),
we have
Lr(x) = lr(x)o*(x), x€R

and it can be shown that

E(f; (x) — fro(x)* = 0<%)

thus, fro and f; have the same asymptotic behaviour in mean-square.

Kutoyants (1998) has shown that the rate 1/7 is minimax and that the constant
fj;c gu(x,x)du is minimax. An estimation of this quantity appears in Blanke and
Merlevede (2000).
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Extensions
Extension to multidimensional processes is not possible in general since existence
of occupation density in R?(d > 1) means that X has very exotic sample paths.

Regression estimation
Serot (2002) has defined a conditional occupation density and used it for the
construction of a regression estimator.
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Functional linear processes

10.1 Modelling in large dimensions

Let £=(&,1€ R) be a real continuous time process. In order to study the
behaviour of £ over time intervals of length §, one may set

Xu(s) =Epsps, 0<s5< 8 ne” (10.1)

This construction generates a sequence (X,, n € Z) of random variables with
values in a suitable function space, say F.

For example, if one observes temperature in continuous time during N days, and
wants to predict evolution of temperature during the (N + 1)th day, the problem
becomes: predict Xy from the data X, . . ., Xy. Here one may choose F = C|0, §],
where § is length of one day.

Another example of modelling in large dimensions is the following: consider an
economic variable associated with individuals. At instant 7, the variable associated
with the individual i is X, ;. In order to study global evolution of that variable for a
large number of individuals, and during a long time, it is convenient to set

Xy = Xp;, i21), neZ,

which defines a process X = (X,,, n € Z) with values in some sequence space F.
These examples show that infinite-dimensional modelling is interesting in
various situations. Clearly the model is useful for applications, especially if the
X,’s are correlated.
In this chapter we study functional linear processes (FLP), a model which is
rather simple and general enough for various applications.

Inference and Prediction in Large Dimensions D. Bosq and D. Blanke
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-01761-6
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0 Xo 8 X4 20 X, 38 X 45 t

Figure 10.1 Representation of a process as a sequence of F-random variables.

We begin with a presentation of linear prediction and Wold decomposition in
Hilbert spaces. This allows us to give a general definition of FLP in such spaces.
Concerning properties of FLP we focus on autoregressive and moving average
processes in Hilbert spaces, two simple models that have been used in practice.
Some extensions to Banach spaces are indicated.

10.2 Projection over linearly closed spaces

Let H be a real separable Hilbert space with its norm || - || and its scalar product
(+,-). L denotes the space of continuous linear operators from H to H; it is equipped
with its usual norm

[ £1lc= sup || £(x) |, £ € L.

Xl <t

Consider the space L%I = L12-I(‘07 A, P) of (classes of) random variables X,
defined on the probability space ({1,.4,P), with values in H, and such that
E || X ||*> < oc. The scalar product

(X,Y)p =E(X,Y); X,Y € L}

provides a structure of Hilbert space to L.
If X and Y are in L%,, the cross-covariance operator of X and Y is defined as

Cxy(x) =E[(X —EX,x)(Y —EY)], x € H,

where EX and E Y are expectations of X and Y (i.e. E X is the unique element of H
such that (EX, a) = E(X,a) for all a in H).
The covariance operator Cxx of X is denoted by Cx. In the following we
consider zero-mean H-valued random variables, except where otherwise stated.
Now, a linear subspace G of L,2{ is said to be linearly closed (LCS) if:

(a) Gis closed in L%,

and
(b) X €@, £ e L implies {(X) € G.
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Finally, X and Y in L121 are said to be

e weakly orthogonal (X L Y) if E(X,Y) =0,
e strongly orthogonal (X &Y) if Cxy = 0.

Stochastic independence implies strong orthogonality, which in turn implies weak
orthogonality. Weak orthogonality does not imply strong orthogonality, except if H
is one-dimensional. However, if G is an LCS, Y 1 G yields Y& G.

We now point out some properties of the orthogonal projector ITX of the LCS Gy
generated by X € L3

Gx = p{U(X), L € L}.

Note that Gy is, in general, infinite-dimensional and that elements of Gy are not
necessarily of the form £(X), £ € L. The following statement summarizes some
useful properties of IT¥.

Proposition 10.1

(a) ForeachY in L2, there exists a measurable mapping X from H to H such
that

(b) There exists a sequence ({y) in L and a linear subspace V of H such that
P.(V) =1 and

be(x) = A(x), x € V. (10.2)
Moreover one may set
Ax) =0, x¢V, (10.3)
then (10.2) and (10.3) guarantee uniqueness of A (Px a.s.).

(c¢) A is linear over V, and such that

MEX) =E(MX)), (even if EX #0),
Czix) =ACzx, Z € Ly,
Cxy = Cxx) = ACx, (10.4)
Cix)(y) = (ACxA™)(y), provided )" (y) € H,

where \* is the adjoint of A.
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ProoF:
See Bosq (2007). [ |

Notice that (10.4) entails uniqueness of . on Cx(H). However, this property turns
out to be trivial if P,(Cx(H)) = 0 which may be the case if X is Gaussian (see
Fortet 1995). Proposition 10.1 shows that, despite A ¢ £ (in general), it possesses
some properties of elements in £. For explicit A ¢ £ we refer to examples 10.2,
10.3 and 10.4 below.

Now it is of interest to give conditions that yield existence of ¢ € £ such that

For this purpose we need a lemma concerning continuous linear operators. First
we give a definition of dominance: let A and B be in £; A is said to be dominated by
B (A < B) if and only if

(Fa>0):||A) [|[<a||BX) |, x€H. (10.5)

Lemma 10.1
A < B if and only if there exists R € L such that

A =RB. (10.6)

Moreover, by putting R =0 on B(H) one ensures uniqueness of R.

ProOF:
Suppose that A < B and put

f5(B(x)) = (s,A(x)); s, x € H, (10.7)
then, from (10.5), it follows that
LB < sl AQx) | < e[| s [I| BCx) I (10.8)

Thus, y+— f;(y) is a continuous linear functional on B(H) that can be extended by

continuity on B(H).
Now, by using the Riesz theorem on B(H) (see Vakhania et al. 1987) one may
claim existence (and uniqueness) of z; € B(H) such that

Js(B(x)) = (25, B(x))
and (10.8) yields

[z <l s]. (10.9)
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This allows us to define a continuous linear mapping from H to B(H) by setting
R*(s) = 2, and (10.9) implies || R* ||z < e.
Now, for every (s,x) € H?, we have

fi(B(x)) = (25, B(x)) = (R"(s), B(x)) = ((B"R")(s),x),

and, from (10.7), it follows that (A*(s),x) = ((B*R*)(s), x), which implies A = RB
with R : B(H) — H defined by

(R(x),y) = (x,R*(y)), x€ B(H), y € H.
R can be extended to H by putting

R(x)=0, x € mL.

Since A(x) = R(B(x)) with B(x) € B(H), we obtain

A(x) = (RB)(x), x € H.
Concerning uniqueness, if A = R'B where R’ € £ and R’ =0 over B(H)L, then
R'B = RB, that is R' = R over B(H). By continuity it follows that R" = R over B(H)

and finally R’ = R over H.
Conversely, if (10.6) holds, we have

FAX) | =1l (RB)(x) [ <[I R [l || B(x) I, x € H,
which gives (10.5) with = || R ||. [ |
As an application we have the desired property:

Theorem 10.1
The following conditions are equivalent

Cxy < Cx (10.10)
and

(3teL) : IXY) =(X) (as.). (10.11)

Proor:

If (10.10) is valid, Lemma 10.1 implies existence of ¢ € £ such that Cxy = ¢Cx,
and since Cxgyx) = {Cx, one obtains Cyy_yx) =0 which means that
Y — {(X)ch Gx, hence (10.11).
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Conversely (10.11) entails Cxy_yx)=C Xy-1¥(v) = 0, therefore Cxy=
Cx yx) = £Cx and (10.10) follows from Lemma 10.1. [ |

Note that (10.10) may be written under the form Cy yyx(y) < Cx.
If H is infinite-dimensional, (10.10) is, in general, not satisfied, as shown by the
following example.

Example 10.1
Let (Xj, J > 1) be a sequence of real independent, not degenerate, random variables
such that

o0
ZEij . max(l,ozj?) < oo
=1

where (e, j > 1) is a sequence of real coefficients.
Set X =3_°, Xjv; and Y = 3%, o;Xjv; where (vj, j > 1) is an orthonormal
system in H. Then

Cx(v) = (EX7)y; and  Cxy(v) = Cyx(v)) = a;(E X)v;.

It is easy to see that (10.10) holds if and only if sup.; |;| < co. In that case
o = sup; |ol. A %
Note that Cy x < CX/ is satisfied (cf. Baker 1973). We now extend Proposition 10.1
and Theorem 10.1 to more general LCS.

Corollary 10.1
Let (Z,) be a sequence of strongly orthogonal H-random variables and Y € L2,
then

(a) there exists a sequence () of measurable mappings from H to H such that

0% (v) =" 1(2,) (10.12)

n>1

where [1%) denotes the orthogonal projector of the LCS G(z,) generated by
(Z,). The series converges in L.

(b) Each A, satisfies
M(EZ,) = E [Mi(Z,)] (even if EZ, # 0),
Cz.v = Cz,2,(2,) = +C2,,

Crn(z) (V) = (MaCz,A,) (),

provided 1 (y) € H.
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(c) The following conditions are equivalent:
CZ,,,Y < CZ,,7 n> 1

H<Zn>(Y) = Zgn(zn)

n>1

where ¢, € L, n > 1.

Proor:
It is easy to verify that

Gzn>) =Gz, @Gz, DGz, © -+,

consequently %=l — D onsi I1%. Then it suffices to apply Proposition 10.1 and
Theorem 10.1 to obtain the claimed results. |

If (Z,) is not strongly orthogonal, more intricate results may be obtained but we do
not need them in the following.

10.3 Wold decomposition and linear processes
in Hilbert spaces
An H-valued (zero-mean) process X = (X,,, n € Z) is said to be weakly stationary

(WSH) if E || X,, ||> < 00, n € Z and

Cx

nths Ximth

= mexm, h, n, meZ.

Let X be weakly stationary and let M, be the LCS generated by (X;, s < n).
Set

en =X, —IM1(X,), nez (10.13)

where I is the orthogonal projector of M,,_;. Then X is said to be regular
if

o’ :=E| & |*>0.
In that case (e,) is an H-white noise (ie. C., = C., # 0, Ee, = 0, £,&5 &, n # m;

n,m € 7). Moreover ¢, € M, and ¢, & M,_;: (g,) is the innovation process
of X.
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Now, if 7, is the LCS generated by (g5, s < n), the Wold decomposition of X is
defined by

X, = 177 (X,) + 1177 (X,)
=Y, +7Z, ne’.

Properties of this decomposition are similar to those in the real case (see, for
example Brockwell and Davis 1991). In particular one has

o0
Z, Leg;nse€Z and Z, € ﬂ./\/ln_j, nelz.
j=0

We are know in a position to define linear process in H (LPH).

Definition 10.1
A WSH regular process X is an LPH if one of the three following equivalent
conditions is satisfied:

X, =17(X,), neZ (10.14)

Mn:jn; ne/”z (1015)

M- (x,) =07 (X,), n e Z. (10.16)

Let us show that these conditions are equivalent. First, since &, & M, _;, we

have
1 (X,) = &, + I"TIM 1 (X,,) = e,

thus Corollary 10.1 gives

7"(X,) = &, + i I (X,)
J=1
=g, + 17 (X)-
Now, if (10.14) holds, it follows that
X, = e, + 17 (X,).

Comparing with (10.13) one obtains (10.16).
If (10.16) takes place we may write

71 (x,) = M (X,) = X, — en,
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thus
X, = e, + 17 (x,) = 17"(X,)

which is (10.14).
Obviously (10.15) yields (10.16). Now, assume (10.16); since (10.13) entails

gs = X; —HM”*‘(XS), s<n-—1

we have J,_1 C M,_;.
On the other hand, since (10.16) implies (10.14) one has

X, = Hjx(Xs) € jnfla s<n-—1,
then M, C J,_; and, finally, (10.15) holds. [ ]

By using (10.12) one may write (10.14) under the form

Xy =ent+ » Ajnlenj), n€Z (10.17)

j=1

Now, if (g,) is a strong H-white noise (i.e. the g,’s are i.i.d.) it is clearly possible
to choose versions of the 4;,’s that do not depend on n; then

e8]

X, =¢€,+ Z)»j({fn,j), necz.
=1

In the general case, one has

o0
X, =¢,+ m=(X,), nez
=

and I1"7(X,) only depends on C.,, Cs, x, and X,,.
On the other hand, if C. _ x, <C._, j=>1, then Corollary 10.1(c) and
stationarity of X yield

o0

X, =¢,+ ij(é‘n_]’), nez
=

where {; € £;, j > 1, which means that X is an H-linear process in the ‘classical
sense’ (see Bosq 2000, and references therein).
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Finally, if no prediction property is involved, we will say that X is a linear
process in the wide sense (LPHWS) if there exists an H-white noise (¢,) such that
(10.17) holds.

We now give a simple example of an H-linear process.

Example 10.2
Consider a sequence of real linear processes defined as

oo
Xk = Enk + Y @kcnji € Z, k> 1
=
where (g,x, n € Z) is a white noise, Ec2, =0} and A} =1+ P ar < oo,

k > 1. Suppose that (,4, n € Z, k> 1) is a family of independent random
variables and

> 0iAL < . (10.18)
k=1

Now set
Xy = Xogs k> 1), e, =(egp, k>1), n€ Z.
From (10.18) it follows that
iXik < oo and iz—:ik < oo (as.).
=1 =1
So, (X,) and (g,) are sequences of ¢*-valued random variables where, as usual,

* = { (), 2121)5/% < oo}
Now we have

where A; is defined by
Aj((0)) = (ajxxc)

as soon as
o0
2 .2
g a; X < 00,
k=1

thus, from (10.18), A;(e,—;) is well defined.
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Note that A; is bounded if and only if sup;-, |ajx| < co. Thus if, for example,
0% = k% and ajj = k/j, k>1,j>1, (10.18) is satisfied but Aj is unbounded for
every j.

Finally, note that, if (¢,) is the innovation of (X, ) for all k, one may verify
that (g,) is the innovation of (X,,). &

10.4 Moving average processes in Hilbert spaces

We now particularize our model by considering moving averages. From a statistical
point of view these processes are more tractable than general linear processes since
they only depend on a finite number of parameters.

A moving average of order q in H (MAH(q)) is a linear process such that

M-1(X,) = e 1950 (X)) ne z (10.19)
and
E | II*(X,) ||> 0, n€Z (10.20)
More generally (X,,) is a moving average in the wide sense if there exists an
H-white noise (g,) such that (10.19) holds for some ¢ (thus (10.20) may not
hold).
Clearly results and discussions in Section 10.3 remain valid here. We now give a

special criterion for a process to be MAH.

Proposition 10.2
Let X be a regular WSH, then it is an MAH(q) if and only if

C,#0; C, =0, h>q. (10.21)
ProOF:
If (X,) is an MAH(g), (10.13) and (10.19) give
X, = e, + M558 (x ) n ez,
from (10.15) it follows that
Xo 5 Tnn=Mu_p, h>q,
which implies

G, = CXn-Xn—h =0, h> q.
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Moreover C, # 0; if not, one has X, & X,—,, but
Xy =6ng+ [fene1<<a} X0y,
and, since X, &e,4—j, 1 <j < g, this implies X, &e,—,, thus II"(X,,) = 0 which

contradicts (10.20).
Conversely, suppose that (10.21) holds. Since

jnfl = g(s,k],.”.,s,,,q) D jnqul;

(10.15) yields

therefore
HMn—l (Xn) _ H{Enw 1<<q} (Xn) 4 HMn—q—l (Xn)a

and since C; = 0, h > ¢ entails X,, &5 X,,_p, h > g, we have [TV (X,) = 0, hence
(10.19).
On the other hand

CErl—q-,Xn = CX,HI-,X,, + CHMn—q—l(x,l,q)_x,l
=C,#0

and C,

En—qsxn

= C,,_, 1rma(x,)s thus (10.20) holds and the proof is now complete. |l
The next statement connects MAH with real moving averages.

Proposition 10.3
Let (X,,) be an MAH(q) defined by

Suppose that there exists v € H such that

A (v) =av; (e, #0), 1<j<q

then ((X,,v), n € Z) is an MA(q) in the wide sense provided E ((e,,v)*) # 0.
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Proor:
We have the relation

q
(X, v) = (e, v) + Zog(en,j,v), nelz,
=1

and ((en,v), n € Z) is clearly a real white noise. [ |

Note that, if 1 + 37 a7 # 0 for [z] < 1, ((X,,v), n € Z) becomes an MA(g) in
the strict sense (see Brockwell and Davis 1991).
We now point out two examples of MAH.

Example 10.3

Consider the Hilbert space H = L*(R ., B, ,t) where Bg, is the Borel o-field of

R4 and pw is the standard exponential probability measure with density e/, r > 0.
Let C be the subspace of elements of H that admit a version ¢ with a uniformly

continuous derivative over R, (here ¢'(0) = lim,_o(;)(¢(h) — ¢(0))/h. Then, the

mapping T : ¢ — ¢' is not continuous on C. However the family of mappings defined as

r)) =2 e m s

is a well defined subfamily of £ such that
E || Ti(en) = T(en) |I* =0, n€ Z (10.22)
where (e,) is any H-white noise with sample paths in C. Now set
X, (1) =en(t) +ce, (1), t>0,neZ, (ceR),
then (X,) is an MAH(1) in the wide sense since
Xy =en+A(ey1), ne”

where A : g+ c¢' is unbounded, but (10.22) implies A(e,—1) € G, ,, thus
Mepor) = I 1(X,). <&

Example 10.4 (Truncated Ornstein-Uhlenbeck process)
Consider the real continuous time process

t
£ = / e AW (s), 1€ R (8 > 0)
{t}—q
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where W is a bilateral Wiener process, ¢ > 1, an integer, and {z} the smallest
integer >t — 1. (&, t € R) is a fixed continuous version of the stochastic integral.
Let us set

Xy(t) =&, 0<t<1;nez,

then (X,(7), 0 <t < 1) has continuous sample paths.

Now let (e, j > 0) be an orthonormal basis of H = L*(u + 8)) where p is
Lebesgue measure on [0, 1]. For convenience we take ep = 1y and (¢j, j > 1) a
version of an orthonormal basis of L?(u) satisfying ¢;(1) =0, j > 1.

Then one may identify X, with an L?(u + 8(1))-valued random variable by
putting

%)= X0 0+ Y] [ 5960008 ).

j>1
We now introduce the operator ¢y defined by
Lo(x) (1) = e "x(1), x € H.

We have

1 — 20 4 2ge—29 1/2 _
¢ ||£—< = = ) e, 21,

and (X,) has decomposition

q
= t(eny), nez, (10.23)
j=0

where
n+t
en(t) = / e ! dw (s), 0 <1 < 1.

Thus, (X,) is MAH(g) and one can show that (¢,) is the innovation of (X,,).
Note that, since

Gy =e gy,

it follows that X,,(1) = (X,, 1{3), n € Z is a real MA(q) such that

q
) => e, (1), nez,
Jj=0
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(Proposition 10.3).
If g = 1, (10.23) takes the form

X, =¢€n+ EQ(EVL*I)? nel’z,
and, despite the fact that we may have || 4y ||> 1, it follows that

o0

en=Y (~1)th(X, ), nez
j=0
where convergence takes place in L121~ O

10.5 Autoregressive processes in Hilbert spaces
Let X = (X,, n € Z) be a regular WSH process, set

M = 9x,

n

X NEZ, k>0

,,,,,

where, as above, g x,,) is the LCS generated by X,,, ..., X, .

.....

Then X is said to be an autoregressive Hilbertian process of order p (ARH(p))
if

M1 (X,) = TV (X))
and, if p > 1,

EHHMﬁjﬂ( MP ] H

From now on we suppose that p = 1. Actually, it is easy to verify that, if X is
ARH(p), then ((X,,...,Xu—pt1), n € Z) is ARH(1), where Y =H® --- ® H.

Applying Proposition 10.1, one may characterize an ARH(1) by a relation of the
form

Xy = (Xy1) + €0, n€ Z.
If X is strictly stationary, it is possible to choose A, = A not depending on n. Now, if
CXn—Iaxn = CXn—U

Theorem 10.1 yields existence of an element in £, say p, such that

X, =pX,_1)+eu ne. (10.24)
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We will say that p is the autocorrelation operator of X, even if different definitions
may be considered (cf. Baker 1973). Note that p is unique over

S =5 J{Sx, US.,}

nez

where Sz denotes support of Py.

Conversely, given a white noise (&,) and p € £, one wants to show existence of
(X,) satisfying (10.24). For this purpose we introduce the following conditions

co: There exists an integer jo > 1 such that || p° || < 1,
and
ci: There exist a > 0,0 < b < 1 such that || p* || < ab/, j>0.
The next lemma is simple but somewhat surprising.
Lemma 10.2
(co) and (c1) are equivalent.
PrOOF:
Obviously (c¢;) entails (co). If (cp) holds, in order to establish (¢;) we may and do
suppose that j > jo and 0 < || p* ||z < 1. Dividing such a j by jo, one obtains
J=Jog+r

where ¢ > 1 and r € [0, ji[ are integers.
Now, since

e e <o I1Z 110" lle,
g>jjg" —land 0 <| p° ||z < 1, it follows that
1€ ]l < ab’, j>jo
where a = || £% || ;! maxo<,<j, || ¢" ||z and b = || £ ||15/j0 <L [ ]
This elementary lemma shows that the ‘natural’ condition Z;io | o/ ||z < oo for
constructing X,, (see Proposition 10.4 below) is satisfied as soon as || p/ ||z < 1 for
some jo > 1. Finally, observe that (co) (or (c;)) does not imply || p ||z < 1, contrary

to the one-dimensional case (see Example 10.5).
The next statement gives existence and uniqueness of (X,).
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Proposition 10.4
If (co) holds, (10.24) has a unique stationary solution given by

o0
X, =Y pleny), nez (10.25)
Jj=0
where the series converges almost surely and in L2,. Moreover (g,) is the innovation

of (Xn).

ProOF:
Put 0> =E || &, ||*>> 0, n € Z; we have

o0 . o0 .
Dolpen)lz<od 10 e
=0 =0

and Lemma 10.2 gives convergence in L?.
Now, since

E (Z 1 e |l -y |> <00
=0

it follows that

o0

ST el eny | < o0 as.

=0

hence the series in (10.25) converges almost surely.

Finally (X,) is clearly a stationary solution of (10.24).

Conversely, if (¥,) denotes a stationary solution of (10.24) a straightforward
induction gives

k

Y, = ij(gnfj) + pk+l(Yn7kfl)7 k>1,
=0

therefore

2

E <A Z E N Yaaer |2

k
Y, — Zpi(5n*j)
=0



246 FUNCTIONAL LINEAR PROCESSES

By stationarity E || ¥, ||> remains constant and Lemma 10.2 yields
| #*1||2— 0 as k — oo. Consequently

f:p’ (€nj), n € Z (a.s.)

J=0

which proves uniqueness (a.s.).
Now, concerning (&,), we have

En = Xn - IO(anl) S Mn

and, since £, p’(e,;), j >0, m <n, then &, & X,, = Zj’iopi(sm,j), m < n,
which implies &, & M,,, m < n, thus (g,) is the innovation of (X,). [ ]

A simple example of ARH(1) process is the following.

Example 10.5 (Ornstein-Uhlenbeck process)
Let £ = (&, t € R) be a measurable version of the Ornstein—Uhlenbeck process:

t
3 :/ e AW (s), 1€ R, (6> 0),

where W is a standard bilateral Wiener process. Setting

Xn(t) =6, 0511, ne”
one defines a sequence of random variables with values in the Hilbert space
H = 1*([0,1], Bjo,1j, o+ 8(1)) where u is Lebesgue measure on [0,1] (Example
10.4).
Now define p; - H — H by putting
po(x)(r) =e™"x(1), 1€[0,1], x € H,

and define the H-white noise
n+t
en(t) = / e W (s), 1€ [0,1], n € Z

and ¢,(1) = X, (1)—e X, 1(1), n € Z. Then we have

O(n+t—s dW( )

—00

(n—1)+1 n+t
— e~ / e 0((n—l)+z—s)dW(s) +/ e—é)(n-&-r—s)dW(s)’
— n

e ¢}
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0 <t <1, consequently X,, = py(X,_1) +¢&p n € Z.
Now

1 — e—29

1
o0 = [ &2 alu+ 80)(0) =5+ = v(o),

and, more generally,
I 6y IIz=e7"Du(6), j = 1;

then condition (co) holds and (X,) is ARH(1) with innovation (g,). Note that, if
0<60<1/2, onehas || py ||c> 1, hence jo > 1.

Also note that this autoregressive process is somewhat degenerate since the
range of p, is one-dimensional. This suggests that the ARH(1) model has a good
amount of generality.

We will see later that £ can also be associated with an AR process in some
suitable Banach space. &

In some special cases, (c¢o) is not necessary for obtaining (10.25). We give an
example.

Example 10.6
Let p be defined as

p(‘x) = 05<X,61>6‘1 + /3<'xa €3>€2, xeH

where {ey, ez, e3} is an orthonormal system in H and 0 < 8 < 1 < .
Here we have

Sl =Y e = .
=0 J=0
However, if (g,) is a strong white noise such that

P({eg,e1) =0)=1, neZ,

one obtains p(e,) = B(e,, e3)er (as.) and p/(g,) =0, j > 2; thus (10.24) has a
stationary solution given by X,, = €, + p(,-1), n € Z and (e,) is the innovation of
(X,).

Here (X,,) is at the same time ARH(1) and MAH(1). This kind of phenomenon
cannot occur in a univariate context.

Clearly the above example can be extended by taking p nilpotent (i.e. there
exists j > 2 such that p/ = 0). &
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An ARH(1) that satisfies (co) will be said to be standard. The next result is a
characterization of standard ARH(1).

Proposition 10.5
Let X be a zero-mean, not degenerate WSH such that Cj, = 0"Co, h >0 where
p€Land| p” |z <1 for some jo > 1.

Then X is a standard ARH(1) with autocorrelation operator p.

Proor:
Set &, = X, — p(Xy—1), n € Z, then, if h > 1 and x € H, we have

E (<5nax>5n+h) =E (<Xn - p(Xn71)7x>(Xn+h - p(Xn+hfl)))
= (p"Co—p p"'Co — "' Cop" + p p"Cop*)(x) = 0
and
E ((en, x)en) = (Co — pCop”)(x).

So, (&,) is a white noise, provided Cy # pCyp*. But, Cy = pCop* yields e, = 0 a.s.,
hence X, = p(X,—1), n€Z, consequently X,=p"(Xp), n>0 and
| X, | <0 |lcll Xo || which implies E || X, |[|>— 0 as n— oo and, since
E || X, || is fixed, one obtains X, = 0 a.s., a contradiction.

Finally (g,) is a white noise and (X,) is an ARH(1) with innovation (&,) and
autocorrelation operator p. [ |

The next statement is similar to Proposition 10.3.

Proposition 10.6
Let (X,) be a standard ARH(1). Then, if there exists v € H such that

P (v) =av (0 <o < 1),
({Xn,v), n € Z) is degenerate or is AR(1).

Proor:
From (10.24) it follows that

(X, v) = a{X,_1,0) + (e, v), n € Z. (10.26)
If (e,, v) = 0 (a.s.) we have
E(X,,v)" = «”E ((Xy, v)?)

and by stationarity, (X,,v) = 0, n € Z (a.s.).
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If not, ({¢,,v)) is a real white noise and (10.26) shows that ((X,,v)) is
AR(D). |

Applying Proposition 10.6 to Example 10.5 one obtains that (X,(1)) is an AR(1)
since

X,(1) = (X, 11y) and p(1413) = e "1y,
Thus
X,(1) =e X, (1) +&,(1), n€ Z.

We now specify the Markovian character of ARH(1). We first introduce Markov
processes by using LCS.

Definition 10.2
Let (X,) be a second order H-process. It is said to be Markovian in the wide sense
(MWS) if

I XX (x) = T (X)), (10.27)

k>1Ln<---<n<s<t
In order to extend a well known characterization theorem (see Rao 1984), we set

A=Ay, s<t

where )&j is a measurable mapping A such that

(X)) = % (X,).

Proposition 10.7
(1) (X,) is MWS if and only if
Ary = Agihrs over Cx,(H), r <s <t.

(2) Let (X,) be a strictly stationary second order H-process. Then, it is MWS if
and only if

M= AN over Cx,(H), k> 1

where Ay = g, S € Z, k> 1.
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For a proof we refer to Bosq (2007).
The following statement connects MWS and ARH.

Proposition 10.8

(a)
(b)
(c)

PRrOOF:

(a)

(b)

A regular strictly stationary MWS is ARH(1).
A strictly stationary ARH(1) is MWS.
A standard ARH(1) is MWS.

Let (X,) be a regular strictly stationary MWS. Using Fortet (1995, p. 67)
and (10.27) it is easy to verify that

M-1(x,,) = %1 (X,)

which means that (X,,) is ARH(1).
If (X,) is a strictly stationary ARH(1), and r| < --- < ry <t — 1, we have

and IT%-1(X,) = IM-1(X,); it follows that TT¥1(X,) = TT%-1:XwX) ()
which is (10.27) for s =1 — 1.

In order to establish a similar result for s < ¢ — 1 we first note that, if G is
an LCS and ¢ € L then

9(y) = ¢TI9(Y), Y € L}

since Y — I19Yc G implies £(Y) — ¢T19(Y) s G, thus £T19(Y) is the ortho-
gonal projection of £(Y) on G. Now we take s = 7 — 2. By strict stationarity
one may choose A and (¢;) C G such that

M1 (X,) = A(X,_1), n € Z,
and

O(Xp1) 5 A(Xom1), n € Z. (10.28)

H

From (10.28) we infer that
M2 0(X, ) 35 T2 (X ), (10.29)
'H
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which means that TTM2 (X;—1) € V (a.s.) (see Proposition 10.1(b)), therefore

G2 o A2 (X))
Comparing (10.29) and (10.30) we get
M2 (X)) = A[IEY2 ().
Now, since (X,) is ARH(1),
M2 (X)) = OM2 (A(X-1) + &) = T2 (X))
on the other hand

HM}—Z (Xt—l) — HXI—Z (Xt—l) = )\.(X[—2)7
then
M2 (X)) = 22(X,_,),

and the same reasoning as above shows that

k>, rn<---<rn<t—2.
Finally an easy induction gives (10.27) for every s < t.

(c) If (X,) is standard, one has
X =en+ plen-1) + -+ 0" ewmir) + 0" (Xnom), m > 1.
It follows that
I (X,) = 0" (Xpom) = T (X,),
and

I XXl = p=S(X ) 1 <o << s < 1.

The next proposition is useful for estimation and prediction.

(10.30)
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Proposition 10.9
If (X,) is a standard ARH(1), we have

C=pCp*+Cop =Y _ p/Cp¥
=0

where the series converges in the space N of *nuclear operators* on H, and

CX,,,X = p(”’”’)C, m>n,

m

in particular D = p C where D = Cx, x,.

ProoF:
Straightforward and therefore omitted. [ ]

We now consider the special case where p is symmetric and compact. This means
that

(p(x),y) = (x,p(y)), x,y € H

and that there exist (e;), an orthonormal basis of H and |o;| “\, O such that

o

p(x) = aj<x7 ej>e.i7 X€H,

j=1

or equivalently p = 3% aje; @ e;.
For convenience we will suppose that o;E ({e, ej>2) # 0, j > 1. Then we have:

Proposition 10.10
Let (g,) be an H-white noise and p be a symmetric compact operator. Then the
equation

Xy = p(Xu—1) +&n, n€Z (10.31)
has a stationary solution with innovation (e,) if and only if
Iplle<t. (10.32)
PrOOF: ‘ A
We have || o/ |z =| p |- = |el,j > 1 thus, (co) is satisfied iff (10.32) holds.

Now, if || p ||z < 1, Proposition 10.4 entails existence of a unique stationary
solution of (10.31) with innovation (&,).
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Conversely, if (X,) is a stationary solution of (10.31) with innovation (e,), it
follows that

E (<XVH €1>2) = OI%E (<Xn*1 ) 61>2) + E(<5n7 el>2)>
thus
(1 - Oll)E(<X,,,€1) ) = E(<5mel>2) >0,
therefore
[ olle=lai| < 1.

The next statement shows that, if (X,) is associated with a symmetric compact
operator, it may be interpreted as a sequence of real autoregressive processes.

Proposition 10.11

If p = > 7 ajej ® e is symmetric compact, then (X,) is an ARH(1) associated with
(0, (en)), iff ((Xn,¢;), n € Z) is an AR(1) associated with («;, ({en,¢;))) for each
Jj= 1

PRrOOF:

If (X,,) is ARH(1) the result follows from Proposition 10.6 applied to v = ¢;, j > 1.
Conversely, if (X,,e)) =0a;(Xy_1,¢) + (en,€j), n € Z where |o;| <1 and

E((smej) ) > 0, we may write

(Xn,x) = > (Xu,€j)(x,€))

o

I
_

J

I
Mz

o0
o (Xu_1,€)(x, €) + E Ens €j)(x, €)

~.
Il

= <p(Xn—|)ax> + <‘€nax>a X e Ha nesz

thus X, = p(Xy—1) + €n, n € Z with || p ||z = |ou] < 1, hence
00
S

J=0

which shows that (g,) is the innovation of (X;,). [ |
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Example 10.7
Let (X, ;, n € Z) be a countable family of independent AR(1) processes defined
by

X’Lj = Olen—l,j +5n,ja nec Z, J > 1,

where |oj| < 1,j> 1, |oj] | 0 asj T oo and

o0
2y _ 2 : 2
E(eg, ;) =0; >0 with Elaj < 0.
=

Owing to the relations

o0 o0 o0 2
E <2Xr2u> = E (Z a]]fsnkﬁj>
=1 '

=1 k=0
2 ‘
B S L P
j=1 j ‘Oé1| =

we may claim that X, = (X, j, j > 1), n € Z defines a sequence of 2-valued
random variables. Moreover, Proposition 10.11 yields

Xy = p(anl) +éen, 0 E z

where (g,) is the ¢>-white noise defined as €, = (g,, j > 1), n € Z and p the
symmetric compact operator on /2 given by

(o)
p = E e Qe
J=1

where (¢;) is the standard orthonormal basis of ¢2:

el :(1,0,0,...), e = (0,1,0,...),...

10.6 Autoregressive processes in Banach spaces

Let B be a separable Banach space, with its norm || - || and its topological dual
space B*. The natural uniform norm on B* is defined as

p= sup [x"(x)], x* € B,
[lfl<1

| &
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We again denote by L the space of bounded linear operators from B to B, equipped
with its classical norm || - |-

A strong white noise on B (SBWN) is a sequence € = (g, n € Z) of i.i.d.
B-valued random variables such that 0 < E || €, ||°< oo and E¢, = 0.

Example 10.8
Take B = C[0, 1], consider a bilateral Wiener process W and set

n+t
s<¢>(¢):/ pn+1—s)dW(s), 0<t<1,neZ

n

where ¢ is a square integrable real function on [0,1] with fol @*(u)du > 0.
Then a continuous version of (e,(f)) defines an SBWN. This is an easy
consequence of the fact that W has stationary independent increments. &

We now define ARB processes.

Definition 10.3
Let X = (X,,, n € Z) be a strictly stationary sequence of B-random variables such
that

Xy = p(Xu—1) +&n, n€Z (10.33)

where p € L and € = (g,) is an SBWN.

Then (X,) is said to be a (strong) autoregressive process of order 1 in B (ARB(1))
associated with (p, ).
The next statement deals with existence and uniqueness of X.

Proposition 10.12
If p satisfies (co), (10.33) has a unique strictly stationary solution given by

o0
X, = ZpJ(En,j), nelr
=0

where the series converges in L3(Q, A, P) and with probability one.

ProoF:
Similar to the proof of Proposition 10.4 and therefore omitted. [ ]
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The following properties of a standard ARB(1) (i.e. an ARB(1) with p satisfying
(co)) are easy to derive:

(a) Define the covariance operator of X, by putting

C(x") = E(x"(Xo)Xo), x" € BY,
and the cross-covariance operator of (Xy,X;) by
D(x*) = E (x*(X0)X,), x* € BY,

then D = pC.

(b) Let B, =0(X;, i <n)=o0(e;, i <n) then the conditional expectation
given B,_; is EB"*'(X,,) = p(X,-1), s0 €, =X, — EB“*‘(XH), neZ and
(en) may be called the innovation process of (X,).

(c) If there exists v* € B* and « €] — 1, +1] such that

o (V") = av” (10.34)
then (v*(X,), n € Z) is an AR(1), possibly degenerate.
Example 10.9 (Ornstein—Uhlenbeck process)
We consider again Example 10.5, but in a Banach space context. Taking
B = C([0,h]) (h > 0), one may set
Xn(t) = é:thrta 0 <t S h; ne Z,

and

nh+t
enlt) = / e YH=IAW (s), 1 € [0,h], n € Z,
nh

where 1+ g,(f) is a continuous version of the stochastic integral.
Now, consider the operator p, : B — B defined by

po(x)(1) = e"x(h), 0 <t < hy x € C([0, h),

then || py ||z =1 and, more generally

I pp lle=e"0" j> 1.
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Then, (X,) is an ARB(1) process such that

X, = pG(XVl*I) tén, n€E Z’
therefore
EB-i (X,)(1) = e "X,_ (h) = e "¢,

0<t<k
Observe that the adjoint pj of p, is given by

h
Py(m)(x) = x(h)/o e "dm(t), m € B*, x € C([0,H]),

(recall that B* is the space of bounded signed measure over [0, /]).

Then, the Dirac measure J(;) is the one and only eigenvector of pj and the
corresponding eigenvalue is e,

From property (c), it follows that (X,(h), n € Z) is an AR(1) process such that

(n41)h
X, (h) = e "X,_i(h) + / e =) qw (s), n e Z. &

nh

Example 10.10 (CAR processes)
Consider the following stochastic differential equation of order k > 2:

k
> adg? (1) = dw, (10.35)
j=0
where qy, . .., a; are real (a; # 0) and W is a bilateral Wiener process.

In (10.35), differentiation up to order k — 1 is ordinary, whereas the order k
derivative is taken in *Ito* sense.

Suppose that the roots —ry, ..., —r; of the polynomial equation Zf:o ai =0
are real and such that —r, < --- < —r; < 0.

Then it can be established that the only stationary solution of (10.34) is the
Gaussian process

400
& :[ g(t—s) dW(s), t € R,

[o¢]

where g is a Green function associated with (10.35), that is g(f) = 0 for r < 0 and,
for t > 0, g is the unique solution of the problem
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By choosing a version of (&,) such that every sample path possesses k — 1
continuous derivatives, one may define a sequence (X,) of random variables with
values in B = C;_1([0, h]), that is, the space of real functions on [0, h] with k — 1
continuous derivatives, equipped with the norm

k—1

L lle=D sup xV(o)].

j=0 0<1<

This space is complete, and each element y* of B* is uniquely representable
under the form

Y(x) = kfa»x@ (0) + / "D (0 dm)
= 0 ’

when «p, ..., € R and m is a bounded signed measure on [0,4] (see, for
example Dunford and Schwartz 1958).
Now, noting that

=~

—1
E (%nh+t|$s7 s S I’ll’l) = / s(/)(f’lh)(p]([),

T
(=}

0<t<h,ne Z where g is the unique solution of Zj]'(:o ax¥) (1) = 0 satisfying
the conditions <pj(£) (0) =68j; £=0,...,k— 1 we are led to define p by

k—1

p)(1) = > ¥ (h)g,(t), 0< 1< h, x€B,
=0

and (X,(-) =&+, n € Z) becomes an ARB(1). Since the only eigenelements

of p are the functions 7+— e associated with the eigenvalues e il 1 <<k,
we have

1o lle= 0@, j > 1.
Concerning innovation, it is defined as

nh+t
E,l(t):/ gnh+1t—u)dW(u), 0<t<h, nel.
nh

Finally, it is noteworthy that (&) is not Markovian while (X,) is a Markov
process. &
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Notes

The idea of representation (10.1) and the associated modelling by autoregressive
processes appears in Bosq (1991).

Linearly closed subspaces and dominance come from Fortet (1995). Our
definition of dominance is slightly different from the original one.

Content of Sections 10.2, 10.3 and 10.4 is taken from Bosq (2007). Properties of
autoregressive processes in Banach and Hilbert spaces are studied in Bosq (2000).

The ARH(1) and MAH(1) models are rich enough to explain many time-
dependent random experiments: we refer e.g. to works of Antoniadis and Sapatinas
(2003); Bernard (1997); Besse and Cardot (1996); Besse et al. (2000); Cavallini
et al. (1994); Marion and Pumo (2004) among others. Other results and applications
appear in Ferraty and Vieu (2006). However more sophisticated models appear as
useful in various situations. We now briefly indicate some of them.

Mourid (1995) has developed the theory of standard ARH(p) processes, and
Merlevéde (1996) has studied standard linear processes.

Marion and Pumo (2004) have introduced the ARHD process for modelling
processes with regular sample paths. Further study of this model appears in Mas
and Pumo (2007).

Damon and Guillas (2005) have studied ARH with exogenous variables.
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Estimation and prediction of
functional linear processes

11.1 Introduction

Prediction for FLP contains various stages. First, in general, these processes are not
centred, then it is necessary to estimate the mean of X,,. For this purpose we study
asymptotic behaviour of the empirical mean. We shall see that classical limit
theorems hold.

The second step is estimation of autocovariance operators by the correspond-
ing empirical operators. Using representation of these empirical operators by
empirical mean of FLP with values in spaces of operators, one derives asymptotic
results.

Finally, the best linear predictor depends on the autocovariance operators. This
dependance is rather delicate to handle due to the role of the inverse of the
covariance operator which is not bounded in general. A possible solution consists
of projecting the problem over a finite-dimensional space that varies with size of
data. Then, under some regularity conditions, one may construct a statistical
predictor which converges at a good rate. Applications show that this rate is not
only a theoretical one. Proofs are not detailed, or are omitted, since most of them
are rather technical. For complete proofs and further results we refer to Bosq
(2000).

Inference and Prediction in Large Dimensions D. Bosq and D. Blanke
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-01761-6
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11.2 Estimation of the mean of a functional
linear process

Consider a standard linear Hilbertian process (SLHP) defined as

0
Xy =m+e, + Ej(en—j), nez (111)
=1

where m € H, 3 o, || 4 ||c< oo and € = (e,) is a H-white noise. For convenience
we suppose that ¢ is strong, but some results below remain valid for a weak white
noise. Clearly the series in (11.1) converges in L7, and almost surely.

One says that X = (X,,,n € Z) is invertible if there exists (p;,j > 1) C £ such
that Y., || oy [lo< o0 and

X,,fm:ij(Xn,jfm)nLen, nel/s.

j=1

Now, given the data X, ..., X, a natural estimator of m = EX,, is the empirical
mean

The next statement summarizes its principal asymptotic properties.

Theorem 11.1
Let X = (X,,n € Z) be an invertible SLHP.

(1) One has
nE || X, —m =Y E((Xo — m, X, — m)), (11.2)
keZ
X, — ma.s.,
and
Vi (X —m) >N (11.3)

where N is a zero-mean Gaussian random variable and D denotes
convergence in distribution in H.
(2) Moreover, if E(exp v || Xo ||) < oo (y > 0), then

2

_ nn
Pl| X, —m||>n) <dexp| — , >0 11.4
(1%, ~mllzn) < dexp( =20 ). (11.4)
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where o > 0 and (3 > 0 only depend on Px, and

— Inlnn\ />
| X, —ml|=0 a.s. (11.5)
n
Proor: (Sketch)

First, one may establish that the sequence (X,,X,_1,...), n € Z of H*-valued
random variables is an ARH™ (1) provided H™ is equipped with a suitable
Hilbertian norm. Moreover one may take m = 0 without loss of generality. Then,
it suffices to prove Theorem 11.1 for a standard ARH(1):

Xy =pXu_1)+en, ne’z (11.6)

where || p° ||z< 1 for some jo > 1, and (g,) is a strong white noise.
Now, (11.6) and an easy induction give

[E(Xo, Xl <Il I Ell Xo I°, k>0,

hence (11.2) by a direct calculation of lim, .. n-E || X,, ||*.

Concerning pointwise convergence one may use a Hilbertian variant of a Doob
lemma (see Bosq 2000, Corollary 2.3).

Next, the central limit theorem comes from the decomposition

VX, = (I —p)~ ' V/né, + VnA,. (11.7)

On one hand /nA, LA 0, on the other hand, the central limit theorem for H-valued
i.i.d. random variables yields

Vg, BN,

hence (11.3) by using a common property of *weak convergence*.

Now the exponential type inequality (11.4) is a consequence of (11.7) and
Pinelis—Sakhanenko inequality (see Lemma 4.2, p.106).

Finally, a classical method allows us to establish an exponential inequality for
maxi<i<, || Si || and (11.5) follows. [ ]

Notice that (11.5) is also a consequence of the law of the iterated logarithm for
ARH(1) processes (cf. Bosq 2000).

11.3 Estimation of autocovariance operators

Let X = (X,,n € Z) be a centred SLHP. The best linear predictor of X, given
X, Xu—1, ... depends on the sequence of autocovariance operators defined as

Cr = Cx,x,,k > 0.

Estimation of these operators is then crucial for constructing statistical predictors.
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Since the estimators of Cj; are S-valued, where S is the space of Hilbert—
Schmidt operators on H, we begin with some facts concerning S.

11.3.1 The space S

An element s of £ is said to be a Hilbert—Schmidt operator if it admits a
decomposition of the form

Z (x,e)f, x€H (11.8)

where (e,) and (f;) are orthonormal bases of H and («;) is a real sequence such that
Efcl a < 00. We may and do suppose that |a;| > |an| > -
Now the space S of Hilbert—Schmidt operators becomes a Hllbert space if it is

equipped with the scalar product

(15205 = Y (51080, h){sa(8i), y)isr 2 €S

1<ij<oo

where (g;) and (h;) are orthonormal bases of H. This scalar product does not
depend on the choice of these orthonormal bases. Thus, we have

o 1/2
s lls= (Z ozf)
=1

where (o) appears in (11.8), and || s ||s>]| s ||
In particular, note that if s € S is symmetric, (11.8) becomes

o0
(xX) =) _aj(x,e)e;, x€H,
=

therefore s(e;) = wjej, j > 1; that is to say that (o, ¢j), j > 1 are the eigenelements
of s.

Finally € £, s € S=/losc Sandsol € S.

Cross-covariance operators are elements of S and covariance operators are
symmetric elements of S. Finally if a linear operator in H has a finite-dimensional
range, it is in S.

11.3.2 Estimation of C

A natural estimator of Cy is the empirical covariance operator

n

1
C()’n(x) = ZZ<X,‘,X>X,’, xeH

i=1

Note that Cp, is an S-valued random variable.
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In order to study Cp, we introduce some notation and assumptions: a ® b will
denote the application x—{a,x)b,x € H (a,b € H), || - ||(£S) denotes the usual
uniform norm on the bounded linear operators over S. Finally we only consider
the case where X is an ARH(1) by making the following assumption:

Assumptions 11.1 (A11.1)
X = (X,,n € Z) is an ARH(1)

X, = p(X,,fl) +ée,, neZ,
such that p satisfies (cq) (see Chapter 10, p. 244), (&,) is a strong white noise and
E || Xo ||*< oc.

Now we set Z, = X, ® X,, — Cp,n € Z. The next lemma shows that (Z,) has an
ARS autoregressive representation.

Lemma 11.1
If A11.1 holds, the S-process (Z,) is an ARS(1):

Z,=R(Z,\)+E, neZz (11.9)
where R is the linear bounded operator on S defined by
R(s) =psp*, s€S (11.10)

and (E,) is an S-white noise and is the innovation of (Z,).
Moreover, R is such that

I RIE'<I 1z g 1, (11.11)
and E, € L%(Q,Bn,P), where B, = o(Xj,j < n), and

Ef1(E,) =0, nez (11.12)
i.e. (E,) is a martingale difference.

ProoF: (Sketch)
From the basic relation X,, = p(X,,_1) + &, it follows that

Zy = (p(Xn—1) + 1) @ (p(Xn-1) + €n) — Co,
then, noting that C., = Cy — pCyp*, one obtains (11.9), with R given by (11.10)

and
E, = (Xn—l X En)p* + p(5n & Xn—l) + (5n Key — CE)
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Now, boundedness of R follows from
I R(s) lls=Il psp* s<Il o 2]l s lls

and an easy induction entails R/(s) = p/sp”, s € S, j > 1, hence
. s . '
RIS < A1l G=1,

thus, R satisfies (co).

Finally, since o(gj,j < n) = o(X;,j < n) it is easy to verify that (E,) is a
martingale difference with respect to (53,,). Then, it is a white noise, and Proposition
10.4 shows that (E,) is the innovation of (Z,). [ |

In the particular case where H = R, Lemma 11.1 means that (X> — EX?) is an
AR(1) process.

Note that regularity properties of p induce similar properties of R. For example,
if p is a symmetric compact operator with spectral decomposition

p= Zajej K e},

jz1
then R is symmetric compact on & with decomposition

R = E a,-ajs,-j Y Sij
ij

where s5; = ¢; Q@ ¢e;.
Now, the representation Lemma 11.1 allows us to derive asymptotic results
concerning

Zn = CO,n - CO;

we cannot directly apply Theorem 11.1 since (E),) is not a strong white noise but
almost similar properties can be obtained:

Theorem 11.2

(1) IfAl1.1 holds then

nE || Co, — Co 53— D E(Z0, Z)s, (11.13)
JEZ
| Con—Co lls— 0 as., (11.14)
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and
Vn (Co, — Co) E’Nl

where N is an S-valued centred Gaussian random operator and D is
convergence in distribution on S.
(2) If in addition || Xy || is bounded, then

2
nn
P(|| Co,, — C >n) <dexp| ————— |, >0
(Il 0, 0 [ls>n) P( o ﬁm) n

where oy > 0 and By > 0 only depends on Px, and

Inlnn\ "/
Il Con — Co |ls= O . a.s. (11.15)

PRrOOF:

Similar to the proof of Theorem 11.1. In particular one applies the central limit
theorem for H-martingales and the Pinelis—Sakhanenko exponential inequality
(1985) for bounded *martingales*. [ |

From Chapter 3, Example 3.4, it is known that the best ‘linear’ rate for estimating
Co is n~1; (11.13) shows that Co,, reaches this rate.

11.3.3 Estimation of the eigenelements of C

Since Cy is a symmetric Hilbert—Schmidt operator it can be written under the form
00
C():Zijvj@)vj, (;hl 2/1220) (1116)
=1
where (v;) is an orthonormal basis of H and /; = E({Xy, vj>2), J > 1, therefore

> 4 =E| Xo |P< 0.
j=1

The empirical eigenelements are defined by the relations

CO,n(an) = jvjnvjny j=>1 (1117)
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with A1, > Ay > -+ > 2yy > 0= Ays1 = Auy2,n = - - -, and where (vj,) is a ran-
dom orthonormal basis of H.

Consistency and rates for A;, are directly derived from the following crucial
lemma which is an application of a lemma concerning *symmetric operators*.

Lemma 11.2

sup [Zjn — 4| <|| Con — C ||z -
21

Now the asymptotic behaviour of sup;.; |4y, — 4| is an obvious consequence of
(11.10)—(11.11) and (11.13)—(11.14); statements are left to the reader.

Concerning eigenvectors the situation is a little more intricate. First, identifia-
bility of v; is not ensured since, for example, —v; is also an eigenvector associated
with ;. Actually the unknown parameter is the subspace V; associated with 4;.

If dimV; = 1, we set vjn =8gn(Vju, vj)vj,j > 1 where sgn u = 1,50 — 1,0, u € R.

Then, we have the following inequalities.

Lemma 11.3
If g > > >7>-->0, then

[ vin =V IS @ [| Con = Colle, j>1,

where

— i1 — A -1
{al_zﬁ(m A2) (11.18)

aj=2V2max[(%1 = 4) ", (4 — )], j=2

Again, the asymptotic behaviour of || vj, — v}, || is then an obvious consequence of
(11.10)—(11.11), (11.12), (11.14) and statements are left to the reader.
Now, if dim V; > 1 the same rates may be obtained for || vj, — I/ (v;,) |.
Finally Mas (2002) has established asymptotic normality for \/n(4;, — ;) and

V(v — V).

11.3.4 Estimation of cross-autocovariance operators

The natural estimator of Cy (k > 1) is

n—k

Ck,n = sz ®Xi+k, n> k.
i=1

n—k

The study of Cy, is based on the following extension of Lemma 11.1.
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Lemma 11.4
If All.1 holds, the S-valued process Z,(,k) =X, ®X, — Cr, n € Z, admits the
pseudo-autoregressive representation

k)

Z® =R(ZW)+EW, nez

where R(s) = psp* and EV L%(S2, By, P) is such that
EB(EY)=0; ijez, j<i—k-1. (11.19)

Relation (11.19) means that (Eﬁlk),n € 7) is ‘almost’ a martingale difference.
Actually, the subsequences (Ej((k,z ) J € 7Z),0 < h <k are martingale differences.
Asymptotic behaviour of Cy, — Cy follows from Lemma 11.4:

Theorem 11.3
If All.1 holds, we have

+00
HE || Cow — Ce lls— Y E(Z,2)s

l=—00

| Ckn — Ck |ls— 0 as.

If, in addition,

Xo || is bounded, then

2
nn
P(|| Ckn — Ck |ls>1n) < 8exp| — , >0
(I € = Gl < sexp(~ ).

where v > 0 and 6 > 0 only depend on Py, and

Inlnn 12
| Ckww — Ck ||ls= O ;. a.s. (11.20)

11.4 Prediction of autoregressive Hilbertian processes

Suppose that the process X satisfies Assumptions Al1.1. Then the best probabilistic
predictor of X, given X,,, X,,_1, ... is

X = E% (X,41) = M (X, 11) = p(Xa),

thus prediction of X,.; may be performed by estimating p. Now, from (11.6) it
follows that C; = pCy. A priori this relation suggests the following estimation
method:

if Cy is invertible one writes

p=CCy'
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and, if Cy, is invertible, one sets
-1
Pn = Cl,nC()vn'

This program may succeed in a finite-dimensional framework, but it completely
fails in an infinite-dimensional context since, in that case, C;' and Cj, are not
defined on the whole space H.

In fact, if /; > O for all j, one has

Co(H) = {y:y € H,i(y,w)z/l;z < OO},

Jj=1

thus Co(H) is strictly included in H; concerning Co,(H), since it is included in
sp(Xi, ..., Xy,), we have dim Cy,(H) < n.

A solution consists in projection on a suitable finite-dimensional subspace.
Given a dimension, say k, it is well known that the subspace which furnishes the
best information is sp(vi,...,vx) where the v;’s are defined in (11.16) (see
Grenander 1981).

This remark leads to the choice of the subspace

Hy, = sp(Vin, - - - s Vi)

where (k,) is such that k, — oo and k,/n — 0, and where the v;,’s are defined in
11.17).
Now, let IT* be the orthogonal projector of the random subspace Hj, . Set

kn
3 kn _ E
CO,n =1II CO,n - }vjnvjn & Vins
=
and, if A, , > 0,
k/X
~—1 __ -1
CO,n - § :j'jn Vin ® Vin-
j=1

Note that C‘a ,‘l is the inverse of C’o_n only on Hj, but it is defined on the whole
space H. '

Then, the estimator of p is defined as p, = % C Lné& ,1 Consistency of p, is
described in the next statement.

Theorem 11.4

(1) Under All.1 and the following assumptions

el >ly> > > >0
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® lion>0as,n>1
e p is a Hilbert—Schmidt operator
[

k,
: 1
A Y4y =0 () ), f> 5 (11.21)
=

where (a;) is defined in Lemma 11.3, we have

| fu—p lle— 0 aus.

(2) If, in addition,

Xo || is bounded, then
3 -2

Pl pn = plle=m) < cr(m)exp | —ea(mniy, (Z ) (11.22)
1

n >0, n > ny, where c|(n) and c2(n) are positive constants.

Example 11.1
If 4 =ar,j>1(a>0,0<r<1),k, =o(lnn) yields (11.21). If k, ~ InInn the
bound in (11.22) takes the form

P(H ﬁn - P ||Lz 77) < Cl(n) exp <—C/2(77) L) &

Example 11.2
If 4i=aj7,j>1(a>0,y>1)and k, ~ Inn, (11.22) becomes

Pl 5w —p lle> ) < c1(n) exp<—c’2’<n> <1><)> 3

Assumption of boundedness for || Xo || can be replaced by existence of some
exponential moment provided X is geometrically strongly mixing (see Bosq 2000).

Prediction

To j,, one associates the statistical predictor X, = p, (X,); the next corollary is an
easy consequence of Theorem 11.4.

Corollary 11.1

(1) Under the assumptions in Theorem 11.4 we have
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5 P
[ X1 =Xy || =0

(2) If, in addition, || Xo || is bounded, then
ki -2
P(l| Xut1 = X;py 12 m) < cr(M~"m)exp | —ca(M™"n)nig, (Z aj>
T

where M = || Xo || -

11.5 Estimation and prediction of ARC processes

In a general Banach space it is possible to obtain asymptotic results concerning the
empirical mean and empirical autocovariance operators but sharp rates are not
available.

In the important case of C = CJ|0,1] special results appear provided the
following regularity conditions hold: X is a (strong) ARC(1) process (see Definition
10.3, p. 255) such that

(Lo) [Xa(t) = Xu(s)] < M, |t — S|a§svt €0,1; nez

where o €]0, 1] and M, € L*(Q2, A, P).
Then, one may evaluate the level of information associated with observations of
X at discrete instants and obtain rates of convergence.
Set
M, = sup X (2) — Xs(s)\
st |[ — S|

Owing to strict stationarity of X, Py, = Py, and one puts EM% =V,nel.

Theorem 11.5
Let X = (X,,n € Z) be an ARC(1) with mean m and innovation € = (e,,n € Z).

(1)If X satisfies (L,,), then

E( sup [X, (1) — m(r)])> = o(n——) (11.23)

0<r<1

(2) if, in addition E(exp~ysupy,<; |Xo(t)|) < oo for some >0, and My is
bounded, then, for all 1) > 0 there exist a(n) > 0 and b(n) > 0 such that

P< sup |X,.(¢) — m(t)| > 77) < a(n)exp (—nb(n)). (11.24)

0<1<1
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(3) If € satisfies (L,), then

\/;l()?n — m) 2N

where N is a Gaussian zero-mean C-valued random variable, and D is
convergence in distribution on C.

ProoF:
We may and do suppose that m = 0.

(1)For each x* € C* we have

k—1
X(Xe) =D xp () + x5 (Xo), k>,
=0

hence
B(x* (Xo)x" (X)) = E( (Xo)" ! (X0)).
then
G (Xo)x* (X)) <[l o llell x* 2 B ] Xo |12 (11.25)

where || - || is the usual norm in C*. Then, (11.25) and stationarity of X yield

n—1
B (Xi) + -+ () <2n [ 22D 17 I Bl Xo |

=0
<nerye
where r- =2 || x* |2 355, || ¢/ ||z E | Xo [I*.
Choosing x* = 6 (0 <t < 1) one obtains
_ 2 E| X |I?

S

n n

Now, set t; = j/v,, 1 <j < v,; from (L,) we get

0 < (13 )i
(j—1/v, <t<j/u,; i=1,...,v,. Therefore

sup P_(,,(t)|— sup |X,(5)|| < M,v,°

0<i<1 1<j<v,
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which gives

2
E | X, [P < E( sup I)_(n(tj)|> +2E(M, ), >
S

SJSn

Un

— 1<
2 —2a
<2 EX, (1)l +2E<Z El M,?)ynz;

J=1

from (11.26) it follows that

2ry,

E X, P< 2% 4 avi 2,

n
and the choice v, ~ n'/ot1) gives (11.23).
(2) Consider the decomposition

Xn:%[sn+(1+p)(sn_l)+-~-+(I+p+--~+p"")(61)
+(p+-+p")(Xo)l,

n > 1, which shows that nX, is the sum of (n+ 1) independent B-valued random
variables: Y,,Y,_1,...,Yp.

Then, if E(exp~y || 70 ||) < oo, since || &1 ||[<|| X1 || 4+ || p llz]] Xo || it follows
that E(exp~ || &1 ||) < oo where v = (v/2)(max(1, || p ||z))”", hence E(exp~”
1Y ) < oo where " = +//r with ' = 375, || ¢/ ||

Now, it can be shown that E(exp~” || ¥; ||) < oo is equivalent to

n k'
DB Snlgh 2 k>2,j=0,....n (b >0,b>0),
j=0

thus, one may apply the Pinelis—Sakhanenko inequality (see Lemma 4.2, p. 106) to
obtain for n > 0

2

_ _ nn
P(| X, || =E | X, [|>n) <2 R —
(1%, |- 1%, 2 ) < 2exp( - 3.0 )

From (11.23) it follows that, for n large enough,
- - 12 _1M
E[|X, < (BIX,[?) "< 5
then

= - v 1=
1Xu 1= n = X || —E [ X0 12 3,

hence (11.24).
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(3) From the decomposition X,, = (I — p)_lén + A, and the fact that A, 2 0, it
follows that X satisfies the CLT if and only if  satisfies it. Since ¢ satisfies (L;)
the Jain—-Marcus (1975) theorem gives the CLT for € and hence for X. H

11.5.1 Estimation of autocovariance

We now turn to estimation of (Cy). For convenience we suppose that X is centred.
In C(]0, 1]), Cy is completely determined by the covariance function

co(s,t) = E(Xo(5)Xo(7)); 5,2 € [0, 1]. (11.27)
This property follows from co(s,t) = 6()[Co(6(y))] and the fact that discrete
distributions are dense in the dual space of C, i.e. the space of bounded signed
measures on [0, 1].
Similarly Cy is determined by
ck(s, 1) = E(Xo(s)Xk());s,2 € [0, 1].

The next statement summarizes some properties of the empirical covariance
function

con(s, 1) ZX 1);s,t €0, 1].

Theorem 11.6
Let X be an ARC(1) that satisfies L.

(DIfE(|| Xo ||> M3) < oo, one has
2 R
E/ 2[co,n(s,t) —c(s,1)]"dsdr = O(n" 7).
[0,1]
(2)If Xo and My are bounded, then

2
_ nmn
P / conl(s,t) —c(s,t 2dsdtzn2 <dn Z/Qexp<—>,
( | s —els.) o

n > 0.

Similar results may be obtained for ¢, — ¢, where

Ck,n (S, t) =
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11.5.2 Sampled data

A common situation in practice is to dispose of observations of X at discrete
instants. Suppose that data have the form X;(jv; '), 1 <j <w,, 1 <i < n and that
(L,) holds. It is then possible to construct good approximations of Xi,...,X, by
interpolating these data. Here we only deal with linear interpolation defined for
each i as

Yi(t) :X,'(Vn_l),O<I< l/_l
Yi(1) = Xi(jv, ') + (vt = DIX(G+ Dy, ') = X, ],

juit<t<(j+ Dyl 1 <j<u,— 1, then, (L,) yields
X =Y [loo<2Mw,“, 1<i<n
hence
| X0 =Yy |o<2M,v, (11.28)
thus from Theorem 11.5, if v, = n'/(2o+D) , (11.23) and (11.28) we get
E|Y,—m|i= O(n-—)

Similarly (11.24) and (11.27) give

P(| Yy —m =) < a@ exp("”’@)

provided v, is large enough.

Finally if (¢) satisfies (L;) and /nv,® — 0, /n(Y, —m) and /n (X, — m)
have the same limit in distribution.

Concerning the empirical covariance function associated with Yi,...,Y, we
have, in the centred case,

con s, 1) ZY
X Y —
I e — el 1< 237 11 X, | M
1

If E(|| Xo ||> M3) < oo one obtains

2
x)_ AN 20
E |l e — co, [b< 4E (;Z | X M | v,
1
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hence E || C(()Y;l) — Cp ||%: O(n*a/(lea') provided Uy n2/(1+a)-
Finally, if Xy and M, are bounded,

P(|| ¢ = cq [2>m) < a(g) exP(—nb(g)),n >0

for large enough n and provided v, — oc.

11.5.3 Estimation of p and prediction

In order to simplify estimation of p we suppose here that it is associated with a
continuous bounded kernel r(-,-), that is

p(x)(2) :/0 r(s,t)x(s)ds, x€C,

with || p |lz< 1.

Clearly, p induces a bounded linear operator p' on L* := L*([0, 1], By}, A)
where 1 is Lebesgue measure, defined by an analogous formula, and such that
| 0" [l£z2)< 1 where || - ||z(z2) denotes norm of linear operators on L?.

We also suppose that X,, is bounded (hence ¢, is bounded) and that (L,) is
satisfied with M, bounded.

Now, to X we may associate a standard ARL*(1) process X' = (X, nez),
where

0 1
X = Z(/ X,l(s)ej(s)ds) e, neZz
=1 0
with (ej,j > 1) an orthonormal basis of L?. Then

X =pX,_,)+e, neZ

where ¢/, = Z —1 ( j;) (s ds) ej, n € Z. Since (g,) is a strong white noise on
C, (g)) is a strong wh1te n01se on L*.

This construction will allow us to use some tools concerning estimation of p’ to
estimate p.

Finally, from the Mercer lemma (see Riesz and Nagy 1955) and the above
considerations it follows that

c(s,t) = E(X,X;) = Ziv] s)vi(t), 0<s,r<1

where (4;,v;,j > 1) are the eigenelements of the covariance operator C of X'. Note
that v; is continuous and therefore bounded.
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Secondly, we may define empirical operators associated with X by setting

n—1

1 n
:—E Xl X/ d Cn: g X/ X/ )
n - i ® i’ an 1, ® i+1
observe that Cy, has the continuous kernel

co,,st ZX

which allows it to operate in C as well as in L. As usual we will denote by (4, Vjn),
n > 1 its eigenelements.

We are now in a position to define the estimator p, of p; we suppose that
i >Ap>-->0and A, > App > -+ > Apy > 0 as. and put

pu(x) = l:[k"Cl,nC(I,llf[k" (x), xeC
where T (x) = 37 (x, vju)Vju, x € C, (-,-) denoting the scalar product on L2, thus

IT% operates on C but also on L?.
If the above conditions hold, and, in addition, v = sup;>; || vj [ < o0, then

2
ni°k
P(|| pn = p llcicy=n) < di(n)exp| —do(n) ——— (11.29)

2
kn
(Zl a_,-)
where d;(n) > 0 and d»(n) > 0 are constants, and (a;) is defined by (11.18).
Now one may define the statistical predictor X,,.; = pn(X,) and, if the series in
(11.29) converges for all 7 > 0 it follows that

Xn+1 -X,

1 — O as.

where X*, | = B (X,.1) = p(X,) and B, = o(X;,j < n).

Notes

Most of the results in this chapter come from Bosq (2000). Results (11.5), (11.15)
and (11.20) appear in Bosq (2002a). Various results in C[0, 1] have been obtained
by Pumo (1999).

A more complete study is developed in Bosq (2000). Note that the Berry—
Esséen bound indicated in this monograph is incorrect since an additional technical
assumption is needed for it (see Bosq 2003, 2004a). A simple but less sharp Berry—
Esséen bound appears in Dehling and Sharipov (2005).
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Estimation of moving average

Estimation of a standard MAH is somewhat difficult: consider the MAH(1)
X,=¢en+4L(en1), nez
where ¢ € £ and (g,) is a strong H-white noise. Then £ is solution of
PC; —1Co+ C, =0, (11.30)
which suggests estimation of £ from the equation

2 vk
¢ Cl7n

— EC(Ln + C]_’n == O

However such an equation has no explicit solution.

In the special case where ¢ and C., commute one may replace (11.30) with a
system of equations and solve it component by component. The obtained estimator
has good asymptotic properties (cf. Bosq 2004b).

Other methods for predicting an ARH(1)

In this chapter we have studied a prediction method based on a preliminary
estimation of p. Antoniadis and Sapatinas (2003) propose a direct construction of
the predictor. They show how this approach is related to linear ill-posed inverse
problems and use wavelet methods to solve the question. Karguine and Onatski
(2005) claim that projection over Sp(Vyy, . .., V) is optimal for estimation but not
for prediction. So they work on decomposition of p instead of decomposition of Cy.

Implementation

Prediction by functional autoregressive processes has been used in various practical
situations, with some variants. We give a list below:

e simulations: Besse and Cardot (1996); Pumo (1992)
e prediction of traffic: Besse and Cardot (1996)

o forecasting climate variations: Antoniadis and Sapatinas (2003); Besse et al.
(2000); Pumo (1992); Valderrama et al. (2002)

e prediction of electrocardiograms: Bernard (1997)
e prediction of eurodollar rates: Karguine and Onatski (2005)

e ozone forecasting: Damon and Guillas (2002).
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A.1 Measure and probability

A o-algebra (or o-field) over a nonvoid set () is a family .4 of subsets of () such
that ) € A, A € Aimplies A° € A, and if (A,, n > 1) is a sequence of elements of
A, then 2, A, € A

A measure on the measurable space ({1, A) is aset function u: A — R, := [0, o0
such that if (A,, n > 1) is a sequence of disjoint elements in .4, then

" (L_Jl An> = Z} w(Ay), (countable additivity).

A probability is a measure P such that P(()) = 1. If P is a probability on ({), A),
(Q, A, P) is said to be a probability space.

Let () be a metric space, the o-field Bg = o(O) generated by the open sets is
the Borel o-field of Q). If () is separable (i.e. if it contains a countable dense set) B
is also the o-field generated by the open balls. In particular By is generated by the
open intervals.

The Lebesgue measure A on (R, Bg) is characterized by A(]a,b]) =b — a;
a,b € R, a < b. It is translation invariant.

A measure is o-finite if there exists a sequence (A,) in A such that A, C A,11,
n>1,U,> A = Qand u(A,) < oo, n>1.

Let 1 and v be two measures on ({2, A). i is absolutely continuous with respect
tov (u < v)if v(A) = 0implies u(A) =0,A € A. If u < vand v < u, u and v are
said to be equivalent. ;1 and v are said to be orthogonal (u L v) if there exists
A € A such that u(A) = 0 and v(A°) = 0. If n and v are o-finite and p < v then
there exists f: (2, A) — (R, Bg) positive and measurable such that

w(A) = / fdv, A €A (Radon Nikodym theorem)
A

Inference and Prediction in Large Dimensions D. Bosq and D. Blanke
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-01761-6
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f is v-almost everywhere unique. More generally, if ;« and v are o-finite, there exist
two uniquely determined o-finite measures ; and w, such that

W=+, =V, Uy L (Lebesgue Nikodym theorem).

Let (Q;, A;,1;), 1 <i <k be spaces equipped with o-finite measures. Their
product is defined as (Q X - X Q, 41 ® - @ A, 0, ® - ® ) where
Al ®---® A, is the o-field generated by the sets A; X --- X Ag;
Ay e Ay, A € Ay and ) ® - - - ® wy is the unique measure such that

k

(1 ® - @ ) (Ar x -+ x A) = [ i),
i=1

A family (B;, i € I) of sub-o-fields of A is (stochastically) independent (noted
1) if (VJ finite C 1),

P(ﬂ@) =[Ir®); BB, jei.

jeJ jer

A.2 Random variables

An E-valued random variable (r.v.) defined on ({2, A, P) is a measurable applica-
tion from ({2, A) to (E, B) where B is a o-algebra over E, that is X: ) — E is such
that X~!(B) € A for all B € B.

The o-algebra generated by X is

o(X)=Xx""(B) = {Xx"'(B), B € B}.

Two r.v.’s X and Y are said to be independent if o(X) L o(Y).
The distribution Px of X is defined by

it is a probability on (E, B).
An rv. X is said to be real (respectively positive) if (E,B) = (R, Bg)
(respectively (R4, Br, )). A simple real random variable has the form

k
X:ijﬂf\/ (Al)
j=1

where x; € R, Aj € A, 1 <j<kand Iy(0) =1if w €A;, =0if € AS.
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The decomposition in equation (A.1) is said to be canonical if x; # x;, j # j and
Aj={o:X(w)=x},1<j<k

If X is simple and (A.1) is canonical, the expectation (or mean) of X is defined
as

k
EX =Y xP(4)).
=1

Now, let X be a positive random variable, one sets
EX =sup{EY, 0<Y <X, Y€t}

where £ denotes the family of simple random variables.
An r.v. such that E|X| < oo is said to be integrable and its expectation is defined
by

EX =EXT —EX = / XdP = /Q XdP = /Q X(w)dp (w)

where X = max(0,X) and X~ = max(0, —X).

X—EX is a positive linear functional on the space E'(P) of integrable real
random variables. Integral with respect to a measure may be defined similarly (see
Billingsley 1995).

If EX? < oo the variance of X is defined as

VarX = E(X — EX)* = EX? — (EX)”.

A random d-dimensional vector X = (X, ---,X,)" is a measurable application
from (Q,A) to (RY Bg). Its expectation is defined coordinatewise:
EX = (EXy,---,EX,)’. The variance is replaced by the covariance matrix:

Cx = [E(X; — EX;)(X; — EXj)]lgi_jgd = [COV(XhXj)]lgi,jgd'

The correlation matrix is given by Rx = (p;)<; j<q Where p;; is the correlation
coefficient of X; and X;:

Cov(X;, X;
corr(X,. X)) 1= py = ol %)

Y /VarX; \/VarX;

provided X; and X; are not degenerate.
Finally if X and Y are two d-dimensional random vectors such that EXI2 < 00
and EYi2 < o0, 1 <i<d, their cross-covariance matrices are defined as

Cxy = [Cov(X;, Yj)]lgijgd’ Cyx = [COV(YhXj)hgi,jgd-
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A.3 Function spaces

A Banach space B is a linear space on R with a norm || - || for which it is complete.
Its (topological) dual B* is the space of continuous linear functionals on B. It is
equipped with the norm (cf. Dunford and Schwartz 1958)

[x*I"'="sup [x"(x)|, x"€B".
xX€EB
[x[<1

A real Hilbert space H is a Banach space, the norm of which is associated with a
scalar product (-, -). Thus || x ||= ((x,x>)1/2 and

[ <IIxlyll; x,y€eH (Cauchy — Schwarz inequality).

H* may be identified to H in the sense that, for each x* € H*, there exists a unique
y € H, such that

x'(x)={y,x), x€H (Riesz theorem).

Let G be a closed linear subspace of H. Its orthogonal projector is the
application T1°: H — G characterized by

(x—TI°(x),z) =0, z€G; xcH,

or by || x = TI9(x) || = infucq | x— 2 |, x € H.
A family (e, j € J) of elements in H is said to be orthonormal if

<ei7ej> =0 l#]?
—1 i=j.

Let H be an infinite-dimensional separable real Hilbert pace. Then, there exists
an orthonormal sequence (e;, j > 1) such that

x= ) (xe)e, x€H
=1
where the series converges in H norm, thus || x [|>= 37 (x, ¢j)*; such a sequence
is called an orthonormal basis in H.
Let (H;, i > 1) be a finite or infinite sequence of closed subspaces of H. H is the
direct sum of the H;’s (H = @~ H)) if

(ry) =D ((x), 1% (y);  x,y€H.

i>1
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A.4 Common function spaces

Let p € [1,+o00] and let 7 be the space of real sequences x = (x;, i > 0) such that
I x ll= (O l")"? < o0 Gf 1 <p < 00); || o= sup; x| < o0 (if p=o0),
then # is a separable Banach space. In particular ¢? is a Hilbert space with scalar
product

o0
<x7}’>2:zxi}’i5 )C’ygfz_
i=1

Let p be a measure on (), A), f and g two measurable real functions defined on
Q. One identifies f with g if w(f # g) =0. Then, one defines the spaces
DP(n)=0(Q,A 1), 1 <p < oo of functions f: () — R such that

I = ( / lfl”du> Y oo (if 1<p <)

and || f ||co= inf{c: u{|f| > ¢} =0} < 0o (if p = 0).

For each p, [(n) is a Banach space. If 1 < p < oo, [IP(n)]" is identified
with L9(j) where 1/p +1/q = 1. In particular L?>(u), equipped with the scalar
product

(f.g) = /fgdu; g€’ (n)

is a Hilbert space. If f € 17(u) and g € L9(p) with 1/p + 1/g = 1, thenfg € L' (n)
and

[ el <IF Ul (Hder ncquatiy)

if p = g = 2 one obtains the Cauchy—Schwarz inequality.

Note that #/ = L7(N, P(N), ) where P(N) is the o-field of all subsets of N and
w is the counting measure on N: u({n}) =1, n € N.

If 1 is Lebesgue measure on R, the associated L”-spaces are separable.

Let k > 0 be an integer and [a, b] a compact interval in R. The space Ci([a, b])
of functions x: [a, b] — R with k continuous derivatives is a separable Banach space
for the norm

k

L la= " sup X)),

(=0 a<t<b

The dual of Cy([a, b]) is the space of bounded signed measures on [a, b].
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A.5 Operators on Hilbert spaces

Let H be a separable Hilbert space and £ be the space of linear continuous
operators from H to H. L, equipped with the norm

[ £1lc= sup [[ £(x) I

[lell<1

is a Banach space.
¢ € L is said to be compact if there exist two orthonormal bases (¢;) and (f;) of
H and a sequence (2;) of scalars tending to zero such that

(x) = Z)Lj(x, e)fi, x€H.

=1

Now the space S of Hilbert—Schmidt operators is the family of compact operators
such that > A]? < o0o. The space N of nuclear operators is the subspace of S for
which )" |Aj| < co. Thus N C S C L.

On S one defines the Hilbert—Schmidt norm

12
II's |ls= (ZA?) , s€ES,
J
then S becomes a Hilbert space, with scalar product

(51,920 = D> (s1(g), by (sa(gi), ),

1<ij<oo

s1,8 € S; where (g;) and (h;) are arbitrary orthonormal bases of H.
Concerning N, it is a Banach space with respect to the norm

Ivile= Dokl veN.
j
Clearly,
[vixvzllvils=lvie, veN.
Finally, let £ € L; the adjoint £* of ¢ is defined by
(C(x),y) = {x,£(y)); x,y€H.
{ is said to be a symmetric operator if £* = {; it is said to be positive if

(f(x),x) >0, x€H.
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On the class of symmetric operators one defines an order relation < by

by R4, & 0, — ¢ is positive.

A.6 Functional random variables

Let H be a separable Hilbert space, an H-random variable defined on the probability
space (Q,.A, P) is a measurable application from ({), A) to (H, By).

An H-random variable X is said to be integrable (in Bochner sense) if
E || X ||< oo, and one characterizes EX by

(EX,x) = B((X,%), x¢H.
If E || X ||>< oo, the covariance operator of X is defined by setting
Cx(x) =E((X — EX,x)(X —EX)), x€H.

Cx is symmetric, positive and nuclear with || Cx |[»=E || X ||>.
IfE| X|*<ocand E || Y ||>< oo the cross-covariance operators of X and ¥
are defined as

Cxy(x) = E((X —EX,x)(Y —EY)), x€H
and
Cyx = Cxy.

These operators are nuclear.

A.7 Conditional expectation

Let (,.A, P) be a probability space and Ay a sub-o-field of A. The conditional
expectation given Ay is the application EA: L'(Q, A, P) — L'(Q, Ay, P) charac-
terized by

/EAO(X)dP:/XdP, Bec Ay, XeL'(Q,AP).
B

B

The restricted application E*: L2(Q), A, P) — L*(), Ay, P) is nothing but the
orthogonal projector of L>({), Ay, P). Thus E*X is the best approximation of
X € I*(Q, A, P) by an Ap-measurable random variable.

If Ay is generated by the family of random variables (X;, i € I), E*°X is said to
be the conditional expectation given (X;, i € I) or the best predictor given
(X, i €1).
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If X = 14, one sets
PY(A) =EY(1,), AcA

P is the conditional probability given Ay. Under some conditions there exists a
regular version of P, i.e. a version such that A—P“(A) is a probability measure
on some o-field (see Rao 1984).

A.8 Conditional expectation in function spaces
B being a separable real Banach space, L}g(Q, A, P) denotes the Banach space of

(classes of) integrable random variables X, defined on ({2, A, P) and with values in
(B, Bp), with norm || X |[\=E || X ||.

The conditional expectation given Ay is defined as in A.6, replacing
L'(Q, Ay, P) by LL(Q, A, P). E possesses the following properties:

e E~is linear and || E4X ||[< E4 || X || (as.)

e for all /, linear continuous operators from B to B, we have

E*(((X)) = ((E™X)
e if X and 4 are independent (i.e. o(X) L Ay) then E°X = EX, in particular
E?Yx = EX
o if X € LL(Q, Ao, P) then ENX = X
e finally, if X = Z;;l Tax, Aj€ A, x; €B,j=1,--- k, then

k
EYX =" Ph(A))x;.
j=1

Now, if H is a real separable Hilbert space, Lfi(ﬂ, A, P) denotes the Hilbert space
of (classes of) random variables X with values in (H,Bpy) and such that
E || X ||>< oo, equipped with the scalar product

X, Y] =E(X,Y); X,YcL4Q,AP).

In that situation, the restriction of E* to L?,(Q, A, P) is the orthogonal projector of
L%(Q, Ao, P), thus E* is characterized by

(i) E*(X) € L4 (Q, Ay, P), X € L2(Q, A, P)
(i) E(XX —EY(X),Z) =0, X € L}(Q, A, P), Z € L4(Q, Ao, P).
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A.9 Stochastic processes

A family X = (X, t € I) of random variables, defined on (£}, A, P) and with values
in some measurable space (E,B) is a stochastic process with time range I. If I is
countable (I = Z, N, ---) X is a discrete time process, if I is an interval in R, X is
said to be a continuous time process. The random variable w — X,(w) is the state of
X at time ¢, the function ¢ — X,(w) is the sample path of w.

If the cartesian product E! is equipped with the o-algebra S = o(Ily, s € I)
where Il(x;, 7 € I) = x;, s € I, then X defines an E!-valued random variable. The
distribution Py of that variable is called the distribution of the stochastic process. If
E is a Polish space (i.e. metric, separable, complete), Py is entirely determined by
the finite-dimensional distributions P(x,] X ) k>1,t, -, € L

A white noise is a sequence € = (¢,, n € Z) of real random variables such that
0 < 0> = Ee? < o0, Eg, =0, E(gnep) = 0%8,m; n,m € Z. 1f, in addition, the ,’s
are i.i.d. (i.e. independent and identically distributed) one says that ¢ is a strong
white noise.

A linear process is defined as

o8]
X, = Zajsn,j, neZz (A2)
=0

where (g,) is a white noise, and (g;) is a sequence of scalars such that ap = 1 and
Zj aj? < oo. The series converges in mean square.
If aj = p/, j > 0, where |p| < I, then

Xy =pXn1+6en, nE Za

and one says that (X,,) is an (AR(1)).

If aj =0, j > q and a, # 0, one says that (X,,) is a moving average of order q
(MA(9)).

A real process (X;, r € I) is said to be Gaussian if all the random variables
Z};l Xy, k> 1; ap,- -0 €R; ty,- -, 1 €1, are Gaussian (possibly degener-
ate). The mean t— EX, and the covariance (s,t)— Cov(X;,X;) of a Gaussian
process X determine Py.

A Wiener process W = (W,, t > 0) is a zero-mean Gaussian process with
covariance (s,t)— o?min(s,t) where o> > 0 is a constant. If 0> =1, W is said
to be standard. W models the trajectory of a particle subject to Brownian motion.

A Wiener process has stationary independent increments:

P(er+h7Wr2+1x*W11+h,"',~er—h*er,l+h)
= PW11 ® P(sz_Wn) Q- ® P(Wfk_W’k—l )

k>2,0<Hh<---<ty, h>0.
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Let (T,,n>1) be a discrete time real process such that 0 < Ty < T»
< -+ <T, T oo (as.); it may be interpreted as a sequence of random arrival
times of events and is called a point process.

The counting process associated with (7},) is defined as

Ni =Y Moy(T),t > 0.
n=1
If (N;) has independent stationary increments, then there exists A > 0 such that

Cai—s) A1 — s))*

P(N,—N;,=k)=e i ,

k>0, 0<s<t.

In this case (N;) is called a (homogeneous) Poisson process with intensity A.
Let (F,, n>0) be a sequence of sub-o-fields of A, such that F,_; C F,,
n > 1. A sequence (X,, n > 0) of integrable B-random variables is a martingale
adapted to (F,) if
E""(X,.1) = X,, n>0.

Then, (X,+1 — X, n > 0) is called a martingale difference. In continuous time the
definition is similar:

EN(X)=X,, 0<s<t s1teR,.

The Wiener process and the centred Poisson process (N, — EN,) are martingales.

A.10 Stationary processes and Wold decomposition

Let X = (X;, t € I) be a real stochastic process. X is said to be (weakly) stationary
if Eth < oo, t € 1, EX; does not depend on ¢, and

Cov(Xsin, Xiin) = Cov(Xy, Xy); s, t,s+ht+hel.
Then, if 0 € I, the autocovariance is defined as

y(t) = Cov(Xo, X;); te€l

Now, let X = (X;, t € I) be a stochastic process with values in some measurable
space (E, ), and such that [ is an additive subgroup of R. Let us set

XM = (X p, t€l), hel,
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then, X is said to be strictly stationary if
PX:PX(h), hel.

A Gaussian stationary process is strictly stationary.

Let X = (X,, 1€ Z) be a zero-mean stationary discrete time process. Let
M, =35p(X;, s < n) be the closed linear subspace of L*({2, A, P) generated by
Xy, s <n),n € Z. Set

en =Xy — HM"il(Xn)v n e’z

then X is said to be regular if Ee2 = 6> > 0, n € Z. If X is regular, (g,) is a white
noise called the innovation (process) of X and the following Wold decomposition
holds:

o0
X, = Zaj&,_]‘ +Y, neZ
=0
withap =1, >, aj2 < 00, the singular part (Y,) of X being such that

Y,€( My, n€Z and E(Y,e,)=0; nmeZ
J=0

If Y, =0, (X,) is said to be (purely) nondeterministic.

A linear process, defined by Equation (A.2), is said to be invertible if €, € M,,
n € Z. In that situation (A.2) is its Wold decomposition.

An autoregressive process of order p (AR(p)) satisfies the equation

P
Xn:Zﬂan,j-i-En, ne”z (7Tp7é0),
J=1

it is linear and invertible if 1 — f:, 7Tij #0for |z <1,z€C.

A.11 Stochastic integral and diffusion processes

A real continuous time  stochastic  process X = (X;,a <t <b)
(o0 <a<b<oo) is said to be measurable if (t,w)— X,;(w) is measurable
with respect to the o-algebras Bj,; ® A and Bg. In the current section all the
processes are supposed to be measurable.

Now, given a standard Wiener process W, one defines the filtration

Fi=o(W,,0<s<1), t>0.
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A process Y = (Y, t > 0) belongs to the class C if

(i) Y, is F;-measurable for all ¢ > 0,
(i) (t, w)—Y,(w) is in L*([0,a] @ P, By, ® A,A ® P) where A is Lebesgue

measure on [0, a].

Let £ be the subfamily of C of (simple) stochastic processes ¥ = (¥;) satisfying

Z Yt/ lj iy [ ) + Yfk (w)ﬂ [[kyfk+l]([)’

0<t<a, weQ; 0=t <---<fy=a (k>2) where Y, € L*(Q, F,,P),
1<j<k
Now, one puts

1(Y) = / Y, dW, = ZY,/ W1 — W),
then I(Y) € L*(P), Y —I(Y) is linear and such that

EI(Y)) =0, E(I(Y)I(Y,)) = /0 "E(f o) VB EE. (A.3)

It can be shown that £ is dense in C, this property allows us to extend the linear
isometry Y — I(Y) to C. This extension is called Iro integral or stochastic integral.
Properties given by relation (A.3) remain valid on C.

The definition can be extended to intervals of infinite length.

Now a diffusion process is solution of the stochastic differential equation

dX, = S(X;, 1) dr + o(X,, t)dW,,

that is X, — Xo = fo (X;,s)ds + fo o(Xs,s) dW(s) where W is a standard Wiener
process, S and o satisfy some regularity conditions, and the second integral is an Ito
one. Details may be found in various works, for example Ash and Gardner (1975);
Kutoyants (2004); Sobczyk (1991).

In particular the Ornstein—Uhlenbeck process is solution of the stochastic
differential equation

dX, = —-0X,dr + odW,; (6>0, o >0).

A stationary solution of this equation is

12
X; = a/ e dw(s), reR

o0
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where W, is a standard bilateral Wiener process: Wy = 1,>0Wi, + T,coWa 1, t € R,
where W and W, are two independent standard Wiener processes.

A.12 Markov process

Let X = (X;,t€I) be an (E,B)-valued stochastic process, with I C R. Set
Fi=oXg,s<t,sel), Fl=0o(X;,s>t,s€l), and B,=0(X,), t€l. X is
said to be a Markov process if

P5%(ANB) = PP (A)P%(B), AcF, BeF, (A.4)

that is, 7, and F' are conditionally independent given B,.
The following condition is equivalent to (A.4):

PH(X, e By=P%(X,€B), BeB, s<t; stel (A.5)
Note that the symmetry of (A.4), and (A.5) yield
PP (X, e B)=P%(X,€B), BeB, s>t stel (A.6)
Let X = (X;,z € I) be a family of square integrable real random variables. Set
My =P X, X}, t, el h>1,
then X is called a Markov process in the wide sense if
[0 (X,) = TP (X, ),

<o <tyoy <tpty, -ty €1, n>2.
If0<EXt2<oo,t€I, one may set

p(s,t) = corr(Xy, X;);  s,t €1,
then, X is a Markov process in the wide sense iff
o(r,t) = p(r,s)p(s, 1), r<s<t rstel (A7)
By using relation (A.7) it is possible to prove the following: let X = (X;, € R)
be a real Gaussian stationary Markov process such that p(¢) = corr(Xo, X;), r € R is

continuous and such that |p(¢)| < 1 for 7 # 0; then X is an Ornstein—Uhlenbeck
process.



294 APPENDIX

A.13 Stochastic convergences and limit theorems

Let (Y,, n > 0) be a sequence of B-random variables, where B is a separable
Banach space.
Y, — Yy almost surely (a.s.) if, as n — oo,

Plw:[| Yi(@) = Yo(o) [|[— 0} =1,
Y, — Yy in probability (p) if
Ye>0, P(|Y,—Yo]|>¢e)—0,
Y, — Yo in L3(Q, A, P) (or in quadratic mean) if
E|Y,—Yo|*—0,

finally Y,, — Y; in distribution (D) (or weakly) if

/fdPy” — /fdPy

for all continuous bounded functions f: B — R.
The following implications hold:

Y25y, = v, Y, = ¥,—5Y,

and

(P
v, "y, = v,ove.

Strong law of large numbers
Let (X,,n>1) be a sequence of i.i.d. B-valued integrable random variables,
then

LIRSS
n n

Central limit theorem
Let (X,, n > 1) be a sequence of i.i.d. H-valued random variables, where H is a
separable Hilbert space. Then, if EX% < 00,

(X, — EX;) 5N

where N =~ N (0, Cy, ).
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A.14 Strongly mixing processes

Let (Q, A, P) be a probability space and B, C two sub-o-algebras of .A. Their strong
mixing coefficient is defined as

a:=a(B,C)= sup |P(BNC)—P(B)P(C),
BeB.,ceC

then BLC<ea=0,and 0 <o <1/4.
A process X = (X;, t € I) where I = Z or R, is said to be a-mixing or strongly
mixing if
a(u) = supa(F;, F™) — 0
tel u—+00
where F, = o(X;, s <t,s €I),and F'™" = o(X;, s > t +u, s € I). It is said to be
2-a-mixing if

a®(u) = supa(o(X,),0(X11u)) — O.

tel U—+00

Consider the real linear process
o0
X[ = Zajé:,,j, te Z,
j=0

where |a;| <ap,j>0(a>0,0<p<1),and (g) is a strong white noise such
that €y has a density with respect to Lebesgue measure. Then (X;) is strongly
mixing. It is even geometrically strongly mixing (GSM), that is

a(u) <br', ueN, (b>0, 0<r<l).

Diffusion processes regular enough, in particular the Ornstein—Uhlenbeck
process, are GSM in continuous time.

Classical limit theorems hold for stationary strongly mixing, regular enough,
processes (see Doukhan 1994; Rio 2000).

Finally one has the following inequalities.

Billingsley inequality
If X and Y are bounded real random variables, then

|Cov(X,Y)| < 4[| X [[oc]| ¥ ||oc a(0(X),0(Y)).
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Davydov inequality
IfXeLiP),YeL'(P)withg>1,r>1and 1/g+ 1/r <1, then

(Cov(X, Y)| < 2p[2a(a(X), (V)] || X [l ¥

L(P)

where 1/p+1/g+1/r=1.

Rio inequality

Let X and Y be two integrable real random variables, and let QOx(u) =

inf{z: P(|X| > t) < u} be the quantile function of X. Then, if OxQy is integrable
over [0, 1] we have

2a(0(X),0(Y))
|Cov(X,Y)| < 2/0 Ox (u)Qy (u)du.

A.15 Some other mixing coefficients

The B-mixing coefficient between the o-algebras BB and C is given by

B = B(B,C) = Esup|P*(C) — P(C)|
ceC

where PP is a version of the conditional probability given 3.
The @-mixing coefficient is defined as

QOZ(/?(B,C) = sup ‘P(C)fPB(C)L
BeB.P(B)>0
ceC

finally, the p-mixing coefficient is
p=p(B,C)= sup |corr(X,Y)].
XeL?(B)
YeL?(C)
The following inequalities hold:

20<B<¢, and da<p< 22

For a continuous or discrete time process, ¢-mixing, S-mixing and p-mixing are
defined similarly to «-mixing (cf. Section A.14); p-mixing and «-mixing are
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equivalent for a stationary Gaussian process. Moreover, a Gaussian stationary ¢-
mixing process is m-dependent (i.e. for some m, o(X;, s < 1) and o(X;, s > t + m)
are independent). A comprehensive study of mixing conditions appears in Bradley
(2005).

A.16 Inequalities of exponential type
Let Xy, - - -, X, be independent zero-mean real random variables; the three following

inequalities hold.

Hoeffding inequality
Ifa, <X; <b;, 1 <i<n(as.), where aj,by,---,ay,,b, are constants, then

d 21
PIIS x| >1) <2exp(——"— ) >0
( 2. ) p< i (bi— a,~)2>

i=1
Bernstein inequality

(DIf |X;] < M (as.), i = 1,,n, M constant, then

d

(2)If there exists ¢ > 0 such that E|X;|* < ¢ 2kEX? < 400, i=1,---,m;
k =3,4,--- (Cramér’s conditions) then

d

The dependent case (Rio coupling lemma)

Let X be a real-valued r.v. taking a.s. its values in [a, b] and defined on a probability
space ({1, A, P). Suppose that Ay is a sub-o-algebra of A and that U is an r.v. with
uniform distribution over [0, 1], independent on the o-algebra generated by
Ao Uo(X). Then, there is a random variable X*, which is measurable with respect
to the o-algebra generated by Ay U o(X) Uo(U) with the following properties:

n

D X

i=1

2
2t>§26xp — i | t>0.

23" EX? +T

n

S

i=1

t2
>t] <2 —————— |, t>0.
S ) <20 42;11Ex;+2g>
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(a) X* is independent of Ay,
(b) X* has the same distribution as the variable X
©EIX - X*| < 2(b — a) a(a(X), Ay)
The Rio coupling lemma (or Bradley coupling lemma, Bradley 1983) allows us

to extend Hoeffding and Bernstein inequalities, by approximating dependent
variables with independent ones.



Bibliography

Adke SR and Ramanathan TV 1997 On optimal prediction for stochastic processes. J. Statist.
Plann. Inference 63(1), 1-7.

Ango Nze P, Biihlmann P and Doukhan P 2002 Weak dependence beyond mixing and
asymptotics for nonparametric regression. Ann. Statist. 30(2), 397—430.

Antoniadis A and Sapatinas T 2003 Wavelet methods for continuous-time prediction using
Hilbert-valued autoregressive processes. J. Multivariate Anal. 87(1), 133-58.

Armstrong JS 2001 Principle of forecasting: a handbook for researchers and practitioners.
Kluwer Academic Publishers, Nowell MA.

Ash R and Gardner M 1975 Topics in stochastic processes. Academic Press, New York.

Aubin JB 2005 Estimation fonctionnelle par projection adaptative et applications. PhD thesis,
Université Paris 6.

Bahadur RR 1954 Sufficiency and statistical decision functions. Ann. Math. Statist. 25,
423-62.

Baker CR 1973 Joint measures and cross-covariance operators. Trans. Amer. Math. Soc. 186,
273-89.

Banon G 1978 Nonparametric identification for diffusion processes. SIAM J. Control Optim.
16(3), 380-95.

Banon G and Nguyen HT 1978 Sur I’estimation récurrente de la densité et de sa dérivée pour
un processus de Markov. C. R. Acad. Sci. Paris Sér. A Math. 286(16), 691-4.

Banon G and Nguyen HT 1981 Recursive estimation in diffusion model. SIAM J. Control
Optim. 19(5), 676-85.

Berlinet A and Thomas-Agnan C 2004 Reproducing kernel Hilbert spaces in probability and
statistics. Kluwer Academic Publishers, Dordrecht.

Bernard P 1997 Analyse de signaux physiologiques. Mémoire, Univ. Cathol. Angers.

Bertrand-Retali M 1974 Convergence uniforme de certains estimateurs de la densité par la
méthode du noyau. C R. Acad. Sci. Paris Sér. I Math. 279, 527-9.

Besse P and Cardot H 1996 Approximation spline de la prévision d’un processus fonctionnel
autorégressif d’ordre 1. Canad. J. Statist. 24(4), 467-87.

Inference and Prediction in Large Dimensions D. Bosq and D. Blanke
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-01761-6



300 BIBLIOGRAPHY

Besse P, Cardot H and Stephenson D 2000 Autoregressive forecasting of some climatic
variation. Scand. J. Statist. 27(4), 673-87.

Bianchi A 2007 Problems of statistical inference for multidimensional diffusions. PhD thesis,
Milano and Paris 6 University.

Billingsley P 1968 Convergence of probability measures. John Wiley & Sons, Inc., New York.

Billingsley P 1995 Probability and measure. Wiley series in probability and mathematical
statistics 3rd edn. John Wiley & Sons, Inc., New York.

Blackwell D 1956 An analogy of the minimax theorem for vector payofts. Pacific J. Math. 6,
1-8.

Blanke D 2004 Sample paths adaptive density estimator. Math. Methods Statist. 13(2), 123-52.

Blanke D 2006 Adaptive sampling schemes for density estimation. J. Statist. Plann. Inference
136(9), 2898-917.

Blanke D and Bosq D 1997 Accurate rates of density estimators for continuous time processes.
Statist. Probab. Letters 33(2), 185-91.

Blanke D and Bosq D 2000 A family of minimax rates for density estimators in continuous
time. Stochastic Anal. Appl. 18(6), 871-900.

Blanke D and Merlevede F 2000 Estimation of the asymptotic variance of local time density
estimators for continuous time processes. Math. Methods Statist. 9(3), 270-96.

Blanke D and Pumo B 2003 Optimal sampling for density estimation in continuous time.
J. Time Ser. Anal. 24(1), 1-24.

Bosq D 1978 Tests hilbertiens et test du X2- C. R. Acad Sci. Paris Sér. A-B 286(20),
945-9.

Bosq D 1980 Sur une classe de tests qui contient le test du x> Publ. Inst. Statist. Univ. Paris
25(1-2), 1-16.

Bosq D 1983a Lois limites et efficacité asymptotique des tests hilbertiens de dimension finie
sous des hypotheses adjacentes. Statist. Anal. Données 8(1), 1-40.

Bosq D 1983b Sur la prédiction non paramétrique de variables aléatoires et de mesures
aléatoires. Z. Warschein Vern. Gebiet. 64(4), 541-53.

Bosq D 1989 Tests du x* généralisés. Comparaison avec le x> classique. Rev. Statist. Appl.
37(1), 43-52.

Bosq D 1991 Modelization, nonparametric estimation and prediction for continuous time
processes. In Nonparametric functional estimation and related topics (ed. Roussas) vol. 335
of NATO Adv. Sci. Ser. C Math. Phys. Sci. Kluwer Academic Publishers, Dordrecht
pp- 509-29.

Bosq D 1995 Sur le comportement exotique de I’estimateur a noyau de la densité marginale
d’un processus a temps continu. C.R. Acad. Sci. Paris Sér. I Math. 320(3), 369-72.

Bosq D 1997 Parametric rates of nonparametric estimators and predictors for continuous time
processes. Ann. Statist. 25(3), 982-1000.

Bosq D 1998 Nonparametric statistics for stochastic processes. Estimation and prediction.
Lecture notes in statistics, 110 2nd edn. Springer-Verlag, New York.

Bosq D 2000 Linear processes in function spaces. Lecture notes in statistics, 149. Springer-
Verlag, New York.

Bosq D 2002a Estimation of mean and covariance operator of autoregressive processes in
Banach spaces. Stat. Inference Stoch. Process. 5(3), 287-306.



BIBLIOGRAPHY 301

Bosq D 2002b Functional tests of fit. In Goodness-of-fit tests and model validity. Statistics
for industry and technology Birkhduser, (ed. Muker-Carol). Boston, MA pp. 341-
56.

Bosq D 2003 Berry-Esséen inequality for linear processes in Hilbert spaces. Statist. Probab.
Letters 63(3), 243-7.

Bosq D 2004a Erratum and complements to: "Berry—Esséen inequality for linear processes in
Hilbert spaces’ [Statist. Probab. Letters 63 (2003), no. 3, 243-7]. Statist. Probab. Letters
70(2), 171-4.

Bosq D 2004b Moyennes mobiles hilbertiennes standard. Ann. ISUP. 48(3), 17-28.

Bosq D 2005a Estimation suroptimale de la densité par projection. Canad. J. Statist. 33(1),
1-18.

Bosq D 2005b Inférence et prévision en grandes dimensions. Economica, Paris.

Bosq D 2007 General linear processes in Hilbert spaces and prediction. J. Statist. Plann.
Inference 137(3), 879-94.

Bosq D and Blanke D 2004 Local superefficiency of data-driven projection density estimators
in continuous time. Statist. Oper. Research Trans. 28(1), 37-54.

Bosq D and Cheze-Payaud N 1999 Optimal asymptotic quadratic error of nonparametric
regression function estimates for a continuous-time process from sampled-data. Statistics
32(3), 229-47.

Bosq D and Davydov Y 1999 Local time and density estimation in continuous time. Math.
Methods Statist. 8(1), 22-45.

Bosq D and Delecroix M 1985 Prediction of a Hilbert valued random variable. Stochastic
Process. Appl. 19, 271-80.

Bosq D, Merlevede F and Peligrad M 1999 Asymptotic normality for density kernel estimators
in discrete and continuous time. J. Multivariate Anal. 68(1), 78-95.

Bradley RC 1983 Approximation theorems for strongly mixing random variables. Michigan
Math. J. 30(1), 69-81.

Bradley RC 2005 Basic properties of strong mixing conditions. A survey and some open
questions. Probab. Surv. 2, 107-44 (electronic). Update of, and a supplement to, the 1986
original.

Brockwell PJ 1993 Threshold ARMA processes in continuous time. In Dimension estimation
and models (ed. Tong) World Scientific Publishing, River Edge pp. 170-90.

Brockwell PJ and Davis RA 1991 Time series: theory and methods 2nd edn. Springer-Verlag,
New York.

Brockwell PJ and Stramer O 1995 On the approximation of continuous time threshold ARMA
processes. Ann. Inst. Statist. Math. 47, 1-20.

Bucklew JA 1985 A note on the prediction error for small time lags into the future. I[EEE Trans.
Inform. Theory 31(5), 677-9.

Carbon M 1982 Sur I’estimation asymptotique d’une classe de parametres fonctionnels pour
un processus stationnaire. PhD thesis These 3¢me cycle, Université Lille 1.

Carbon M and Delecroix M 1993 Nonparametric forecasting in time series: a computational
point of view. Comput. Statist. Data Anal. 9(8), 215-29.

Castellana JV and Leadbetter MR 1986 On smoothed probability density estimation for
stationary processes. Stochastic Process. Appl. 21(2), 179-93.



302 BIBLIOGRAPHY

Cavallini A, Montanari G, Loggini M, Lessi O and Cacciari M 1994 Nonparametric prediction
of harmonic levels in electrical networks IEEE ICHPS VI, Bologna pp. 165-71.

Chatfield C 2000 Time-series forecasting. Chapman and Hall, Boca Raton.

Cheze-Payaud N 1994 Nonparametric regression and prediction for continuous time pro-
cesses. Publ. Inst. Stat. Univ. Paris 38, 37-58.

Chung KL and Williams RJ 1990 Introduction to stochastic integration. Probability and its
applications 2nd edn. Birkhduser, Boston, MA.

Comte F and Merlevede F 2002 Adaptive estimation of the stationary density of discrete and
continuous time mixing processes. ESAIM Prob. and Stat. 6, 211-38.

Comte F and Merlevede F 2005 Super optimal rates for nonparametric density estimation via
projection estimators. Stochastic Process. Appl. 115(5), 797-826.

Cramér H and Leadbetter MR 1967 Stationary and related stochastic processes. Sample
function properties and their applications. John Wiley & Sons, Inc., New York.

Dabo-Niang S and Rhomari N 2002 Nonparametric regression estimation when the regressor
takes its values in a metric space. Technical Report 9, Prépublications L.S.T.A.

Damon J and Guillas S 2002 The inclusion of exogenous variables in functional autoregressive
ozone forecasting. Environmetrics 13(7), 759-74.

Damon J and Guillas S 2005 Estimation and simulation of autoregressive hilbertian processes
with exogenous variables. Stat. Inf. Stoch. Proc. 8(2), 185-204.

Davydov Y 2001 Remarks on estimation problem for stationary processes in continuous time.
Stat. Inf. Stoch. Proc. 4(1), 1-15.

Deheuvels P 2000 Uniform limit laws for kernel density estimators on possibly unbounded
intervals. In Recent advances in reliability theory. Statistics for industry and technology
Birkhiduser (ed. Linnios). Boston, MA pp. 477-92.

Dehling H and Sharipov OS 2005 Estimation of mean and covariance operator for Banach
space valued autoregressive processes with dependent innovations. Stat. Inf. Stoch. Proc.
8(2), 137-49.

Delecroix M 1980 Sur I’estimation des densités d’un processus stationnaire a temps continu.
Publ. Inst. Stat. Univ. Paris 25(1-2), 17-39.

Devroye L 1987 A course in density estimation. Progress in probability and statistics, 14.
Birkh&user, Boston, MA.

Donoho DL, Johnstone I, Kerkyacharian G and Picard D 1996 Density estimation by wavelet
thresholding. Ann. Statist. 24(2), 508-39.

Doob J 1953 Stochastic processes. John Wiley & Sons, Inc., New York.

Doukhan P 1994 Mixing: properties and examples. Lecture notes in statistics, 85. Springer-
Verlag.

Doukhan P and Léon J 1994 Asymptotics for the local time of a strongly dependent vector-
valued Gaussian random field. Acta Math. Hung. 70 (4), 329-51.

Doukhan P and Louhichi S 2001 Functional estimation of a density under a new weak
dependence condition. Scand. J. Statist. 28(2), 325-41.

Dunford N and Schwartz JT 1958 Linear operators, part I: general theory. Interscience
Publishers, Inc., New York.

Efromovich S 1999 Nonparametric curve estimation. Springer series in statistics. Springer-
Verlag, New York.



BIBLIOGRAPHY 303

Ferraty F and Vieu P 2006 Nonparametric functional data analysis. Springer series in
statistics. Springer, New York.

Fortet R 1995 Vecteurs, fonctions et distributions aléatoires dans les espaces de Hilbert.
Hermes, Paris.

Frenay A 2001 Sur I’estimation de la densité marginale d’un processus a temps continu par
projection orthogonale. Ann. ISUP. 45(1), 55-92.

Gadiaga D 2003 Sur une classe de tests qui contient le test du khi-deux: le cas d’un processus
stationnaire. PhD thesis Doctorat d’état, Université de Ouagadougou, Burkina Faso.

Gadiaga D and Ignaccolo R 2005 Tests du x” généralisés. Application au processus auto-
régressif. Rev. Stat. Appl. 53(2), 67-84.

Geman D and Horowitz J 1973 Occupation times for smooth stationary processes. Ann.
Probab. 1(1), 131-7.

Geman D and Horowitz J 1980 Occupation densities. Ann. Probab. 8(1), 1-67.

Giné E and Guillou A 2002 Rates of strong uniform consistency for multivariate kernel density
estimators. Ann. Inst. H. Poincaré B. 38(6), 907-21. Special issue dedicated to J.
Bretagnolle, D. Dacunha-Castelle, I. Ibragimov.

Gourieroux C and Monfort A 1983 Cours de série temporelle. Economica, Paris.

Grenander U 1981 Abstract inference. John Wiley & Sons, Inc., New York.

Guilbart C 1979 Produits scalaires sur ’espace des mesures. Ann. Inst. H. Poincaré B. 15(4),
333-54.

Gyorfi L, Kohler M, Krzyzak A and Walk H 2002 A distribution-free theory of nonparametric
regression. Springer series in statistics. Springer-Verlag, New York.

Hall P, Lahiri SN and Truong YK 1995 On bandwidth choice for density estimation with
dependent data. Ann. Statist. 23(6), 2241-63.

Hirdle W 1990 Applied nonparametric regression. Cambridge University Press, Cambridge,
UK.

Hart JD 1997 Nonparametric smoothing and lack-of-fit tests. Springer series in statistics.
Springer-Verlag, New York.

Hart JD and Vieu P 1990 Data-driven bandwidth choice for density estimation based on
dependent data. Ann. Statist. 18(2), 873-90.

Ibragimov IA and Hasminskii RZ 1981 Statistical estimation, asymptotic theory. Springer,
New York.

Ignaccolo R 2002 Tests d’ajustement fonctionnels pour des observations correlées. PhD thesis,
Université Paris 6.

Jain NC and Marcus MB 1975 Central limit theorem for C(S)-valued random variables.
J. Funct. Anal. 19,216-31.

Johansson B 1990 Unbiased prediction in Poisson and Yule processes. Scand. J. Statist. 17(2),
135-45.

Karguine V and Onatski A 2005 Curve forecasting by functional autoregression. Comp. Econ.
Finance 59 (electronic), 33 pages.

Kerstin C 2003 From forecasting to foresight processes. New participative foresight activities
in Germany. J. Forecasting 22(2-3), 93-111.

Kim TY 1997 Asymptotically optimal bandwidth selection rules for the kernel density
estimator with dependent observations. J. Statist. Plann. Inference 59(2), 321-36.



304 BIBLIOGRAPHY

Klokov SA and Veretennikov AY 2005 On subexponential mixing rate for markov processes.
Theory Prob. App. 49(1), 110-22.

Kutoyants YA 1997a On unbiased density estimation for ergodic diffusion. Statist. Probab.
Letters 34(2), 133-40.

Kutoyants YA 1997b Some problems of nonparametric estimation by observations of ergodic
diffusion processes. Statist. Probab. Letters 32(3), 311-20.

Kutoyants YA 1998 Efficiency density estimation for ergodic diffusion process. Stat. Inference
Stoch. Process. 1(2), 131-55.

Kutoyants YA 2004 Statistical inference for ergodic diffusion processes. Springer series in
statistics. Springer-Verlag, New York.

Labrador B 2006 Almost sure convergence of the kr-occupation time density estimator. C. R.
Math. Acad. Sci. Paris 343(10), 665-9.

Leadbetter MR, Lindgren G and Rootzén H 1983 Extremes and related properties of random
sequences and processes. Springer series in statistics. Springer-Verlag, New York.

Leblanc F 1995 Discretized wavelet density estimators for continuous time stochastic
processes. In Wavelets and statistics Lecture notes in statistics, 103 (ed. Antoniadis).
Springer-Verlag, New York pp. 209-224.

Leblanc F 1997 Density estimation for a class of continuous time processes. Math. Methods
Statist. 6(2), 171-99.

Ledoux M and Talagrand M 1991 Probability in Banach spaces. Springer-Verlag, Berlin.

Lehmann EL 1991 Theory of point estimation. Chapman and Hall, New York.

Lehmann EL and Casella G 1998 Theory of point estimation 2nd edn. Springer, New York.

Lejeune FX 2006 Propriétés des estimateurs par histogrammes et polygones de fréquences de
la densité marginale d’un processus a temps continu. Ann. L.S.U.P. 50 (1-2), 47-717.

Lerche HR and Sarkar J 1993 The Blackwell prediction algorithm for infinite 0-1 sequences,
and a generalization. In Statistical decision theory and related topics V (ed. Gupta).
Springer-Verlag pp. 503-11.

Liebscher E 2001 Estimation of the density and the regression function under mixing
conditions. Statist. Decisions 19(1), 9-26.

Liptser RS and Shiraev AN 2001 Statistics of random processes I, 1I, 2nd edn. Springer,
New York.

Marion JM and Pumo B 2004 Comparaison des modéles ARH(1) et ARHD(]) sur des données
physiologiques. Ann. ISUP. 48(3), 29-38.

Mas A 2002 Weak convergence for the covariance operators of a Hilbertian linear process.
Stochastic Process. Appl. 99(1), 117-35.

Mas A and Pumo B 2007 The ARHD model. J. Statist. Plann. Inference 137(2), 538-53.

Masry E 1983 Probability density estimation from sampled data. IEEE Trans. Inform. Theory
29(5), 696-709.

Merlevede F 1996 Processus linéaires Hilbertiens: inversibilité, théorémes limites. PhD
thesis, Université Paris 6.

Merlevede F, Peligrad M and Utev S 1997 Sharp conditions for the CLT of linear processes in a
Hilbert space. J. Theor. Probab. 10(3), 681-93.

Mourid T 1995 Contribution a la statistique des processus autorégressifs a temps continu. PhD
thesis, Université Paris 6.



BIBLIOGRAPHY 305

Nadaraja EA 1964 On a regression estimate. Teor. Verojatnost. i Primenen. 9, 157-9.

Neveu J 1972 Martingales a temps discret. Masson, Paris.

Neyman J 1937 ‘Smooth test’ for goodness of fit. Skand. Aktuarie Tidskv. 20, 149-99.

Nguyen HT 1979 Density estimation in a continuous-time stationary Markov process. Ann.
Statist. 7(2), 341-8.

Nguyen HT and Pham TD 1980 Sur I’ utilisation du temps local en statistique des processus. C.
R. Acad. Sci. Paris Sér. A Marh. 290(3), 165-8.

Nikitin Y 1995 Asymptotic efficiency of nonparametric tests. Cambridge University Press,
Cambridge.

Parzen E 1962 On estimation of probability density function and mode. Annals Math. Statist.
33, 1065-76.

Pearson K 1900 On the criterion that a given system of deviations from the probable in the case
of a correlated system of variables is such that it can be reasonably supposed to have arisen
from random sampling. Philos. Mag. Ser. 50, 157-175.

Pinelis IF and Sakhanenko I 1985 Remarks on inequalities for probabilities of large deviations.
Theor. Probab. Appl. 30(1), 143-8.

Prakasa Rao BLS 1990 Nonparametric density estimation for stochastic process from sampled
data. Publ. Inst. Stat. Univ. Paris 35(3), 51-83.

Pumo B 1992 Estimation et prévision de processus autorégressifs fonctionnels. Application
aux processus a temps continu. PhD thesis, Université Paris 6.

Pumo B 1999 Prediction of continuous time processes by C[0, 1]-valued autoregressive
processes. Stat. Inference Stoch. Process. 1(3), 1-13.

Qian Z and Zheng W 2004 A representation formula for transition probability densities of
diffusions and applications. Stochastic Process. Appl. 111(1), 57-76.

Qian Z, Russo F and Zheng W 2003 Comparison theorem and estimates for transition
probability densities of diffusion processes. Probab. Theory Rel. Fields 127(3),
388-406.

R Development Core Team 2006 R: a language and environment for statistical computing R
Foundation for Statistical Computing, Vienna, Austria. ISBN 3-900051-07-0.

Rao MM 1984 Probability theory with applications. Academic Press, Orlando.

Rhomari N 1994 Filtrage non paramétrique pour les processus non Marhoviens. Applications.
PhD thesis, Université Paris 6.

Riesz F and Nagy B 1955 Lecons d’analyse fonctionnelle. Gauthier-Villars, Paris.

Rio E 1995 The functional law of the iterated logarithm for stationary strongly mixing
sequences. Ann. Probab. 23(3), 1188-1209.

Rio E 2000 Théorie asymptotique des processus aléatoires faiblements dépendants. Math-
ématiques et applications, 31. Springer-Verlag.

Robbins E and Siegmund D 1971 A convergence theorem for nonnegative almost supermartin-
gales and some applications. Academic Press, New York pp. 233-57.

Rosenblatt M 1956 Remarks on some nonparametric estimates of a density function. Ann.
Math. Statist. 27, 832-7.

Rosenblatt M 2000 Gaussian and non-Gaussian linear time series and random fields. Springer
series in statistics. Springer-Verlag, New York.



306 BIBLIOGRAPHY

Roussas GG 1972 Contiguity of probability measures: some applications in statistics.
Cambridge tracts in mathematics and mathematical physics, 63. Cambridge University
Press, London.

Sazonov VV 1968a On w? criterion. Sankhya Ser. A 30, 205-10.

Sazonov VV 1968b On the multi-dimensional central limit theorem. Sankhya Ser. A 30,
181-204.

Serot I 2002 Temps local et densités d’occupation: panorama. Ann. ISUP 46(3), 21-41.

Silverman BW 1986 Density estimation for statistics and data analysis. Monographs on
statistics and applied probability. Chapman and Hall, London.

Silverman BW and Jones MC 1989 E. Fix and J. L. Hodges (1951): an important contribution
to nonparametric discriminant analysis and density estimation. Int. Stat. Rev. 57(3) 233-
47.

Skold M 2001 The asymptotic variance of the continuous-time kernel estimator with
applications to bandwidth selection. Stat. Inference Stoch. Process. 4(1), 99-117.

Skold M and Hdssjer O 1999 On the asymptotic variance of the continuous-time kernel density
estimator. Statist. Probab. Letters 44(1), 97-106.

Sobczyk K 1991 Stochastic differential equations, with applications to physics and engineer-
ing. Kluwer Academic Publishers, Dordrecht.

Stein ML 1988 An application of the theory of equivalence gaussian measures to a prediction
problem. IEEE Trans. Inform. Theory 34(3), 580-2.

Stute W 1984 The oscillation behavior of empirical processes: the multivariate case. Ann.
Probab. 12(2), 361-79.

Takeuchi K and Akahira M 1975 Characterization of prediction sufficiency (adequacy) in
terms of risk functions. Ann. Statist. 3(4), 1018-24.

Torgersen EN 1977 Prediction sufficiency when the loss function does not depend on the
unknown parameter. Ann. Statist. 5(1), 155-63.

Tsai H and Chan KS 2000 A note on the covariance structure of a continuous-time process.
Statist. Sinica 10, 989-98.

Tusnady G 1973 An asymptotically efficient test for fitting a distribution. Period.
Math. Hungar. 3, 157-65. Collection of articles dedicated to the memory of Alfréd
Rényi, 1L

Vakhania NN, Tarieladze VI and Chobanyan SA 1987 Probability distributions on Banach
spaces. Reidel, Dordrecht.

Valderrama M, Ocafia FA and Aguilera AM 2002 Forecasting PC-ARIMA models
for functional data. In COMPSTAT 2002 (Berlin). Physica-Verlag, Heidelberg pp. 25—
36.

van Zanten JH 2000 Uniform convergence of curve estimators for ergodic diffusion processes.
Technical report PNA-R0006, Centrum voor Wiskunde en Informatica.

Veretennikov AY 1987 Bounds for the mixing rate in the theory of stochastic equations. Theory
Probab. Appl. 32(2), 273-81.

Veretennikov AY 1999 On Castellana-Leadbetter’s condition for diffusion density estimation.
Stat. Inference Stoch. Process. 2(1), 1-9.

Viennet G 1997 Inequalities for absolutely regular sequences: application to density estima-
tion. Probab. Theory Rel. Fields 107(4), 467-92.



BIBLIOGRAPHY 307

Watson GS 1964 Smooth regression analysis. Sankhya Ser. A. 26, 359-72.

Wentzel AD 1975 Stochastic processes in russian edn. Nauka, Moscow.

Wu B 1997 Kernel density estimation under weak dependence with sampled data. J. Statist.
Plann. Inference. 61(1), 141-54.

Yatracos YG 1992 On prediction and mean-square error. Canad. J. Statist. 20(2), 187-200.





