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Introduction

The purpose of the present work is to investigate inference and statistical prediction

when the data and (or) the unknown parameter have large or infinite dimension.

The data in question may be curves, possibly interpolated from discrete

observations, or sequences associated with a large number of items.

The parameters are functions (distribution function, density, regression, spectral

density, . . .) or operators (covariance or correlation operators, . . .).
Grenander’s well-known book ‘Abstract Inference’ was devoted to such topics.

However our aim is rather different: whereas Grenander studies a maximum likeli-

hood-type method (the ‘sieves’), we must often use nonparametric instruments.

More precisely we focus on adaptive projection and kernels methods and, since

prediction is our main goal, we study these methods for correlated data.

Statistical prediction theory

In the first part we provide some elements of statistical prediction theory.

A priori a prediction problem is similar to an estimation problem since it deals

with ‘approximation’ of a nonobserved random variable by using an observed one.

Despite this analogy, prediction theory is rarely developed from a statistical point of

view.

In Chapter 1 we study properties of the prediction model: sufficient statistics

for prediction, unbiased predictors, Rao–Blackwell Theorem and optimality,

Cramér-Rao type inequalities, efficiency and extended exponential model, and

extensions to function spaces. Various applications to prediction of discrete or

continuous time processes are given.

Chapter 2 deals with asymptotics. We present the Blackwell algorithm for

prediction of 0-1 sequences; and results concerning pointwise convergence and

limit in distribution for predictors associated with estimators of the unknown

parameter. In addition we briefly present prediction for small and large time

lags.
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Inference by projection

The second part considers statistical models dependent on an infinite-dimensional

functional parameter, say ’. The main assumption is that ’ is the limit of a sequence

ð’kÞ of finite-dimensional parameters that are the expectation of known functions of

data. This is the case for density, spectral density and covariance operators, among

others.

For this type of parameter one may construct genuine estimators using empirical

means, the main problem being to determine a suitable truncation index kn which

depends on the size n of the sample.

In a Hilbertian context these estimators may be interpreted as ‘projection

estimators’. Now, the choice of kn depends on the norm of jj’� ’kjj, k � 1.

Since this norm is, in general, unknown, we study the behaviour of an adaptive

version of the projection estimator. It can be shown that this estimator reaches a

parametric rate on a subclass dense in the parameter space and the optimal rate, up

to a logarithm, elsewhere (Chapter 3).

Chapter 4 is devoted to tests of fit based on projection estimators. If the

functional parameter is density, these tests appear as extensions of the X 2-test, the

latter being associated with a histogram. Various properties of these functional

tests are considered: asymptotic level and power under local hypotheses,

asymptotic efficiency with respect to the Neyman–Pearson test, and Bahadur

efficiency.

Finally, Chapter 5 deals with a class of nonparametric predictors based on

regression projection estimators. The general framework of the study allows

application of the results to approximation of the conditional distribution of the

future, given the past. As an application we construct prediction intervals.

Inference by kernels

Part three deals with the popular kernel method. This consists of regularization of

the empirical measure by convolution.

Chapter 6 presents the method in a discrete time context. Since our final goal is

prediction we concentrate on the case where data are correlated. Optimal rates of

convergence for density and regression estimators are given, with application to

prediction of Markov and more general processes.

Continuous time is considered in Chapter 7. On one hand, one may obtain

optimal (minimax) rates similar to those of the discrete case; on the other hand,

irregularity of sample paths provides additional information which leads to

‘superoptimal’ rates. This phenomenon occurs if, for example, one observes a

stationary diffusion process. In a multidimensional context the situation is rather

intricate and various rates may appear, in particular for multidimensional

Gaussian or diffusion processes. Finally, if regularity of sample paths is

unknown, it is possible to construct adaptive estimators that reach optimal

rates, up to a logarithm.
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Now, in practice, observation of a continuous time process with irregular sample

path is somewhat difficult. Thus, in general, the Statistician works with sampled

data. Chapter 8 examines that situation. We especially investigate high rate

sampling. We show that, for density estimation, there exists an optimal sampling

rate which depends on regularity and dimension of sample paths. Various simula-

tions confirm the theoretical results. Analogous results are obtained for regression

estimation.

Local time

In this part, we consider the special case where the empirical measure of a

continuous time process has a density with respect to Lebesgue measure. This

‘empirical density’ (or ‘local time’) does exist in many cases, in particular for real

stationary diffusion processes. It defines an unbiased density estimator, which

reaches the superoptimal rate and has various nice asymptotic properties. Moreover,

the projection and kernel density estimators are approximations of local time.

Linear processes in high dimensions

Let j ¼ ðjt; t 2 RÞ be a real continuous time process. One may cut j into pieces by

setting Xn ¼ ðjndþt; 0 � t � dÞ, n 2 Z (d > 0). So j may be interpreted as a

sequence of random variables with values in some function space. This representa-

tion is a motivation for studying discrete time processes in such a space.

In Chapter 10 we consider linear processes in Hilbert spaces. We use a definition

based on Wold decomposition which is more general than the classical one. Then,

having in mind statistical applications, we focus on autoregressive and moving

average processes in Hilbert spaces. Some extensions to Banach space are also

presented.

Finally, Chapter 11 deals with inference for functional linear processes.

Estimation of the mean is studied in detail. To estimate the covariance operator

of an autoregressive process we use the fact that the empirical covariance operator

is the empirical mean of as S-valued autoregressive process, where S denotes the

space of Hilbert–Schmidt operators. Empirical cross-covariance operators enjoy

similar properties. The above considerations lead to estimation of the autocorrela-

tion operator, allowing us to construct a suitable statistical predictor.

General comments

Prerequisites for this book are knowledge of probability based on measure theory, a

basic knowledge of stochastic processes, and classical theory of statistics. Some

reminders appear in the appendix.

A large number of results presented in this book are new or very recent. Some of

them are improvements of results that appear in Bosq (1998, 2000, 2005b).
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For the references we have had to make a difficult choice among thousands of

papers devoted to the various topics developed in this book.
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Part I

Statistical Prediction Theory
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1

Statistical prediction

1.1 Filtering

Filtering is searching information provided by observed events on nonobserved

events. These events are assumed to be associated with random experiments.

To describe such a problem, one may define a ?probability space? ðV;A;PÞ
and two sub-s-algebras of A, say B and C, respectively observed and non-

observed. ‘B-observed’ means that, for all B 2 B, the observer knows whether B

occurs or not. Information provided by B on C may be quantified by PB, the
?conditional probability? with respect to B. In general the statistician does not

know PB.

In the following, we are mainly interested in prediction (or forecasting). This

signifies that B is associated with the past and C with the future. In practice one tries

to predict a C-measurable ?random variable? Y from a B-measurable random

variable X.

If X is partly controllable, one can replace prediction by foresight, which

consists in preparing for the future by constructing scenarios and then by selecting

the most favourable option. It is then possible to make a plan for the future. We

refer to Kerstin (2003) for a discussion about these notions.

Predictions can also sometimes modify the future. For example the publication

of economic forecasts may change the behaviour of the economic agents involved

and, therefore, influences future data. This phenomenon is discussed in Armstrong

(2001), among others.
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In this book we don’t deal with this kind of problem, but we focus on statistical

prediction, that is, prediction of future from a time series (i.e. a family of data

indexed by time, see figure 1.1).1

1.2 Some examples

We now state some prediction problems. The following examples show that various

situations can arise.

Example 1.1 (The Blackwell’s problem)

The purpose is to predict occurrence or nonoccurrence of an event associated with

an experiment when n repetitions of this experiment are available. Let ðxn; n � 1Þ
be the sequence of results (xn ¼ 1 if the nth event occurs, ¼ 0 if not) and note by

pn ¼ pnðx1; . . . ; xnÞ any predictor of xnþ1. The problem is to choose a ‘good’ pn.

Note that the sequence ðxnÞ may be deterministic or random. ^

Example 1.2 (Forecasting a discrete time process)

Let ðXn; n � 1Þ be a real square integrable ?random process?. One observes

X ¼ ðX1; . . . ;XnÞ and intends to predict Y ¼ Xnþh ðh � 1Þ; h is called the

forecasting horizon.

1Provided by the NOAA-CIRES Climate Diagnostics Center: http://www.cdc.noaa.gov

Figure 1.1 Example of a time series.
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This scheme corresponds to many practical situations: prediction of tempera-

ture, unemployment rate, foreign exchange rate, . . . ^

Example 1.3 (Forecasting a continuous time process)

Let ðXt; t 2 RþÞ be a real square integrable ?continuous time random process?. One

wants to predict Y ¼ Xtþh (h > 0) from the observed piece of sample path

X ¼ ðXt; 0 � t � TÞ or X ¼ ðXt1 ; . . . ;XtnÞ.
The difference with the above discrete time scheme is the possibility of

considering small horizon forecasting (i.e. h ! 0ðþÞ).
Classical applications are: prediction of electricity consumption, evolution of

market prices during a day’s trading, prediction of the ?counting process?

associated with a ?point process?, . . . ^

Example 1.4 (Predicting curves)

If the data are curves one may interpret them as realizations of random variables with

values in a suitable function space. Example 1.3 can be rewritten in this new framework.

This kind of model appears to be useful when one wishes to predict the future

evolution of a quantity during a full time interval. For example, electricity consump-

tion for a whole day or variations of an electrocardiogram during one minute. ^

Example 1.5 (Prediction of functionals)

In the previous examples one may predict functionals linked with the future of the

observed process. For instance:

� The conditional density f X
Y or the conditional distribution PX

Y of Y given X.

� The next crossing at a given level, that is

Yx ¼ minft : t > n;Xt ¼ xg;

and, more generally, the next visit to a given Borel set,

YB ¼ minft : t > n;Xt 2 Bg:

Notice that the forecasting horizon is not defined for these visit questions.

� Finally it is interesting to construct prediction intervals of the form

PðY 2 ½aðXÞ; bðXÞ�Þ. ^

We now specify the prediction model, beginning with the real case.

1.3 The prediction model

Let ðV;A;Pu; u 2 QÞ be a statistical model, where A is the s-algebra of events on

V and ðPuÞ a family of probability measures on A indexed by the unknown
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parameter u. B ¼ sðXÞ is the observed ?s-algebra? and C the nonobserved one. X

takes its values in some ?measurable space? ðE0;B0Þ.
A priori one intends to predict a C-measurable real random variable Y .

Actually, for reasons that are specified below, we extend the problem by

considering prediction of gðX; Y ; uÞ 2
T

u2Q L2ðPuÞ, where g is known and Y

nonobserved.

If g only depends on Y we will say that one deals with pure prediction, if it

depends only on u it is an estimation problem; finally, if g is only a function of X the

topic is approximation (at least if g is difficult to compute!). The other cases are

mixed. So, prediction theory appears as an extension of estimation theory.

Now a statistical predictor of gðX; Y ; uÞ is a known real measurable function of

X, say pðXÞ. Note that the ?conditional expectation? EX
u;g is not in general a

statistical predictor. In the following we assume that pðXÞ 2
T

u2Q L2ðPuÞ, unless
otherwise stated.

In order to evaluate the accuracy of p one may use the quadratic prediction

error (QPE) defined as

Ruðp; gÞ ¼ EuðpðXÞ � gðX; Y ; uÞÞ2; u 2 Q:

This risk function induces the preference relation

p1 � p2 , Ruðp1; gÞ � Ruðp2; gÞ; u 2 Q: ð1:1Þ

If (1.1) is satisfied we will say that ‘the predictor p1 is preferable to the predictor p2

for predicting g’, and write p1 � p2 ðgÞ.
The QPE is popular and easy to handle, it has withstood the critics because it is

difficult to find a good substitute. However, some other preference relations will be

considered in Section 1.7 of this chapter.

Now, let PG be the class of statistical predictors p such that

pðXÞ 2 G ¼
T

u2Q Gu where Gu is some closed linear space of L2ðPuÞ, with
?orthogonal projector? Pu, u 2 Q. The following lemma shows that a prediction

problem is, in general, mixed.

Lemma 1.1 (Decomposition of the QPE)

If p 2 PG, its QPE has decomposition

Euðp � gÞ2 ¼ Euðp �PugÞ2 þ EuðPug � gÞ2; u 2 Q: ð1:2Þ

Hence, p1 � p2 for predicting g if and only if p1 � p2 for predicting Pug.

PROOF:

Decomposition (1.2) is a straightforward application of the Pythagoras theorem.
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Therefore

Euðp1 � gÞ2 � Euðp2 � gÞ2 , Euðp1 �PugÞ2 � Euðp2 �PugÞ2; u 2 Q:

&

Lemma 1.1 is simple but crucial: one must focus on the statistical prediction

error Euðp �PugÞ2, since the probabilistic prediction error EuðPug � gÞ2 is not

controllable by the statistician.

Thus, predicting gðX; Y ; uÞ or predicting PugðX; Y; uÞ is the same activity. In

particular, to predict Y is equivalent to predicting PuY ; this shows that a

nondegenerated prediction problem is mixed.

Example 1.6
Suppose that X1; . . . ;Xn are observed temperatures. One wants to know if Xnþ1 is

going to exceed some threshold u; then g ¼ 1Xnþ1>u and the problem is mixed. ^

Let us now give some classical examples of spaces G.

Example 1.7
If G ¼

T
u2Q L2ðV;B;PuÞ, then Pu is the conditional expectation given B. ^

Example 1.8
Suppose that X ¼ ðX1; . . . ;XnÞ where Xi 2 L2ðPuÞ, 1 � i � n and G ¼ sp

f1;X1; . . . ;Xng does not depend on u. Then Pug is the affine regression of g on X.^

Example 1.9
If X ¼ ðX1; . . . ;XnÞ with Xi 2 L2kðPuÞ, 1 � i � n, ðk � 1Þ and G ¼
spf1;Xi; . . . ;Xk

i ; 1 � i � ng does not depend on u. Then Pug is a polynomial

regression:

PugðX1; . . . ;XnÞ ¼ a0 þ
Xn

i¼1

Xk

j¼1

bjiX
j
i ;

where a0 and ðbjiÞ only depend on u. ^

1.4 P-sufficient statistics

As in estimation theory, sufficient statistics play a significant role in prediction. The

definition is more restrictive.
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Definition 1.1
A statistic SðXÞ is said to be sufficient for predicting gðX; Y; uÞ (or P-sufficient) if

(i) SðXÞ is sufficient in the usual sense, i.e. the conditional distribution P
SðXÞ
X of

X with respect to SðXÞ does not depend on u.

(ii)For all u, X and gðX; Y ; uÞ are ?conditionally independent? given SðXÞ.

Condition (ii) means that

P
SðXÞ
u ðX 2 B; g 2 CÞ ¼ P

SðXÞ
u ðX 2 BÞPSðXÞ

u ðg 2 CÞ;
u 2 Q;B 2 BR;C 2 BR:

Note that, if gðX; Y ; uÞ ¼ gðSðXÞ; uÞ, (ii) is automatically satisfied. Moreover

one may show (see Ash and Gardner 1975, p. 188) that (ii) is equivalent to

(ii) 0PX
u;g ¼ P

SðXÞ
u;g ; u 2 Q:

We now give a statement which connects sufficiency and P-sufficiency.

Theorem 1.1
Suppose that ðX; YÞ has a strictly positive density fuðx; yÞ with respect to a
?s-finite? measure m� n. Then

(a) If SðXÞ is P-sufficient for predicting Y, ðSðXÞ; YÞ is sufficient in the statistical

model associated with ðX; YÞ.

(b) Conversely if fuðx; yÞ ¼ huðSðxÞ; yÞcðxÞdðyÞ, then SðXÞ is P-sufficient for

predicting Y.

PROOF:

(a) Consider the decomposition

fuðx; yÞ ¼ fuðxÞfuðyjxÞ;

where fuð�Þ is the density of X and fuð�j�Þ the conditional density of Y given X ¼ �. If
SðXÞ is P-sufficient, the factorization theorem (see Lehmann and Casella 1998,

p. 35) yields fu ¼ ’uðSðxÞÞcðxÞ, where c does not depend on u.

Now (ii)0 entails fuðyjxÞ ¼ guðyjSðxÞÞ where guð�j�Þ is the conditional density of

Y given SðXÞ ¼ �.
Finally fuðx; yÞ ¼ ’uðSðxÞÞguðyjSðxÞÞcðxÞ and the factorization theorem gives

sufficiency of ðSðXÞ; YÞ in the model associated with ðX; YÞ.

(b)Conversely, the relation

fuðx; yÞ ¼ huðSðxÞ; yÞcðxÞdðyÞ
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may be replaced by fuðx; yÞ ¼ huðSðxÞ; yÞ by substituting m and n for c � m and d � n
respectively.

This implies

fuðxÞ ¼
Z

huðSðxÞ; yÞdnðyÞ :¼ HuðSðxÞÞ;

thus, SðXÞ is sufficient, and since

fuðyjxÞ ¼
huðSðxÞ; yÞ
HuðSðxÞÞ

;

(ii)0 holds, hence SðXÞ is P-sufficient. &

We now give some examples and counterexamples concerning P-sufficiency.

Example 1.10
Let X1; . . . ;Xnþ1 be independent random variables with common density ue�ux1x>0

ðu > 0Þ. Set X ¼ ðX1; . . . ;XnÞ and Y ¼ Xnþ1 � Xn. Then
Pn

i¼1 Xi is sufficient for X

but ð
Pn

i¼1 Xi; YÞ is not sufficient for ðX; YÞ.
This shows that, in Theorem 1.1 (a), P-sufficiency of SðXÞ cannot be replaced by

sufficiency. ^

Example 1.11
Let X ¼ ðX1;X2Þ and Y be such that the density of ðX; YÞ is

fuðx1; x2; yÞ ¼ u3=2e�uðx1þyÞe�
p2

4
x2
2
y1x1>0; x2>0;y>0; ðu > 0Þ:

Then ðX1; YÞ is sufficient in the model ðX; YÞ but X1 is not sufficient in the model

ðX1;X2Þ.
This shows that, in Theorem 1.1 (b), the result is not valid if the special form

fuðx; yÞ ¼ huðSðxÞ; yÞcðxÞdðyÞ does not hold. ^

Example 1.12 (discrete time Gaussian process)

Let ðXi; i � 1Þ be a ?Gaussian process?, where Xi ¼
d Nðu; 1Þ, i � 1 ðu 2 RÞ.

Suppose that the covariance matrix Cn of X ¼ ðX1; . . . ;XnÞ is known and invertible

for each n, and set

Cnþ1 ¼
Cn gnþ1

gnþ1 1

� �
:
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Then, in order to predict Y ¼ Xnþ1, the statistic

ðC�1
n unX;C�1

n gnþ1XÞ;

where un ¼ ð1; . . . ; 1Þ0, is P-sufficient. The statistic C�1
n unX is sufficient but not

P-sufficient. ^

Example 1.13 (Poisson process)

Let N ¼ ðNt; t � 0Þ be a homogeneous ?Poisson process? with intensity l, and

observed over ½0; T �. Then NT is sufficient. Now, since N is a ?Markov process? the

s-algebras sðNs; s � TÞ and sðNs; s > TÞ are independent given NT . Hence NT is

P-sufficient for predicting NTþh ðh > 0Þ. ^

Example 1.14 (Ornstein–Uhlenbeck process)

Consider an ?Ornstein–Uhlenbeck process? (OU) defined as

Xt ¼
Z t

�1
e�uðt�sÞdWðsÞ; t 2 R; ðu > 0Þ;

where W ¼ ðWt; t 2 RÞ is a ?standard bilateral Wiener process? and the integral is

taken in ?Ito? sense. ðXtÞ is a zero-mean stationary Gaussian Markov process. Here

the observed variable is XðTÞ ¼ ðXt; 0 � t � TÞ.
The likelihood of XðTÞ with respect to the distribution of WðTÞ ¼ ðWt; 0 � t � TÞ

in the space Cð½0; T �Þ of continuous real functions defined on ½0; T � with uniform

norm is

LðXðTÞ; uÞ ¼ exp � u

2
ðX2

T � X2
0 � TÞ � u2

2

Z T

0

X2
t dt

� �
; ð1:3Þ

(See Liptser and Shiraev 2001). Then, the factorization theorem yields sufficiency

of the statistics ðX2
0 ;X2

T ;
R T

0
X2

t dtÞ. Consequently ZT ¼ ðX0;XT ;
R T

0
X2

t dtÞ is also

sufficient.

Now, since ðXtÞ is Markovian, we have

sðXðTÞÞ ?? sðXTþhÞjsðXTÞ;

then

PZT

u;XTþh
¼ PXT

u;XTþh
¼ P

XðTÞ
u;XTþh

hence (ii)0 holds and ZT is P-sufficient for predicting XTþh. ^

The next statement shows that one may use P-sufficient statistics to improve a

predictor. It is a Rao–Blackwell type theorem (See Lehmann 1991, p. 47).
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Theorem 1.2 (Rao–Blackwell theorem)

Let SðXÞ be a P-sufficient statistic for gðX; Y ; uÞ and pðXÞ a statistical predictor of

g. Then ESðXÞpðXÞ is preferable to pðXÞ for predicting g.

PROOF:

P
SðXÞ
u;X does not depend on u, thus qðXÞ ¼ ESðXÞpðXÞ is again a statistical predictor.

Furthermore

Euðp � gÞ2 ¼ Euðp � qÞ2 þ Euðq � gÞ2 þ 2Euððp � qÞðq � gÞÞ: ð1:4Þ

Now, by definition of conditional expectation Euððp � qÞqÞ ¼ 0 and, from condition

(ii) in Definition 1.1,

Eu½ðp � qÞg� ¼ Eu½Es
uðp � qÞg� ¼ Es

uðp � qÞEs
uðgÞ ¼ 0

since Es
uðpÞ ¼ q; thus (1.4) gives Euðp � gÞ2 � Euðq � gÞ2. &

Note that, if (ii) does not hold, the result remains valid provided Eu½ðp � qÞg� ¼
0, u 2 Q.

Finally it is noteworthy that, if SðXÞ is P-sufficient to predict g it is also

P-sufficient to predict E
SðXÞ
u ðgÞð¼ EX

u ðgÞÞ; actually this conditional expectation is a

function of SðXÞ, hence X ?? E
SðXÞ
u ðgÞjSðXÞ.

1.5 Optimal predictors

A statistical predictor pO is said to be optimal in the family P of predictors of g if

pO � p; p 2 P

that is

EuðpO � gÞ2 � Euðp � gÞ2; u 2 Q; p 2 P:

Notice that, in the family of all square integrable predictors, such a predictor

does not exist as soon as EX
u ðgÞ is not constant in u. Indeed, p1ðXÞ ¼ EX

u1
ðgÞ is

optimal at u1 when p2ðXÞ ¼ EX
u2
ðgÞ is optimal at u2 which is impossible if

Eui
ðEX

u1
ðgÞ � EX

u2
ðgÞÞ2 6¼ 0; i ¼ 1; 2.

Thus, in order ro construct an optimal predictor, it is necessary to restrict P. For
example one may consider only unbiased predictors.

Definition 1.2
A predictor pðXÞ of gðX; Y; uÞ is said to be unbiased if

EuðpðXÞÞ ¼ EuðgðX; Y ; uÞÞ; u 2 Q: ð1:5Þ

Condition (1.5) means that p is an unbiased estimator of the parameter EuðgÞ.
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Example 1.15 (Autoregressive process of order 1)

Consider an autoregressive process of order 1 (AR(1)) defined as

Xn ¼
X1
j¼0

uj"n�j; n 2 Z ð1:6Þ

where ð"n; n 2 ZÞ is strong white noise (i.e. a sequence of i.i.d. random variables

such that 0 < E"2n ¼ s2 < 1 and E"n ¼ 0) and 0 < juj < 1. The series converges

in mean square and almost surely.

From (1.6) it follows that

Xn ¼ uXn�1 þ "n; n 2 Z;

then

E
sðXi;i�nÞ
u;s2 ðXnþ1Þ ¼ uXn:

For convenience we suppose that s2 ¼ 1� u2, hence Eu;s2ðX2
nÞ ¼ 1. Now a natural

unbiased estimator of u, based on X1; . . . ;Xn (n > 1) is

ûn ¼ 1

n � 1

Xn�1

i¼1

XiXiþ1;

hence a predictor of Xnþ1 is defined as

X̂nþ1 ¼ ûnXn:

Now we have

EuðX̂nþ1Þ ¼ u2
1� un�1

ð1� uÞðn � 1ÞEuðX3
0Þ;

thus X̂nþ1 is unbiased if and only if (iff)

EuðX3
0Þ ¼ 0; 0 < juj < 1: ^

We now give an extension of the classical Lehmann–Scheffé theorem (see Lehmann

1991, p. 88).

First recall that a statistic S is said to be complete if

EuðUÞ ¼ 0; u 2 Q and U ¼ ’ðSÞ ) U ¼ 0;Pu a:s: for all u:

Theorem 1.3 (Lehmann–Scheffé theorem)

If S is a complete P-sufficient statistic for g and p is an unbiased predictor of g, then

ESðpÞ is the unique optimal unbiased predictor of g (Pu a.s. for all u).
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PROOF:

From Theorem 1.2 any optimal unbiased predictor of g is a function of S. Thus ESðpÞ
is a candidate since Eu½ESp� ¼ EuðpÞ ¼ g. But completeness of S entails uniqueness

of an unbiased predictor of g as a function of S, hence ESðpÞ is optimal. &

Example 1.13 (continued)

NT is a complete P-sufficient statistic for NTþh, the consequently unbiased predictor

pðNTÞ ¼
T þ h

T
NT

is optimal for predicting NTþh. Its quadratic error is

ElðpðNTÞ � NTþhÞ2 ¼ lh 1þ h

T

� �
:

It is also optimal unbiased for predicting

ENT

l ðNTþhÞ ¼ lh þ NT

with quadratic error

ElðpðNTÞ � ENT

l ðNTþhÞÞ2 ¼
lh2

T
: ^

The following statement gives a condition for optimality of an unbiased predictor.

Theorem 1.4
Set U ¼ fUðXÞ : EuU

2ðXÞ < 1;EuUðXÞ ¼ 0; u 2 Qg. Then an unbiased predictor

p of g is optimal iff

Eu½ðp � gÞU� ¼ 0;U 2 U; u 2 Q: ð1:7Þ

PROOF:

If p is optimal, we set

q ¼ p þ aU;U 2 U;a 2 R;

then

Euðp þ aU � gÞ2 � Euðp � gÞ2;

therefore

a2EuU
2 þ 2aEuððp � gÞUÞ � 0;U 2 U;a 2 R

which is possible only if (1.7) holds.
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Conversely, if p satisfies (1.7) and p0 denotes another unbiased predictor, then

p0 � p 2 U, therefore

Eu½ðp � gÞðp0 � pÞ� ¼ 0;

which implies

Eu½ðp0 � gÞ2 � ðp � gÞ2� ¼ Euðp02 � p2Þ � 2Eu½ðp0 � pÞg�
¼ Euðp02 � p2Þ � 2Eu½ðp0 � pÞp�
¼ Euðp0 � pÞ2 � 0;

thus p is preferable to p0. &

Note that such a predictor is unique. Actually, if p0 is another optimal unbiased

predictor, (1.7) yields

Euððp0 � pÞUÞ ¼ 0;U 2 U; u 2 Q

which shows that p0 � p is an optimal unbiased predictor of 0. But 0 is an optimal

unbiased predictor of 0, with quadratic error 0, thus Euðp0 � pÞ2 ¼ 0, u 2 Q hence

p0 ¼ p, Pu a.s. for all u.

Now, since an unbiased predictor of g is an unbiased estimator of Eug, it is

natural to ask whether the best unbiased estimator (BUE) of Eug and the best

unbiased predictor (BUP) of g coincide or not.

The next theorem gives an answer to this question.

Theorem 1.5
The BUE of Eug and the BUP of g coincide iff

EuðgUÞ ¼ 0;U 2 U; u 2 Q: ð1:8Þ

PROOF:

First suppose that (1.8) holds. If p is the BUE of Eug, it is also the BUP of Eug, then

Theorem 1.4 implies that, for all U 2 U and all u 2 Q, we have

Euððp � EugÞUÞ ¼ 0; ð1:9Þ

therefore EuðpUÞ ¼ 0, and from (1.8) it follows that

Eu½ðp � gÞU� ¼ 0

then (1.7) holds and p is the BUP of g.
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Conversely a BUP of g satisfies (1.7), and, if it coincides with the BUE of Eug,

(1.9) holds. Finally, (1.7) and (1.9) give (1.8). &

Note that, if Eug ¼ 0, u 2 Q, the BUE of Eug is p ¼ 0. Thus 0 is the BUP of g if and

only if (1.8) holds. For example, if g is zero-mean and independent of X, 0 is the

BUP of g and its quadratic error is Eug
2.

Example 1.13 (continued)

If X ¼ NT is observed we have U ¼ f0g, hence pðNTÞ ¼ NTðT þ hÞ=T is the BUP

of NTþh and the BUE of ElðNTþhÞ ¼ lðT þ hÞ. ^

We now indicate a method that allows us to construct a BUP in some special cases.

Theorem 1.6
If g is such that

EX
u ðgÞ ¼ fðXÞ þ cðuÞ; u 2 Q

where f 2 L2ðPu;xÞ and c are known, and if sðXÞ is the BUE of cðuÞ; then

pðXÞ ¼ fðXÞ þ sðXÞ
is the BUP of g.

PROOF:

First note that Euðp � EugÞ2 ¼ Euðs � cðuÞÞ2. Now, let q be another unbiased

predictor of g, then q � f is an unbiased estimator of cðuÞ, hence

Euðq � f� cðuÞÞ2 � Euðs � cðuÞÞ2

that is

Euðq � EX
u ðgÞÞ

2 � Euðp � EX
u ðgÞÞ

2

thus, p � q, for predicting EX
u ðgÞ and, from Lemma 1.1, it follows that p � q for

predicting g. &

Example 1.10 (continued)

Here we have EX
u ðYÞ ¼ u � Xn and, by the Lehmann–Scheffé theorem, �Xn is the

BUE of u. Thus Theorem 1.6 shows that pðXÞ ¼ �Xn � Xn is the BUP of Y . ^

Example 1.16 (Semi-martingales)

Let ðXt; t 2 RþÞ be a real square integrable process and mðu; tÞ a deterministic

function, such that

Yt ¼ Xt þ mðu; tÞ; t 2 Rþðu 2 Q 	 RÞ
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is a martingale with respect to F t ¼ sðXs; 0 � s � tÞ, t 2 Rþ, i.e.

EF s

u ðYtÞ ¼ Ys; 0 � s � t; u 2 Q:

In order to predict XTþh (h > 0) given the data XðTÞ ¼ ðXt; 0 � t � TÞ we write

E
XðTÞ
u ðXTþhÞ ¼ EF T

u ðYTþh � mðu; T þ hÞÞ
¼ XT þ ½mðu; TÞ � mðu; T þ hÞ�;

and it is possible to apply Theorem 1.6 if cðuÞ ¼ mðu; TÞ � mðu; T þ hÞ possesses a
BUE.

In particular if ðXtÞ has ?independent increments? then ðXt � EuðXtÞÞ becomes a

martingale with mðu; tÞ ¼ �EuðXtÞ.
A typical example is again the Poisson process: ðNtÞ has independent incre-

ments, then ðNt � ltÞ is a martingale and ENT

l ¼ NT þ lh; applying Theorem 1.6

one again obtains that

NT þ NT

T
h ¼ T þ h

T
NT

is the BUP of NTþh. ^

The next lemma shows that existence of unbiased predictors does not imply

existence of a BUP.

Lemma 1.2
Let (Xt; t 2 IÞðI ¼ Z or RÞ be a square integrable, zero-mean real Markov process

with

EF T

u ðXTþhÞ ¼ ’Tðu;XTÞ; u 2 Q;

where F T ¼ sðXs; s � TÞ.
Suppose that

(i) Eu0 ½’Tðu;XTÞ� ¼ 0; u 2 Q; u0 2 Q,

(ii) there exist u1 and u2 in Q such that Pu1;XT
and Pu2;XT

are *equivalent* and

Pu1 ½’Tðu1;XTÞ 6¼ ’Tðu2;XTÞ� > 0:

Then, the class of unbiased predictors of XTþh, given X ¼ ðXt; 0 � t � TÞ does not

contain a BUP.
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PROOF:

Consider the statistical predictor p1ðXÞ ¼ ’Tðu1;XTÞ; from (i) it follows that it is

unbiased, and a BUP pO must satisfy

pOðXÞ ¼ p1ðXÞPu1 a:s: ð1:10Þ

Similarly, if p2ðXÞ ¼ ’Tðu2;XTÞ, we have

pOðXÞ ¼ p2ðXÞPu2 a:s: ð1:11Þ

and (ii) shows that (1.10) and (1.11) are incompatible. &

Example 1.14 (continued)

For the OU process, XT ¼
d Nð0; 1=2uÞ and EF T

u ðXTþhÞ ¼ e�uhXT , then (i) and (ii)

hold and there is no BUP. ^

Example 1.15 (continued)

If ð"nÞ is Gaussian, Xn ¼
d Nð0; 1Þ, and, since EF T

u ðXTþ1Þ ¼ uXT , no BUP may exist.

In particular X̂Tþ1 is not BUP. ^

1.6 Efficient predictors

Under regularity conditions it is easy to obtain a Cramér–Rao type inequality for

unbiased predictors. More precisely we consider the following assumptions:

Assumptions 1.1 (A1.1)
Q 	 R is an open set, the model associated with X is dominated by a s-finite

measure m, the density f ðx; uÞ of X is such that fx : f ðx; uÞ > 0g does not depend on

u, @f ðx; uÞ=@u does exist. Finally the Fisher information

IXðuÞ ¼ Eu
@

@u
ln f ðX; uÞ

� �2

satisfies 0 < IXðuÞ < 1, u 2 Q.

Theorem 1.7 (Cramér–Rao inequality)

If A1.1 holds, p is an unbiased predictor, and the equalityZ
pðxÞf ðx; uÞdmðxÞ ¼ EuðgðX; Y ; uÞÞ

can be differentiated under the integral sign, then

Euðp � gÞ2 � Euðg � EX
u gÞ2 þ

½g 0ðuÞ � EuðEX
u ðgÞ @

@u
ln f ðX; uÞÞ�2

IXðuÞ
; ð1:12Þ

where gðuÞ ¼ EugðX; Y ; uÞ.
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PROOF:

Clearly it suffices to show that Euðp � EX
u gÞ2 is greater than or equal to the second

term in the right hand side of (1.12).

Now the ?Cauchy–Schwarz? inequality yields

Cov p � EX
u g;

@

@u
ln f

� �
� ½Euðp � EX

u gÞ2�1=2½IXðuÞ�1=2

moreover

Cov p � EX
u g;

@

@u
ln f

� �
¼ Eu p

@

@u
ln f

� �
� Eu EX

u ðgÞ
@

@u
ln f

� �

¼ g 0ðuÞ � Eu EX
u ðgÞ

@

@u
ln f

� �
;

hence (1.12). &

The next statement gives an inequality very similar to the classical Cramér–Rao

inequality.

Corollary 1.1
If, in addition, the equality

gðuÞ ¼
Z

EX¼x
u ðgÞf ðx; uÞdmðxÞ ð1:13Þ

is differentiable under the integral sign, then

EuðpðXÞ � EX
u ðgÞÞ

2 �
Eu

@EX
u ðgÞ
@u

� �� �2
IXðuÞ

; u 2 Q: ð1:14Þ

PROOF:

Differentiating (1.13) one obtains

g 0ðuÞ ¼
Z

@

@u
ðEX¼x

u ðgÞÞf ðx; uÞdmðxÞ þ
Z

EX¼x
u ðgÞ @ ln f ðx; uÞ

@u
f ðx; uÞdmðxÞ

hence (1.14) from (1.12) where g is replaced by EX
u g. &

Of course, (1.12) and (1.14) reduce to the classical Cramér–Rao inequality (see

Lehmann 1991, p. 120) if g only depends on u. So we will say that p is efficient if

(1.12) is an equality. Note that p is efficient for predicting g if and only if it is

efficient for predicting EX
u ðgÞ.

We now give a result similar to Theorem 1.6.
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Theorem 1.8
Under A1.1 and conditions in Theorem 1.6, if s(X) is an efficient unbiased estimator

(EUE) of cðuÞ, then pðXÞ ¼ fðXÞ þ sðXÞ is an efficient unbiased predictor (EUP)

of g.

PROOF:

Efficiency of sðXÞ means that c is differentiable and

EuðsðxÞ � cðuÞÞ2 ¼ ½c0ðuÞ�2

IXðuÞ
; ð1:15Þ

now we have

EuðpðXÞÞ ¼ EuðEX
u gÞ ¼ gðuÞ ð1:16Þ

and

EuðpðXÞ � EX
u ðgÞÞ

2 ¼ EuðsðXÞ � cðuÞÞ2:

Noting that

@

@u
EuðfðXÞÞ ¼

@

@u

Z
fðxÞf ðx; uÞdmðxÞ

¼ Eu fðXÞ @ ln f ðX; uÞ
@u

� �

and

Eu cðuÞ @ ln f ðX; uÞ
@u

� �
¼ 0

we obtain

g 0ðuÞ � Eu EX
u ðgÞ

@ ln f ðX; uÞ
@u

� �
¼ c0ðuÞ

then, the lower bound in (1.12) is ½c0ðuÞ�2=IXðuÞ and efficiency of pðXÞ follows

from (1.15) and (1.16). &

Example 1.10 (continued)

It is easy to verify that �Xn � Xn is an efficient predictor of Xnþ1 � Xn. ^
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Example 1.17 (Signal with Gaussian noise)

Consider the process

Xt ¼ u

Z t

0

f ðsÞds þ Wt; t � 0

where u 2 R, f is a locally square integrable function such that
R t

0
f 2ðsÞds > 0 for

t > 0 and ðWtÞ is a standard Wiener process.

One can show (see Ibragimov and Hasminskii (1981)) that the maximum

likelihood estimator of u based on X ¼ ðXt; 0 � t � TÞ is

ûT ¼
R T

0
f ðtÞdXtR T

0
f 2ðtÞdt

¼ u þ
R T

0
f ðtÞdWtR T

0
f 2ðtÞdt

:

ûT is an EUE with variance
R T

0
f 2ðtÞdt

� ��1

.

Now, for h > 0, we have

EX
u ðXTþhÞ ¼ XT þ u

Z Tþh

T

f ðtÞdt :¼ fðXÞ þ cðuÞ:

Applying Theorem 1.8 we obtain the EUP

X̂Tþh ¼ XT þ
R T

0
f ðtÞdXtR T

0
f 2ðtÞdt

Z Tþh

T

f ðtÞdt

with quadratic error

EuðX̂Tþh � XTþhÞ2 ¼

R Tþh

T
f ðtÞdt

� �2
R T

0
f 2ðtÞdt

þ h: ^

The next example shows that A1.1 does not imply existence of an EUP.

Example 1.18
If X ¼ ðX1; . . . ;XnÞ¼

d Nðu; 1Þ�n ðu 2 RÞ and g ¼ uXn, the Cramér–Rao bound is

u2=n. Then an EUP pðXÞ must satisfy E0ðpðXÞ � 0Þ2 ¼ 0 hence pðXÞ ¼ 0 Pu a.s. for

all u, which is contradictory. ^

We now study conditions for existence of an EUP, beginning with a necessary

condition.
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Theorem 1.9 (Extended exponential model)

If A1.1 holds, @ ln f=@u and Euðð@ ln f=@uÞðp � EX
u gÞÞ=IXðuÞ are continuous in u

and if p is EUP for g with

EuðpðXÞ � EX
u gÞ2 > 0; u 2 Q

then

f ðx; uÞ ¼ expðAðuÞpðxÞ � Bðx; uÞ þ CðxÞÞ ð1:17Þ

where

@Bðx; uÞ
@u

¼ A0ðuÞEX
u ðgÞ: ð1:18Þ

PROOF:

If p is efficient for g, it is efficient for EX
u ðgÞ and the Cauchy–Schwarz inequality

becomes an equality. Hence @ ln f ðX; uÞ=@u and pðXÞ � EX
u ðgÞ are collinear, and

since they are not degenerate, this implies that

@ ln f ðX; uÞ
@u

¼ aðuÞðpðXÞ � EX
u ðgÞÞ ð1:19Þ

where

aðuÞ ¼ IXðuÞ

Eu
@ ln f

@u
ðp � EX

u gÞ
� � :

Using the continuity assumptions one may integrate (1.19) to obtain (1.17) and

(1.18). &

Note that decomposition (1.17) is not unique. Actually one may rewrite it under

the form

f ðx; uÞ ¼ expðAðuÞðpðxÞ þ hðxÞÞ � ½Bðx; uÞ þ AðuÞhðxÞ� þ CðxÞÞ

but the prediction problem is then different: pðXÞ þ hðXÞ is EUP for EX
u ðgÞ þ hðXÞ.

The next statement gives a converse of Theorem 1.9 in a canonical case.

Theorem 1.10
Consider the model

f ðx; uÞ ¼ expðupðxÞ � Bðx; uÞ þ CðxÞÞ; u 2 Q:
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If A1.1 holds and the equality
R

f ðx; uÞdmðxÞ ¼ 1 is twice differentiable under the

integral sign, then pðXÞ is an EUP of @BðX; uÞ=@u.

PROOF:

By differentiating
R

f ðx; uÞdmðxÞ ¼ 1 one obtainsZ
½pðxÞ � @B

@u
ðx; uÞ�f ðx; uÞdmðxÞ ¼ 0;

therefore

EupðXÞ ¼ Eu
@B

@u
ðX; uÞ

� �
:

Differentiating again leads to

Z
pðxÞ � @B

@u
ðx; uÞ

� �2
f ðx; uÞdmðxÞ ¼

Z
@2B

@u2
ðx; uÞf ðx; uÞ@mðxÞ;

that is

Eu pðXÞ � @B

@u
ðX; uÞ

� �2

¼ E
@2BðX; uÞ

@u2

� �
;

it is then easy to verify that Euð@2BðX; uÞ=@u2Þ is the Cramér–Rao bound: p is

EUP. &

Example 1.13 (continued)

Here the likelihood takes the form

f1ðNT ; lÞ ¼ expð�lT þ NT ln lþ cðNTÞÞ;

putting u ¼ ln l yields

f ðNT ; uÞ ¼ expðuNT � Teu þ cðNTÞÞ

hence NT is EUP for @ðTeuÞ=@u ¼ lT, thus ðNT=TÞh is EUP for lh. From Theorem

1.8 it follows that ðNT=TÞh þ NT is EUP for lh þ NT ¼ ENT

l ðNTþhÞ and for NTþh.^

Example 1.14 (continued)

Taking into account the form of the likelihood we set

pðXÞ ¼ T � X2
T þ X2

0

2
and BðX; uÞ ¼ u2

2

Z T

0

X2
t dt;

then, Theorem 1.10 gives efficiency of pðXÞ for predicting u
R T

0
X2

t dt.
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Taking u0 ¼ u2 as a new parameter, one obtains

f1ðX; u0Þ ¼ exp � u0

2

Z T

0

X2
t dt �

ffiffiffiffi
u0

p X2
T � X2

0 � T

2

� �
;

hence

� 1

2

Z T

0

X2
t dt

is efficient for predicting

1

2
ffiffiffiffi
u0

p X2
T � X2

0 � T

2
¼ 1

4u
ðX2

T � X2
0 � TÞ:

This means that the empirical moment of order 2,

1

T

Z T

0

X2
t dt

is efficient for predicting

1

2u
1� X2

T

T
þ X2

0

T

� �
:

It can be shown that it is not efficient for estimating EuðX2
0Þ ¼ 1=2u. In fact, its

variance is

1

2u3T
þ 1

4u2T2
ð1� e�2uTÞ

when the Cramér–Rao bound is 1=ð2u3TÞ.
Note that the above predicted variables are not natural conditional expectations.

Of course the genuine problem is to predict EF T

u ðXTþhÞ ¼ e�uhXT , but we have seen

in Section 1.5 that there is no BUP in that case. We will consider this question from

an asymptotic point of view in the next chapter. ^

Example 1.19 (Noncentered Ornstein–Uhlenbeck process)

Consider the process

Xt ¼ m þ
Z t

�1
e�uðt�sÞdWðsÞ; t 2 R ðu > 0;m 2 RÞ

where W is a standard bilateral Wiener process.
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Suppose that u is known and m is unknown, and consider the process

X0;t ¼
Z t

�1
e�uðt�sÞdWðsÞ; t 2 R:

On the space C½0; T� the likelihood of ðXt; 0 � t � TÞ with respect to

ðX0;t; 0 � t � TÞ has the form

f ðX;mÞ ¼ exp � um2

2
ð2þ uTÞ þ um X0 þ XT þ u

Z T

0

Xsds

� �� �
;

(see Grenander 1981), therefore u X0 þ XT þ u
R T

0
Xsds

� �
is EUE for umð2þ uTÞ

and

mT ¼ 1

ð2þ uTÞ X0 þ XT þ
Z T

0

Xsds

� �

is EUE for m.

Now EF T

u ðXTþhÞ ¼ e�uhðXT � mÞ þ m ¼ mð1� e�uhÞ þ e�uhXT n, and, from

Theorem 1.8 it follows that mTð1� e�uhÞ þ e�uhXT is EUP for EF T

u ðXTþhÞ and

for XTþh.

Finally, since u is known, the efficient predictor is

X̂Tþh ¼ e�uhXT þ 1� e�uh

2þ uT
X0 þ XT þ

Z T

0

Xsds

� �
:

^

Example 1.13 (continued)

Suppose that one wants to predict 1fNTþh¼0g. Then p ¼ ð�h=TÞNT is the unique

unbiased predictor function of NT . It is optimal but not efficient. Moreover the naive

predictor 1fNT¼0g is not unbiased but preferable to p.

Thus an optimal predictor is not always efficient and an unbiased optimal

predictor is not always a good predictor. ^

1.7 Loss functions and empirical predictors

The quadratic prediction error is not the single interesting risk function. Other

preference relations are also used in practice.

Another matter is optimality; it is sometimes convenient to use predictors that

are suboptimal but easy to compute and (or) robust.

In the current section we glance at various preference relations and some

empirical predictors.
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1.7.1 Loss function

A loss function L : R
 R ! R is a positive measurable function such that

Lða; aÞ ¼ 0, a 2 R. It generates a risk function defined as

Ruðg; pÞ ¼ Eu½LðgðX; Y; uÞ; pðXÞÞ�; u 2 Q

which measures the accuracy of p when predicting g.

The resulting preference relation is

p1 � p2 , Ruðg; p1Þ � Ruðg; p2Þ; u 2 Q:

The following extension of the Rao–Blackwell theorem holds.

Theorem 1.11
Let � be a preference relation defined by a loss function Lðx; yÞ which is convex

with respect to y. Then, if S is P-sufficient for g and p is an integrable predictor, we

have

ES
p � p: ð1:20Þ

PROOF:

We only give a sketch of the proof; for details we refer to Adke and Ramanathan

(1997).

First we have the following preliminary result:

Let ðV;A;PÞ be a Probability space; F 1, F 2, F 3 three sub-s-algebras of A,

then

F 1??F 2jF 3 ) sðF 1 [ F 3Þ??sðF 2 [ F 3jF 3Þ:

A consequence is:

if U1, U2 are real random variables such that U1 2 L1ðV; sðF 1 [ F 3Þ;PÞ,
U2 2 L0ðsðF 2 [ F 3ÞÞ, the space of real and sðF 2 [ F 3Þ-measurable applications,

and U1U2 2 L1ðV;A;PÞ, then

EF 3ðU1Þ ¼ 0 ) EðU1U2Þ ¼ 0: ð1:21Þ

Now, by using convexity of L, one obtains

Lðg; pÞ � Lðg;ESðpÞÞ þ L0ðg;ESðpÞÞðp � ESðpÞÞ ð1:22Þ

where L0 is the right derivative of Lðg; �Þ.
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Choosing F 1 ¼ sðXÞ, F 2 ¼ sðgÞ, F 3 ¼ sðSÞ and applying (1.21) one obtains

(1.20) by taking expectations in (1.22). &

Note that an immediate consequence of Theorem 1.11 is an extension of the

Lehmann–Scheffé theorem (Theorem 1.3). We let the reader verify that various

optimality results given above remain valid if the quadratic error is replaced by a

convex loss function.

1.7.2 Location parameters

Suppose that L is associated with a location parameter m defined by

ELðZ;mÞ ¼ min
a2R

ELðZ; aÞ

with PZ 2 PL, a family of probability measures on R. Then, since

Eu½Lðg; pÞ� ¼ Eu½EX
u Lðg; pÞ�; ð1:23Þ

if PX
u;g 2 PL, the right side of (1.23) is minimum for p0ðXÞ ¼ muðXÞ, where muðXÞ

is the location parameter associated with PX
u;g. If x 7!muðxÞ is measurable, one

obtains

EuLðg; p0ðXÞÞ ¼ min
p2L0ðBÞ

EuLðg; pðXÞÞ; u 2 Q:

Three particular cases are classical:

� If Lðu; vÞ ¼ ðv � uÞ2, muðXÞ ¼ EX
u ðgÞ,

� if Lðu; vÞ ¼ jv � uj, muðXÞ is a median of PX
u;g,

� if Lðu; vÞ ¼ 1jv�uj�" ð" > 0Þ, muðXÞ is a mode of PX
u;g. Note that this last loss

function is not convex with respect to v.

In order to construct a statistical predictor based on these location parameters,

one may use a plug-in method: this consists of replacing u by an estimator ûðXÞ to
obtain the predictor

pðXÞ ¼ mûðXÞðXÞ:

Such a predictor is not optimal in general but it may have sharp asymptotic

properties if û is a suitable estimator of u. We give some details in Chapter 2.

In a nonparametric framework the approach is somewhat different: it uses direct

estimators of the conditional location parameter. For example the regression kernel

estimator allowsus toconstruct a predictor associatedwith conditional expectation (see
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Chapter 6). For the conditional mode (respectively median) it may be estimated by

takingthemode(respectivelymedian)ofanonparametricconditionaldensityestimator.

1.7.3 Bayesian predictors

In the Bayesian scheme one interprets u as a random variable with a prior

distribution t.

Then if ðX; YÞ has density f ðx; y; uÞ with respect to m� n s-finite, ðX; Y ; uÞ has

density f ðx; y; uÞ with respect tom� n� t. Thus, the marginal density of ðX; YÞ is given
by

’ðx; yÞ ¼
Z

f ðx; y; uÞdtðuÞ:

Now, if L is a loss function with risk Ru, the associated Bayesian risk for predicting

Y is defined as

rðY ; pðXÞÞ ¼
Z

RuðY; pðXÞÞdtðuÞ

¼
Z

Lðy; pðxÞÞf ðx; y; uÞdmðxÞdnðyÞdtðuÞ

¼
Z

Lðy; pðxÞÞ’ðx; yÞdmðxÞdnðyÞ:

As before a solution of minp rðY ; pðXÞÞ is a location parameter associated with PX
Y .

If L is quadratic error, one obtains the Bayesian predictor

~Y ¼ EXðYÞ ¼
Z

y’ðyjXÞdnðyÞ ð1:24Þ

where ’ð�jXÞ is the marginal conditional density of Y given X.

Of course the recurrent problem is choice of the prior distribution. We refer to

Lehmann and Casella (1998) for a comprehensive discussion.

Now the Bayesian approach turns out to be very useful if X does not provide

enough information about Y . We give an example.

Example 1.20
Consider the model

Y ¼ uX þ "; ðjuj < 1Þ

where X and Y have distribution Nð0; 1Þ and "?? X. Then (1.24) gives

~Y ¼ EðuÞX ¼
Z 1

�1

udtðuÞ � X;

while no reasonable nonbayesian predictor is available if u is unknown. ^
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1.7.4 Linear predictors

Let ðXt; t � 1Þ be a real square integrable stochastic process; assume that

X ¼ ðX1; . . . ;XnÞ is observed and Y ¼ Xnþ1 has to be predicted.

A commonly used empirical predictor is the linear predictor

pðXÞ ¼
Xn

i¼1

aiXi: ð1:25Þ

If
Pn

i¼1 ai ¼ 1 and X1; . . . ;Xnþ1 have the same expectation, pðXÞ is unbiased. A

typical predictor of this form is the simple exponential smoothing given by

pbðXÞ ¼
Xn þ bXn�1 þ � � � þ bn�1X1

1þ bþ � � � lþ bn�1
;

with 0 � b � 1.

If b ¼ 0, it reduces to the naive predictor

p0ðXÞ ¼ Xn;

if b ¼ 1, one obtains the empirical mean

p1ðXÞ ¼
1

n

Xn

i¼1

Xi;

if 0 < b < 1 and n is large enough, practitioners use the classical form

~pbðXÞ ¼ ð1� bÞðXn þ bXn�1 þ � � � þ bn�1X1Þ:

The naive predictor is interesting if the Xt’s are highly locally correlated. In

particular, if ðXtÞ is a martingale, we have

Xn ¼ E
sðXt ;t�nÞ
u ðXnþ1Þ; u 2 Q

and Xn is the BUP with null statistical prediction error.

In contrast, the empirical mean is BUP when the Xt’s are i.i.d. and ð
Pn
i¼1

XiÞ=n is

the BUE of EuX1 (cf. Theorem 1.5).

Finally, if 0 < b < 1, one has

~pbðXÞ ¼ EF n

b ðXnþ1Þ
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provided ðXtÞ is an ARIMA (0,1,1) process defined by

Xt � Xt�1 ¼ "t � b"t�1; t � 2

X1 ¼ "1:

(

and ð"tÞ is a strong white noise. In fact this property remains valid for the wider

range �1 < b < 1, see Chatfield (2000).

Concerning the choice of b, a general empirical method is validation. Consider

the empirical prediction error

dnðbÞ ¼
Xn

k¼kn

jXk � pb;k�1ðX1; . . . ;Xk�1Þj2

where pb;k�1 is the simple exponential smoothing constructed with the data

X1; . . . ;Xk�1 and kn < n is large enough. Then an estimator of b is

b̂ ¼ argmin
0�b�1

dnðbÞ:

If the model is known to be an ARIMA (0,1,1) one may also estimate b in this

framework. If in addition, ðXtÞ is Gaussian, the maximum likelihood estimator

(MLE) of b is asymptotically efficient as n ! 1, see Brockwell and Davis (1991).

Finally, concerning the general predictor defined by (1.25) one may use linear

regression techniques for estimating ða1; . . . ; anÞ. Similarly as above, specific methods

are available if ðXtÞ is an ARIMA (p,d,q) process, see Brockwell and Davis (1991).

1.8 Multidimensional prediction

We now consider the case where u and (or) g take their values in a multidimensional

space, or, more generally, in an infinite-dimensional space (recall that X takes its

value in an arbitrary measurable space ðE0;B0ÞÞ.
For example X ¼ ðX1; . . . ;XnÞ where the Xi’s are Rd-valued with common

density u, and g is the conditional density f X
u;Yð�Þ.

A general enough framework is the case where u 2 Q 	 Q0 and g is B-valued

where Q0 and B are separable Banach spaces with respective norms k � k0 and k � k.
Now, assume that Eu k g k2< 1, u 2 Q and denote by B� the topological dual

space of B. Then a natural preference relation between predictors is defined by

p1 � p2 , Euðx�ðp1 � gÞÞ2 � Euðx�ðp2 � gÞÞ2; u 2 Q; x� 2 B�:

This means that p1 is preferable to p2 for predicting g, if and only if x�ðp1Þ is

preferable to x�ðp2Þ for predicting x�ðgÞ for all x� in B�, with respect to the

preference relation (1.1).
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Now let PGðBÞ be the class of B-valued predictors such that x�ðpÞ 2 PG for each
x� 2 B�, where PG is defined in Section 1.3. Then we have the following extension

of Lemma 1.1:

Lemma 1.3
If p 2 PGðBÞ, then

Euðx�ðpÞ � x�ðgÞÞ2 ¼ Euðx�ðpÞ �Pux�ðgÞÞ2 þ EuðPux�ðgÞ � x�ðgÞÞ2;
u 2 Q; x� 2 B�: ð1:26Þ

In particular, if Pu is conditional expectation, it follows that p1 � p2 for predicting

g if and only if p1 � p2 for predicting EX
u ðgÞ.

PROOF:

It suffices to apply Lemma 1.1 to x�ðpÞ and x�ðgÞ and then to use the property

x�ðEX
u ðgÞÞ ¼ EX

u ðx�ðgÞÞða:s:Þ:

&

Now, if B ¼ H (a Hilbert space) we have the additional property

Eu k p � g k2¼ Eu k p � EX
u ðgÞ k2 þ Eu k EX

u ðgÞ � g k2; u 2 Q;

which is obtained by applying (1.26) to x� ¼ ej, j � 1 where ðejÞ is an orthonormal

basis of H, and by summing the obtained equalities.

In this context one may use the simpler but less precise preference relation:

p1 �1 p2 , Eu k p1 � g k2� Eu k p2 � g k2; u 2 Q:

Clearly

p1 � p2 ) p1 �1 p2:

Now, the results concerning sufficient statistics remain valid in the multi-

dimensional case. In particular, application of Theorem 1.2 to x�ðpÞ and x�ðgÞ
shows that, if SðXÞ is P-sufficient, one has ESðpÞ < p. A similar method allows us

to extend the results concerning BUP. Details are left to the reader.

We now turn to efficiency. The next theorem gives a multidimensional Cramér–

Rao inequality for predictors. We consider the following set of assumptions.

Assumptions 1.2 (A1.2)
Q is open in Q0, X has a strictly positive density f ðx; uÞ with respect to a s-finite

measure, and
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(i) ð8u 2 QÞ, ð9Uu 2 Q0Þ, ð8u 2 UuÞ, 9Vu;u a neighbourhood of 0 in R:

ð8d 2 Vu;uÞ, u þ du 2 Q and @f ðx; u þ duÞ=@d does exist. Then, one sets

_fuðx; uÞ ¼
@

@d
f ðx; u þ duÞjd¼0:

(ii) The relationZ
f ðx; u þ duÞdmðxÞ ¼ 1; u 2 Q; u 2 Uu; d 2 Vu;u; ð1:27Þ

is differentiable with respect to d under the integral sign.

(iii) The B-valued predictor p is such thatZ
x�ðpðxÞÞf ðx; u þ duÞdmðxÞ ¼ x�ðgðu þ duÞÞ; ð1:28Þ

x� 2 B�, u 2 Uu, d 2 Vu;u, where g : Q0 7! B is linear. Moreover this

equality is differentiable with respect to d under the integral sign.

(iv) ð8u 2 QÞ, ð8u 2 UuÞ,

IuðX; uÞ ¼ Eu

_fuðX; uÞ
f ðX; uÞ

� �2

2 �0;1½:

Then:

Theorem 1.12
If A1.2 holds, we have the bound

Euðx�ðp � gÞÞ2 � Euðx�ðg � EX
u gÞÞ2 þ

x� gðuÞ � Eu EX
u ðgÞ

_fuðX; uÞ
f ðX; uÞ

� �� �2
IuðX; uÞ ;

u 2 Q; u 2 Uu; x� 2 B�: ð1:29Þ

PROOF:

Differentiating (1.27) and taking d ¼ 0, one obtains

Eu

_fu
f

� �
¼
Z

_fuðx; uÞdmðxÞ ¼ 0;

the same operations applied to (1.28), and linearity of g give

Eu x�ðpÞ
_fu
f

� �
¼
Z

x�ðpðxÞÞ
_fuðx; uÞ
f ðx; uÞ f ðx; uÞdmðxÞ

¼ x�ðgðuÞÞ:
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Now the Cauchy–Schwarz inequality entails

Eu x�ðp � EX
u gÞ �

_fu

f

� �� �2
� Euðx�ðp � EX

u gÞÞ2 � Eu

_fu
f

� �2

;

collecting the above results and using Lemma 1.3 one arrives at (1.29). &

In a Hilbert space it is possible to obtain a global result.

Corollary 1.2
If B ¼ H, a Hilbert space, then

Eu k p � g k2 � Eu k p � EX
u ðgÞ k2 þ

k gðuÞ � Eu g
_fu
f

� �
k2

IuðX; uÞ ; ð1:30Þ

u 2 Q; u 2 Uu:

PROOF:

Apply (1.29) to x� ¼ ej, j � 1 where ðejÞ is a complete orthonormal system in H,

and take the sum. &

In (1.29) and (1.30), that are slight extensions of the Grenander inequality (1981, p.

484), the choice of u is arbitrary. Of course it is natural to choose a u that

maximizes the lower bound. If the lower bound is achieved p is said to be efficient,

but, in general, this only happens for some specific values of ðx�; uÞ, as shown in the
next example.

Example 1.21 (Sequence of Poisson processes)

Let ðNt; j; t � 0Þ, j � 0 be a sequence of independent homogeneous Poisson

processes with respective intensity lj, j � 1 such that
P

j lj < 1.

Since EN2
t;j ¼ ljtð1þ ljtÞ it follows that

P
j N2

t;j < 1 a.s., therefore

Mt ¼ ðNt;j; j � 0Þ defines an ‘2-valued random variable, where ‘2 is the Hilbert

space fðxjÞ 2 RN;
P

j x2j < 1g with norm k ðxjÞ k¼
P

j x2j

� �1=2
:

One observes MðTÞ ¼ ðMt; 0 � t � TÞ and wants to predict MTþh ðh > 0Þ. It is
easy to see that MT is a P-sufficient statistic, then one only considers predictors of

the form pðMTÞ.
Now let N 	 ‘2 the family of sequences ðxjÞ such that ðxjÞ 2 NN and xj ¼ 0 for

j large enough. This family is countable, hence the counting measure m on N ,

extended by mð‘2 �NÞ ¼ 0, is s-finite.
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Then, note that
P

j N2
T ;j < 1 a.s. yields NT ;j ¼ 0 almost surely for j large

enough. Thus MT isN -valued (a.s.). This implies that MT has a density with respect

to m and the corresponding likelihood is

f ðMTðvÞ; ðljÞÞ ¼
XJðT ;vÞ
j¼0

e�ljT
ðljTÞNT ;jðvÞ

NT ;jðvÞ!
e
�
PJðT ;vÞ

j¼0
ljT ;v 2 V

where JðT;vÞ is such that NT ;jðvÞ ¼ 0 for j > JðT;vÞ.
Hence the MLE of u ¼ ðljÞ is

ûTðvÞ ¼
NT ;j

T
; 0 � j � JðT ;vÞ

� �
¼ NT ;jðvÞ

T
; j � 0

� �
:

Then, an unbiased predictor of MTþh should be

M̂Tþh ¼ T þ h

T
NT ;j; j � 0

� �
:

In order to study its efficiency we consider the loglikelihood:

ln f ðMT ; u þ duÞ ¼
X1
j¼0

½�ðlj þ dujÞT þ NT ;j lnððlj þ dujÞTÞ þ lnðNT ;j!Þ�

since if u ¼ ðujÞ 2 ‘2, then
P

ðlj þ dujÞ2 < 1. Therefore

_fuðMT ; uÞ
f ðMT ; uÞ

¼
X1
j¼0

uj

NT ;j

lj

� T

� �
;

and

IuðX;mÞ ¼ T
X1
j¼0

u2
j

lj

;

which belongs to �0;1½ if
P

j u2
j > 0 and

P
j u2

j =lj < 1.

Now, on one hand we have

Euþduðx�ðM̂TþhÞÞ ¼ ðT þ hÞ
X1
j¼0

ðlj þ dujÞxj;

thus, in (1.28), g : ‘2 7! ‘2 may be defined by

gðvÞ ¼ ðT þ hÞv; v 2 ‘2;
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on the other hand

EX
u ðgÞ ¼ EMT

u ðMTþhÞ ¼ ðNT ;j þ ljh; j � 0Þ;

hence

Eu

_fu

f
EX
u ðgÞ

� �
¼ TðujÞ

and

x� gðuÞ � Eu

_fu
f
EX
u g

� �� �
¼ h

X
j

xjuj:

Finally, since

Eu½x�ðp � EX
u gÞ�2 ¼ h2

T

X
j

ljx
2
j ;

(1.29) shows that M̂Tþh is efficient if and only if

X
j

ljx
2
j ¼

ð
P

j

xjujÞ2

P
j

u2
j

lj

: ð1:31Þ

In particular, if x� ¼ ð0; . . . ; 0; xj0 ; 0; . . .Þ efficiency holds, provided

0 <
P

j u2
j =lj < 1.

More generally, set xj ¼ aj=
ffiffiffiffi
lj

p
and uj ¼

ffiffiffiffi
lj

p
;bj, j � 0. If ðajÞ and ðbjÞ are in

‘2, (1.31) gives

ð
X

a2
j Þð
X

b2
j Þ ¼ ð

X
ajbjÞ2;

thus ðajÞ and ðbjÞ are collinear, i.e. ðljxjÞ and ðujÞ are collinear. ^

Notes

As far as we know a systematic exposition of the theory of statistical prediction is not

available in the literature. In thisChapterwehave tried togive someelements of this topic.

Presentation of the prediction model is inspired by Yatracos (1992). Lemma 1.1

belongs to folklore but it is fundamental since it shows that the statistician may only

predict Pug, rather than g.
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Definition of P-sufficient statistics appear in Takeuchi and Akahira (1975). Also

see Bahadur (1954); Johansson (1990) and Torgersen (1977) among others.

Theorem 1.1 is simple but useful and probably new, while Theorem 1.2 is in

Johansson. The study of optimal unbiased predictors comes from Yatracos (1992)

and Adke and Ramanathan (1997).

Theorem 1.7 is also in Yatracos but the more compact Corollary 1.1 and results

concerning efficiency seem to be new.

Theorem 1.11 is taken from Adke and Ramanathan (1997) and other results of

Section 1.7 are classical.

The elements of multidimensional prediction theory stated in Section 1.8 are

natural extensions of the one-dimensional theory. The bound in Theorem 1.12 is an

extension of the Cramér–Rao type bound of Grenander (1981). The application to

sequences of Poisson processes is new.
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2

Asymptotic prediction

2.1 Introduction

In various situations no optimal predictor may exist (see Lemma 1.2). It is then

rather natural to adopt an asymptotic point of view by studying consistency and

limit in distribution of predictors as size of dataset tends to infinity.

The basic question is prediction of sequences of events that may be random or

deterministic. The Blackwell algorithm gives an asymptotically minimax solution

of this problem without any special assumption.

The natural extension is prediction of discrete or continuous time stochastic

processes. In a parametric framework a classical method consists in replacing the

unknown parameter with a suitable estimator; the obtained plug-in predictor has

nice asymptotic properties.

The results are obtained with a fixed prediction horizon. Some indications

concerning forecasting for small or large horizons are given at the end of the current

chapter.

2.2 The basic problem

Let ðAn; n � 1Þ be a sequence of events and Xn ¼ 1An
, n � 1 the associated

sequence of 0-1 random or deterministic variables. The question is: how to

construct a general algorithm of prediction for Xnþ1, given X1; . . . ;Xn; n � 1?

A plausible predictor should be

eXnþ1 ¼ 1fXn>
1
2
g; n � 1 ð2:1Þ

Inference and Prediction in Large Dimensions          D. Bosq and D. Blanke 
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where Xn ¼
Pn

i¼1 Xi

� �
=n. In order to measure quality of this algorithm, one putseEn ¼

Pn
i¼1 1feXi¼Xig

� �
=n where eX1 ¼ 0 (for example).

Algorithm (2.1) is asymptotically optimal if ðXnÞ is an i.i.d. sequence of

Bernoulli random variables with E Xn ¼ pð0 � p � 1Þ. Actually, the strong law

of large numbers allows us to establish that eEn �!
n!1

maxðp; 1� pÞ a.s. when, if p is

known, the best strategy consists in systematically predicting 1 if p > 1=2, 0 if

p < 1=2, and arbitrarily 0 or 1 if p ¼ 1=2. This strategy supplies the same

asymptotic behaviour as ðeXnÞ.
However (2.1) fails completely for the cyclic sequence X1 ¼ 1, X2 ¼ 0,

X3 ¼ 1; . . .
Now the Blackwell algorithm is a remedy for this deficiency. In order to

introduce it we use Figure 2.1

The predictor ðbXnÞ is defined recursively through the sequence

Mn ¼ ðXn;EnÞ; n � 1

where

En ¼
1

n

Xn
i¼1

1
fbXi¼Xig

and bX1 ¼ 0.

Figure 2.1 The Blackwell algorithm.
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Actually we have

PðbXnþ1 ¼ 1Þ ¼
0 if Mn 2 D1;
1 if Mn 2 D2;
pn if Mn 2 D3;

8<
:

with

pn ¼
1

2

Xn � En

1=2� En

;

finally, if Mn 2 S
�
[ fIg, bXnþ1 is arbitrary.

Note that this algorithm is random, even if ðXnÞ is not random.

Now, let d be the Euclidian metric over R2, we have the following outstanding

result.

Theorem 2.1

dðMn; SÞ �!
n!1

0 a:s: ð2:2Þ

PROOF: (Outline)

A geometric interpretation of the algorithm allows us to prove that

EF n ½dðMnþ1; SÞ�2 �
n

nþ 1

� �2

½dðMn; SÞ�2 þ
1

2ðnþ 1Þ2
;

where F n ¼ sðMk; k � nÞ, n � 1.

Thus ð½dðMn; SÞ�2; n � 1Þ is an ‘almost supermartingale’, hence (2.2) from a

convergence theorem in Robbins and Siegmund (1971).

For details we refer to Lerche and Sarkar (1998). &

Theorem 2.1 has an asymptotically minimax aspect because (2.2) is asymptotically

optimal for i.i.d. Bernoulli random variables and these sequence are the hardest to

predict.

Now, in order to derive more precise results, one needs information about the

distribution of the process ðXn; n � 1Þ. We study this situation in the next section.

2.3 Parametric prediction for stochastic processes

Consider a stochastic process with distribution depending on a finite-dimensional

parameter u. We study the plug-in predictor obtained by substituting an estimator

for u in the best probabilistic predictor. The results hold as well in discrete time as

in continuous time.
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Let X ¼ ðXt; t 2 IÞ, where I ¼ Z or R, be an Rd-valued stochastic process,

defined on the probability space ðV;A;PuÞ, where the unknown parameter u 2 Q,

an open set in Rd0 . Euclidian norm and scalar products in Rd or Rd0 are denoted by

k � k and h�; �i respectively.
XðTÞ ¼ ðXt; 0 � t � T ; t 2 IÞ is observed, and one intends to predict

XTþh ðh > 0; T 2 I; T þ h 2 IÞ. In the following ‘belonging to I’ is omitted and

h is fixed.

Define the s-algebras

F b
a ¼ sðXt; a � t � bÞ; �1 � a � b � þ1;

with the conventions X�1 ¼ Xþ1 ¼ 0, and suppose that Eu k XTþh k2< 1 and that

the conditional expectation X�
Tþh with respect to F T

�1 has the form

X�
Tþh ¼ E

F T
�1

u ðXTþhÞ ¼ rT ;hðu; YTÞ þ hT ;hðuÞ; ð2:3Þ

T > 0, u 2 Q, where YT is a F T
fðTÞ-measurable random variable with values in some

measurable space ðF ; CÞ; ðfðTÞÞ is such that 0 < fðTÞ � T and

limT!1 fðTÞ=T ¼ 1, and we have

lim
T!1

E k hT ;hðuÞ k2 ¼ 0; u 2 Q;

finally rT ;hð�; YTÞ is assumed to be known.

Note that if fðTÞ ¼ T and hT ;hðuÞ ¼ 0, (2.3) turns out to be a Markov type

condition.

In order to construct a statistical predictor, one uses an estimator bucðTÞ of u

based on ðXt; 0 � t � cðTÞÞ where 0 < cðTÞ < T , limT!1 cðTÞ=T ¼ 1 and

limT!1ðfðTÞ � cðTÞÞ ¼ þ1.

The plug-in predictor is then defined as

bXTþh ¼ rT ;hðbucðTÞ; YTÞ:
Now, consider the following assumptions.

Assumptions 2.1 (A2.1)

(i) k rT ;hðu00; YTÞ � rT ;hðu0; YTÞ k� ZT k u00 � u0 k; u0; u00 2 Q, where ZT is a ran-

dom variable such that, for all u 2 Q,

ZT 2 L2kqðV;F T
fðTÞ;PuÞ; T > 0 ðk � 1; q > 1Þ;

lim
T!1

aðTÞEuðZ2k
T Þ < 1 ðaðTÞ > 0Þ;
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and

lim
T!1

Eu k ZT k2kq< 1:

(ii) X is strongly mixing, that is limu!1 auðuÞ ¼ 0, u 2 Q, where

auðuÞ ¼ sup
t2I

sup
B2F t

�1;C2F1
tþu

jPuðB \ CÞ � PuðBÞPuðCÞj:

(iii) There exists an integer k0 � 1 and s > 1 such that

lim
T!1

bk
00 ðTÞEu k buT � u k2k00 < 1; 1 � k00 � k0 ðbðTÞ > 0Þ

and

lim
T!1

Eu k buT � u k2k0s < 1:

(iv) rT ;h has partial derivatives with respect to u ¼ ðu1; . . . ; ud0 Þ and, as T ! 1,

grad rT ;hðu; YTÞ�!
D

U ¼d Qu; u 2 Q:

(v) The estimator ðbuTÞ satisfies
buT ! u a:s:;

and

cðTÞðbuT � uÞ�!D V ¼d Ru ðcðTÞ > 0Þ:

The above regularity conditions hold for various classical discrete or continuous

time processes (ARMA processes,?diffusion processes?, . . .) and various esti-

mators (maximum likelihood, Bayesian estimators, . . .). Examples are studied in

Section 2.4.

We now study asymptotic behaviour of bXTþh. The first statement provides rate

of convergence.

Theorem 2.2
If A2.1(i)–(iii) hold with k0 ¼ k and 1=qþ 1=s < 1 and if, for all u,

lim
T!1

½aðTÞbðTÞ�k½auðfðTÞ � cðTÞÞ�1�
1
q
�1

s < 1; ð2:4Þ

bðTÞ
bðcðTÞÞ�!T!1

1;

lim
T!1

½aðTÞbðTÞ�kEuðk hT ;hðuÞ k2kÞ < 1 ð2:5Þ

PARAMETRIC PREDICTION FOR STOCHASTIC PROCESSES 45



then

lim
T!1

½aðTÞbðTÞ�kEuðk bXTþh � XTþh k2kÞ < 1: ð2:6Þ

PROOF:

First note that

½aðTÞbðTÞ�kEu k bXTþh � X�
Tþh k2k

� 22k�1½½aðTÞbðTÞ�kEu k rT ;hðbucðTÞ; YTÞ � rT ;hðu; YTÞ k2k

þ ½aðTÞbðTÞ�kEu k hT ;hðuÞ k2k�
:� 22k�1½D1;T þ D2;T �:

Then, from (2.5), it suffices to study the asymptotic behaviour of D1;T . Now, A

2.1(i) entails

D1;T � Eu½ðakðTÞZ2k
T ÞðbkðTÞ k bucðTÞ � u k2kÞ�

and from the ?Davydov inequality? it follows that

D1;T � EuðakðTÞZ2k
T Þ � EuðbkðTÞ k bucðTÞ � u k2kÞ þ dT

where

dT ¼ 2p½2auðfðTÞ � cðTÞÞ�1=p akðTÞðEujZT j2kqÞ1=q

� bkðTÞðEu k bucðTÞ � u k2krÞ1=r

with 1=p ¼ 1� 1=q� 1=r:
Then, A2.1(i)–(iii) and (2.4) yield (2.6). &

Note that, if I ¼ Z, and the model contains i.i.d. sequences, we have, for these

sequences,

X�
Tþh ¼ EuðXTþhÞ :¼ rðuÞ:

Consequently, if bðTÞ�1
is the minimax quadratic rate for estimating u and rðuÞ, it is

also the minimax quadratic rate for predicting XTþh.

We now turn to limit in distribution. For convenience we suppose that d ¼ 1.

Then we have

Theorem 2.3
If A2.1(ii),(iv)–(v) hold,

cðTÞ
cðcðTÞÞ ! 1 and cðTÞ � hT ;hðuÞ!

p
0, then

ðcðTÞðbXTþh � X�
TþhÞÞ�!

D hU;Vi

where ðU;VÞ ¼d Qu 	 Ru.
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PROOF:

From A2.1(iv) it follows that

rT ;hðbuT ; YTÞ � rT ;hðu; YTÞ ¼
Xd0
i¼1

ðbucðTÞ;i � uiÞ
@rT ;h
@ui

ðu; YTÞ þ dT ;i

� �

where dT ¼ ðdT ;1; . . . ; dT ;d0 Þ !~0 ¼ ð0; . . . ; 0Þ as bucðTÞ ! u; hence dT !~0 a.s.

Now let us set

UT ¼ cðTÞðbucðTÞ � uÞ;

and

VT ¼ gradurT ;hðbucðTÞ; YTÞ:
The strong mixing condition A2.1(ii) entails

sup
A2B

Rd
;B2B

Rd

jPuðUT 2 A;VT 2 BÞ � PuðUT 2 AÞPuðVT 2 BÞj

� auð’ðTÞ � cðTÞÞ ! 0;

then, by using classical properties of ?weak convergence? (see Billingsley 1968)

one deduces that

LðhUT ;VTiÞ!
w LðhU;ViÞ

and since

LðhUT ; dTiÞ!
w
dð0Þ;

and cðTÞhT ;hðuÞ!
p
0, the desired result follows. &

2.4 Predicting some common processes

We now apply the previous asymptotic results to some common situations.

Example 1.15 (continued)

Let ðXt; t 2 ZÞ be an AR(1) process such that VaruX0 ¼ 1 and EujX0jm < 1 where

m > 4. If "0 has density with respect to Lebesgue measure, such a process is

geometrically strongly mixing (GSM), that is

aðuÞ � ½ae�bu�; u � 0 ða > 0; b > 0Þ
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(see Rosenblatt 2000). Here we have X�
Tþ1 ¼ uXT :¼ rðu;XTÞ. Now, the unbiased

estimator

buT ¼ 1

T

XT
t¼1

Xt�1Xt

produces the statistical predictor bXTþh ¼ bucðTÞ�XT with cðTÞ given by

cðTÞ ¼ ½T � ln T � ln ln T�.
The GSM condition and Davydov inequality imply

jCovðXt�1Xt;XtþuXtþ1þuÞj ¼ Oðe�cuÞ; ðc > 0Þ;

then a straightforward computation gives

T � EuðbuT � uÞ2 ! gu ¼
X1
�1

CovðX0X1;X1þuX2þuÞ

and

EujbuT � ujm ¼ OðT�m
2Þ:

Thus, Theorem 2.2 entails

EuðbXTþh � X�
TþhÞ

2 ¼ O 1

T

� �
:

Concerning limit in distribution one may use the central limit theorem for strongly

mixing processes, see Rio (2000), to obtain

ffiffiffiffi
T

p
ðbuT � uÞ�!D N ¼d Nð0; guÞ;

and, since X0 has a fixed distribution Qu, Theorem 2.3 gives

ffiffiffiffi
T

p
ðbXTþh � X�

TþhÞ�!
D

U �V

where

ðU;VÞ ¼d Qu 	Nð0; guÞ: ^

Example 2.1 (ARMA(p,q) process)

Consider the process

Xt � ’1Xt�1 þ � � � þ ’pXt�p ¼ "t � g1"t�1 � � � � � gq"t�q; t 2 Z ð2:7Þ
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where ð"t; t 2 ZÞ is a real strong white noise, ’pgq 6¼ 0 and the polynomials

1�
Pp

j¼1 ’jz
j and 1�

Pq
j¼1 gjz

j have no common zeros and do not vanish for

jzj � 1. Then (2.7) has a stationary solution

Xt ¼
X1
j¼1

pjXt�j þ "t; t 2 Z

where pj ¼ pjð’1; . . . ;’p; g1; . . . ; gqÞ :¼ pjðuÞ, j � 1 and ðpj; j � 1Þ decreases at
an exponential rate. Thus we clearly have

X�
Tþ1 ¼

X1
j¼1

pjðuÞXTþ1�j

and if buT is the classical empirical estimator of u, see Brockwell and Davis (1991),

one may apply the above results.

Details are left to the reader. ^

Example 1.14 (continued)

Consider the Ornstein–Uhlenbeck process

Xt ¼
Z t

�1
e�uðt�sÞdWðsÞ; t 2 R; ðu > 0Þ;

in order to study quadratic error of the predictor it is convenient to choose the

parameter

b ¼ 1

2u
¼ VaruX0;

and its natural estimator

bbT ¼ 1

T

Z T

0

X2
t dt:

Here

rT ;hðb; YTÞ ¼ e�
h
2bXT ;

and since

@rT ;hðb; YTÞ
@h

����
���� � 2

he2
jXT j;
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one may take fðTÞ ¼ T and ZT ¼ ð2=hÞe�2XT . Now ðXtÞ is Gaussian stationary and
GSM (see Doukhan (1994)), then conditions in Theorem 2.2 hold with aðTÞ ¼ 1,

T � EbjbbT � hj2 ! ‘h > 0

and

lim
T!1

T �EbjbbT � hj2r < 1; r > 1:

Finally choosing cðTÞ ¼ T � ln T � ln ln T one obtains

lim
T!1

T �EbjbXTþh � X�
Tþhj

2 < 1:

Concerning limit in distribution we come back to u and take the maximum

likelihood estimator

buT ¼
1� X2

T

T
þ X2

0

T
2

T

Z T

0

X2
t dt

;

then (see Kutoyants (2004)),

buT ! u a:s:

and

Lð
ffiffiffiffi
T

p
ðbuT � uÞÞ�!w Nð0; 2uÞ:

In order to apply Theorem 2.3 one may use cðTÞ ¼ T � ln ln T and note that

@rT ;h
@u

ðu;XTÞ ¼d N 0;
h2e�2uh

2u

� �

hence ffiffiffiffi
T

p
ðbXTþh � X�

TþhÞ�!
D

U �V

where ðU;VÞ ¼d Nð0; 2uÞ 	 N ð0; ðh2e�2uhÞ=2uÞ.
The distribution of U �V has characteristic function

fuðuÞ ¼ ð1þ u2h2e�2uhÞ�1=2; u 2 R

and we have

EuðNu �N 0
uÞ ¼ 0
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and

VaruðNu �N 0
uÞ ¼ h2e�2uh:

As an application it is possible to construct a prediction interval. First

DTðuÞ ¼
ffiffiffiffi
T

p bXTþh � X�
Tþh

he�uh
�!D N1�N2

where ðN1;N2Þ ¼d Nð0; 1Þ	2
.

Now bucðTÞ ! u a.s. yields (see Billingsley 1968)

DTðbucðTÞÞ�!D N1 �N2;

then if

PðjN1N2j � va=2Þ ¼ 1� a

2
ð0 < a < 1Þ

and

IT ;h ¼ e�
bucðTÞh XT �

hva=2ffiffiffiffi
T

p
� �

; e�
bucðTÞh XT þ

hva=2ffiffiffiffi
T

p
� �	 


;

we have

PuðX�
Tþh 2 IT ;hÞ ! 1� a

2
:

Finally a prediction interval for XTþh may be obtained by setting

D0
T ;hðuÞ ¼

2u

1� e�2uh

� �1=2

ðXTþh � X�
TþhÞ ¼

d Nð0; 1Þ;

therefore

LðD0
T ;hðbucðTÞÞÞ�!w Nð0; 1Þ:

Now define

aðTÞa ¼ �na=2
1� e�2bucðTÞh

2bucðTÞ
0
@

1
A

1=2

þ e�
bucðTÞh XT �

hva=2ffiffiffiffi
T

p
� �
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and

bðTÞa ¼ �na=2
1� e�2bucðTÞh

2bucðTÞ
0
@

1
A

1=2

þ e�
bucðTÞh XT þ

hva=2ffiffiffiffi
T

p
� �

where

PðjNj � na=2Þ ¼ 1� a

2
ðN ¼d Nð0; 1ÞÞ;

then

lim
T!1

PuðXTþh 2 ½aðTÞa ; bðTÞa �Þ � 1� a:

^

Example 2.2 (Ergodic diffusion process)

Consider a ?diffusion process?, defined by

Xt ¼ X0 þ
Z t

0

SðXs; uÞ dsþ
Z t

0

sðXsÞdWs; t � 0:

Under some regularity conditions, in particular if

lim
jxj!1

sup
u2Q

sgn x �Sðx; uÞ
s2ðxÞ < 0

and if X0 has density

fSðx; uÞ ¼
1

Gs2ðxÞ exp 2

Z x

0

Sðv; uÞ
s2ðvÞ dv

� �
; x 2 R

where

G ¼
Z þ1

�1
s�2ðyÞ exp 2

Z y

0

Sðv; uÞ
s2ðvÞ dv

� �
dy;

then ðXt; t � 0Þ is strictly stationary, ergodic, Markovian and the maximum

likelihood and Bayesian estimators are asymptotically efficient. For details we

refer to Kutoyants (2004).

Now, we have

XTþh � XT ¼
Z Tþh

T

SðXs; uÞ dsþ
Z Tþh

T

sðXsÞ dWs
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and, since ðWtÞ has independent increments and is adapted to ðF t
oÞ,

X�
Tþh ¼ XT þ E

F T
o

u

Z Tþh

T

SðXs; uÞ ds
	 


¼ XT þ
Z Tþh

T

MsðXT ; uÞ ds ¼ rT ;hðu;XTÞ

where

MsðXT ; uÞ ¼ E
F T

o

u SðXs; uÞ; T � s � T þ h:

Making the additional assumption

jSðXs; u
00Þ � SðXs; u

0Þj � Usju00 � u0j; u0; u00 2 Q;

where EuðU2q
s Þ < 1ðq > 1Þ, we may apply Theorem 2.2 to bXTþh where

bXTþh ¼ rT ;hðbucðTÞ;XTÞ

to obtain

lim
T!1

T �EuðbXTþh � X�
TþhÞ

2 < 1;

here buT is the MLE or the Bayesian estimator and cðTÞ ¼ T � ln T � ln lnT .
Concerning limit in distribution, first note that

Qu ¼ L @

@u
E
F T

o

u

Z Tþh

T

SðXs; uÞ ds
� �

does not depend on T . Now, from

Lð
ffiffiffiffi
T

p
ðbuT � uÞÞ�!w Nð0; ðIðuÞÞ�1Þ

where IðuÞ is Fisher information, it follows thatffiffiffiffi
T

p
ðbXTþh � X�

TþhÞ�!
D

U �V

where ðU;VÞ ¼d Qu 	Nð0; IðuÞ�1Þ. ^
In the next two examples the mixing condition is not satisfied but straightforward

arguments give asymptotic results.

Example 1.13 (continued)

The efficient predictor bXTþh ¼ ðT þ hÞNt=T is such that

T �E ðX�
Tþh � bXTþhÞ2 ¼ lh2
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and, since NT=T satisfies the CLT,

L
ffiffiffiffi
T

p

h
ffiffiffi
l

p ðbXTþh � X�
TþhÞ

� �
�!w Nð0; 1Þ: ^

Example 1.17 (continued)

We have seen that the efficient predictor is

bXTþh ¼ XT þ
Z Tþh

T

f ðtÞ dt �
R T
0
f ðsÞ dsR T

0
f 2ðsÞ ds

with quadratic error

EuðbXTþh � X�
TþhÞ

2 ¼
Z Tþh

T

f ðtÞ dt
� �2

,Z T

0

f 2ðtÞ dt;

thus, consistency depends on f .

If f ðtÞ ¼ tgðg � 0Þ one obtains a 1=T-rate; if f ðtÞ ¼ e�t the predictor is not

consistent. ^

2.5 Equivalent risks

Until now we have studied the asymptotic behaviour of quadratic prediction error.

In this section we consider an alternative risk, the integrated quadratic error.

For simplicity we suppose that ðXn; n 2 ZÞ is a strictly stationary real Markov

process such that ðX1; . . . ;XnÞ has a density fðX1;...;XnÞ with respect to a s-finite

measure m	n, n � 1.

One observes ðX1; . . . ;XnÞ ¼ XðnÞ and intends to predict mðXnþ1Þ, where m is a

real Borel function satisfying Em2ðX0Þ < 1.

Let us set

rðxÞ ¼ EðmðXnþ1ÞjXn ¼ xÞ; x 2 R;

and consider an estimator rn of r, based on X1; . . . ;Xn�kn where 1 < kn < n. Our

goal is to compare

In ¼ E ðrnðXnÞ � rðXnÞÞ2

and

Jn ¼
Z
R

E ðrnðxÞ � rðxÞÞ2fX0
ðxÞ dmðxÞ:
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For this purpose we use the following mixing coefficients:

bkn
¼ bðsðXn�knÞ; sðXnÞÞ ¼ E sup

C2sðXnÞ
jPðCÞ � PðCjsðXn�knÞÞj;

and

’kn
¼ ’ðsðXn�knÞ; sðXnÞÞ ¼ sup

B2sðXn�kn
Þ;PðBÞ>0

C2sðXnÞ

jPðCÞ � PðCjBÞj:

Details concerning these coefficients appear in the Appendix. Now, we have the

following bounds:

Lemma 2.1
Suppose that Rn ¼ supx2R jrnðxÞ � rðxÞj2 < 1, then

(a) If ERp
n < 1ðp > 1Þ,

jIn � Jnj � 2 k Rn kp b
1�1

p

kn
; ð2:8Þ

(b) if ERn < 1,

jIn � Jnj � 2 k Rn k1 ’kn
; ð2:9Þ

(c) if k Rn k< 1,

jIn � Jnj � 2 k Rn k1 bkn
: ð2:10Þ

PROOF:

Note that

In ¼
Z

ðrnðxðn�knÞ; xÞ � rðxÞÞ2fXðn�knÞ;Xn
ðxðn�knÞ; xÞ dm	ðn�knþ1Þðxðn�knÞ; xÞ

¼
Z

ðrn � rÞ2fXðn�knÞ
fXnjXðn�knÞ

dm	ðn�knþ1Þ:

Using the Markov property one obtains

jIn � Jnj ¼
Z

ðrn � rÞ2fðXn�kn Þ½ fXnjXðn�knÞ
� fXn

� dm	ðn�knþ1Þ:

Now, from a Delyon inequality (see Viennet 1997, p. 478), it follows that there

exists bðxðn�knÞÞ such that

jIn � Jnj � 2

Z
Rn �b � fXðn�knÞ dm

	ðn�knÞ;
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and k b k1¼ ’kn
, k b k1¼ bkn

, k b kq� b
1=q
kn

ðq > 1Þ, hence (2.8), (2.9) and (2.10)

by using the Hölder inequality. &

As an application we consider the case where

rðxÞ ¼ roðx; uÞ; u 2 Q 
 R

with ro known and such that

jroðx; u0Þ � roðx; uÞj � cju0 � uj; u0; u 2 Q: ð2:11Þ

As in Section 2.3 we consider a predictor of the form

rnðXnÞ ¼ roðXn;bun�knÞ

where bun�kn is an estimator of u based on Xðn�knÞ. If Eðbun�kn � uÞ4 < 1, one may

apply (2.11) and (2.8) to obtain

jIn � Jnj � 2c2½Eðbun�kn � uÞ4�1=2b1=2
kn

:

Thus, if In ’ vn, one has Jn ’ vn provided

v�1
n ½Eðbun�kn � uÞ4�1=2b1=2

kn
! 0: ð2:12Þ

If, for example, Q is compact, bun 2 u a.s., n � 1, Eðbun � uÞ2 ’ 1=n and

bkn
¼ Oðk�b

n Þ, then the choice kn ’ n�d ð1 > d > 1=bÞ yields (2.12).
More generally, since b-mixing implies a-mixing, one may show equivalence of

In and Jn in the context of Theorem 2.2. Details are left to the reader.

2.6 Prediction for small time lags

Suppose that X ¼ ðXt; t 2 RÞ is observed on ½0; T � and one wants to predict XTþh

for small h.

Here X is a zero-mean, nondeterministic, weakly stationary process with the

rational spectral density

f ðlÞ ¼ PaðlÞ
QbðlÞ

����
����
2

where a and b > a are the degrees of the polynomials Pa and Qb. Then, from

Cramér and Leadbetter (1967), it follows that X has exactly m ¼ b� a� 1

derivatives in mean-square ðm � 0Þ.
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We now consider the suboptimal linear predictor

eXTþh ¼
Xm
j¼0

hj

j!
XðjÞðTÞ

where Xð jÞ denotes the jth derivative of X.

Then one may show (see Bucklew (1985)), that it is locally asympto-

tically optimal as h ! 0 ðþÞ. More precisely the best linear predictor X��
Tþh

satisfies

EuðX��
Tþh � XTþhÞ2 ¼

Z h

0

f 2ðlÞdl

�h!0 ðþÞ
2ð�1Þmþ1

h2mþ1

ð2mþ 1Þðm!Þ2
gð2mþ1Þð0Þ

where g is the ?autocovariance? of X, and we have

lim
h!0 ðþÞ

EuðeXTþh � XTþhÞ2

EuðX��
Tþh � XTþhÞ2

¼ 1:

Thus, if m is known, eXTþh is a locally asymptotically optimal linear statistical

predictor. Moreover it is determined by ðXt; T � " � t � TÞ for every strictly

positive ". Then, in order to make local prediction, it is not necessary to estimate u.

For example, if X is an Ornstein–Uhlenbeck process we have eXTþh ¼ XT and

X��
Tþh ¼ e�uhXT .

We now consider a process with regular sample paths:

Example 2.3 (Wong process)

Consider the strictly stationary Gaussian process

Xt ¼
ffiffiffi
3

p
expð�

ffiffiffi
3

p
tÞ
Z expð2t=

ffiffi
3

p
Þ

0

Ws ds; t 2 Rþ;

where W is a standard Brownian motion. Its spectral density is given by

f ðlÞ ¼ 4
ffiffiffi
3

p

p

1

ð1þ 3l2Þð3þ l2Þ
; l 2 R;

thus m ¼ 1 and the asymptotically optimal linear statistical predictor is

eXTþh ¼ XT þ hX0
T : ^

PREDICTION FOR SMALL TIME LAGS 57



Finally, since rational spectra are dense in the class of all spectra, it is possible to

extend the above property. If m ¼ 0 the extension holds as soon as gðtÞ ¼ gðtÞgð�tÞ
where g is an absolutely continuous function, see Bucklew (1985).

2.7 Prediction for large time lags

Let X ¼ ðXt; t 2 ZÞ be a discrete time, real, ?nondeterministic? and weakly

stationary process. Then

Xt ¼ mþ
X1
j¼0

aj"t�j; t 2 Z; ðm 2 RÞ;

where
P

a2j < 1, ao ¼ 1 and ð"tÞ is a white noise, and

X��
Tþh ¼

X1
j¼0

aj"tþh�j;

hence

EðX��
Tþh � XTþhÞ2 ¼ s2

Xh�1

j¼0

a2j ; h � 1:

We are interested in prediction for large h. The best asymptotic linear error of

prediction is

gð0Þ ¼ lim
h!1

E ðX��
Tþh � XTþhÞ2

where

gðuÞ ¼ Cov ðX0;XuÞ; u 2 R:

Thus a linear statistical predictor eXTþh based on X0; . . . ;XT is asymptotically

optimal (AO) if

lim
h!1

EðeXTþh � XTþhÞ2 ¼ gð0Þ:

The naive predictor XT is not AO since

E ðXT � XTþhÞ2 ¼ 2ðgð0Þ � gðhÞÞ�!
h!1

2gð0Þ;

58 ASYMPTOTIC PREDICTION



actually XT ¼
PT

t¼0 Xt

� �
=ðT þ 1Þ is AO and

T � ½EðXT � XTþhÞ2 � gð0Þ��!
h!1

X
u2Z

gðuÞ:

Similar results are achievable in continuous time: if X ¼ ðXt; t 2 RÞ is real

measurable, weakly stationary and nondeterministic, it admits the representation

Xt ¼
Z t

�1
gðt � uÞ dVðuÞ; t 2 R;

where g is a nonrandom square integrable function and V a process with orthogonal

increments (see Cramér and Leadbetter 1967). Then

X��
Tþh ¼

Z t

�1
gðt þ h� uÞ dVðuÞ

and

lim
h!1

EðX��
Tþh � XTþhÞ2 ¼

Z 1

0

g2ðvÞ dv ¼ gð0Þ:

Now the naive predictor has asymptotic quadratic error 2gð0Þ when

XT ¼
R T
0
Xt dt

� �
=T is AO with

lim
h!1

T ½E ðXT � XTþhÞ2 � gð0Þ� ¼
Z þ1

�1
gðuÞ du:

Notes

The Blackwell algorithm (1956) has been studied in detail by Lerche and Sarkar

(1993); they established Theorem 2.1. Theorems 2.2 and 2.3 and their applications

are new.

Lemma 2.1 comes from a discussion with J. Dedecker (Personal communica-

tion, 2006).

Section 2.6 is due to Bucklew (1985); for a discussion we refer to Stein (1988).

Finally results concerning prediction for large time lags are well known or easy

to check.
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3

Estimation by adaptive
projection

3.1 Introduction

In this chapter we study an estimation method that applies to a large class of

functional parameters. This class contains discrete probability distributions, density,

spectral density, covariance operators, among others.

For estimating a functional parameter a general procedure consists in approx-

imating it by suitable functions that can be easily estimated. Various methods of

approximation are conceivable: regularization by convolution, sieves, wavelets,

neural networks,. . . No approach may be considered as systematically better than

another one. Here we use the basic orthogonal projection method: the principle is to

estimate the projection of the unknown functional parameter on a space with finite

dimension kn that increases with the size n of the observed sample.

Since a suitable choice of kn depends on the true value of the parameter, it is

convenient to modify the estimator by replacing kn with an integer k̂n which is a

function of the data and appears to be a good approximation of the best kn. In this

way one obtains an adaptive projection estimator (APE). In some special situations

the APE reaches a 1=n-rate.

3.2 A class of functional parameters

Let P be a family of discrete time stochastic processes with values in some

measurable space ðE;BÞ. A member X of P has the form X ¼ ðXt; t 2 ZÞ. Let ’
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(or ’X) be an unknown parameter that depends on the distribution PX of X:

’X ¼ gðPXÞ; X 2 P

where g is not necessarily injective.

We suppose that ’ 2 f � H, where H is a separable real Hilbert space,

equipped with its scalar product h�; �i and its norm k � k.
We will say that ’ is ðe; hÞ-adapted, or simply e-adapted, if there exists a fixed

orthonormal system e ¼ ðej; j � 0Þ of H and a family h ¼ ðhj; j � 0Þ of applica-

tions hj : EnðjÞþ1 ! R; j � 0 such that

’ ¼
X1
j¼0

’jej

with

’j ¼ h’; eji ¼ E
�
hjðX0; . . . ;XnðjÞÞ

�
; j � 0;’ 2 f:

Finally we suppose that E½h2j ðX0; . . . ;XnðjÞ Þ� < 1 and

nðjÞ � j; j � 0:

We indicate a typical example of such a parameter. Other examples will appear

in Sections 3.4 and 3.5.

Example 3.1 (Spectral density)

Let X¼ðXt; t 2 ZÞ be a real zero-mean stationary process with $autocovariance$

g j ¼ EðX0XjÞ; j � 0; such that
X1
j¼0

jgjj < 1;

its spectral density is defined as

’ðlÞ ¼ 1

2p

X
j2z

g j cos lj; l 2 ½�p;þp�:

Then

eo ¼
1ffiffiffiffiffiffi
2p

p ; ejðlÞ ¼
cos ljffiffiffi

p
p ; j � 0; nðjÞ ¼ j

and

hoðX0Þ ¼
X2
0ffiffiffiffiffiffi
2p

p ; hjðX0; . . . ;XjÞ ¼
X0Xjffiffiffi

p
p ; j � 1: ^
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Now the problem is to specify estimation rates for some subclasses of f. In order to

define them it is convenient to consider a function b : Rþ ! R�
þ that is integrable,

continuously differentiable and such that x 7! xbðxÞ is decreasing (large sense) for x

large enough ðx > xoÞ. Note that this implies the following facts:

� b is strictly decreasing for x > xo,

�
P1

j¼0 bð jÞ < 1,

� jbð jÞ & 0 as j " 1.

Functions of this type are powers, negative exponentials, combinations of powers

and logarithms, . . .
Now we set bj ¼ bðjÞ; j � 0 and fb ¼ f’ : ’ 2 f; j’jj � bj; j � 0g. We assume

that there exists ’� 2 fb whose Fourier coefficients decrease at the same rate as ðbjÞ.
More precisely:

Assumptions 3.1 (A3.1)

There exists ’� 2 fb such that ’�
j 6¼ 0, j � 0 and

j’�
j j ¼ d bj; j � jo ð0 < d � 1Þ:

In order to estimate ’ from the data X1; . . . ;Xn we use estimators of the form

’n ¼
X1
j¼0

ljn’jnej ð3:1Þ

where

’jn ¼: ’jn ¼
1

n� nðjÞ
Xn�nðjÞ

i¼1

hjðXi; . . . ;XiþnðjÞÞ if n > nðjÞ ð3:2Þ

¼ 0; if not:

The estimator ’n is well defined as soon as

X
j:n>nðjÞ

l2jn’
2
jn < 1 a:s: ð3:3Þ

Now let T ‘ be the family of estimators of ’ such that (3.1), (3.2) and (3.3) hold. We

want to optimize the asymptotic behaviour of inf’n2T ‘
supX2PEX k ’n � ’X k2, in

order to obtain the minimax rate for the family T ‘.

For this purpose, we will use the oracle associated with ’�, assuming that ’jn is
an unbiased estimator of ’j.
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3.3 Oracle

The oracle is the best estimator, belonging to T ‘, at the point ’ ¼ ’�, for some

process X� such that ’� ¼ gðPX� Þ. Its construction uses the following elementary

result.

Lemma 3.1
Let Z be an unbiased estimator of a real parameter u such that u 6¼ 0. Let VuZ be the

variance of Z. Then, the minimizer of EuðlZ � uÞ2 with respect to l is

l� ¼ u2

u2 þ VuZ
;

and the corresponding quadratic error is given by

Euðl�Z � uÞ2 ¼ u2 � VuZ

u2 þ VuZ
:

PROOF:

Straightforward and therefore omitted. &

Using Lemma 3.1 we obtain the oracle

’0
n ¼

X
j�0

l�jn’jnej

with

l�jn ¼
’�2
j

’�2
j þ V�

jn

; j � 0 ð3:4Þ

where V�
jn denotes variance of ’jn for some X� such that ’� ¼ gðPX� Þ.

Actually, if n > nðjÞ the choice Z ¼ ’jn in Lemma 3.1 leads to (3.4); if n � nðjÞ
one has ’jn ¼ 0, thus V�

jn ¼ 0 and l�jn ¼ 1 is suitable.

Note that ’0
n is well defined since

E
X
j�0

l�
2

jn’
2

jn

 !
¼
X
n>nðjÞ

l�
2

jn ðV�
jn þ ’�2

j Þ

�
X
n>nðjÞ

’�4
j

’�2
j þ V�

jn

�
X
n>nðjÞ

’�2
j �k ’� k2< 1:

Now, in order to study EX� jj’0
n � ’�jj2 we make the general assumption:
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Assumptions 3.2 (A3.2)

EX�’jn ¼ ’�
j , j � 0, n > nðjÞ and

0 � aj

un
� V�

jn �
bj

un
; j � 0

where ðajÞ and ðbjÞ do not depend on n, and ðunÞ is a sequence of integers such that

ðunÞ % 1 and un � n, n � no.

We shall see that, under mild conditions, un ¼ n. The case un ¼ oðnÞ corresponds to
long memory processes.

Lemma 3.2
If A3.2 holds and n ! 1

(1) If
P

j bj < 1, then

0 �
X
j

aj � lim���
n!1

unEX� k ’0
n � ’� k2 ð3:5Þ

and

lim
n!1

unEX� k ’0
n � ’� k2� 2B2d2 þ

X
j

bj < 1 ð3:6Þ

where B ¼ maxj�1 jbj.

(2) If
P

j aj ¼ 1, then

lim
n!1

unEX� k ’0
n � ’� k2¼ 1: ð3:7Þ

PROOF:

(1) Since jbj ! 0 one has B < 1 and b2j � B2=j2; j � 1. Now, n � nðjÞ implies

n � j, thus, if n > jo þ 1,

X
j:n�nð jÞ

’�2
j ¼ d2

X
j:n�nð jÞ

b2j � d2
X
n� j

b2j

� B2d2
X
j�n

1

j2
� B2d2

n� 1
� 2B2d2

un
;

moreover

un
X

j:n>nðjÞ

’�2
j � V�

jn

’�2
j þ V�

jn

�
X
n>nðjÞ

unV
�
jn �

X
j�0

bj;
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therefore

EX� k ’0
n � ’� k2¼

X
j:n>nð jÞ

’�2
j :V�

jn

’�2
j þ V�

jn

þ
X

j:n�nð jÞ
’�2
j � 2b2d2

un
þ
P

bj

un
ð3:8Þ

hence (3.6).

In order to get a lower bound, we write

unEX� k ’0
n � ’� k2 �

X
j:n>nðjÞ

’�2
j � unV�

jn

’�2
j þ V�

jn

�
X
j�0

’�2
j � aj

’�2
j þ V�

jn

1fn>nð jÞgð jÞ :¼ mn;

all terms in mn belong to ½0;aj� and tend to aj (respectively); then the dominated

convergence theorem gives mn !
P

j�0 aj which yields (3.5).

(2) If
P

j aj ¼ 1, the Fatou lemma entails

lim
n!1

unEX� k ’0
n � ’� k2�

X
j�0

lim
n!1

uncjn

where cjn is the term of order j in (3.8).

Since, for n large enough, one has

uncjn ¼
’�2
j � unV�

jn

’�2
j þ V�

jn

it follows that lim
n!1

uncjn � aj, hence (3.7). &

3.4 Parametric rate

If nð jÞ ¼ 0, j � 0 and
P

j bj < 1 the rate u�1
n is reached provided the following

assumption holds.

Assumptions 3.3 (A3.3)

’jn is an unbiased estimator of ’j; j � 0 and there exists c > 0 such that

sup
X2P

VarX’jn � c
bj

un
; j � 0; n � no:
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To show this we define two estimators of ’:

e’n;0 ¼
X1
j¼0

’jnej;

and

e’n ¼
Xun
j¼0

’jnej:

Note that explicit calculation of e’n;0 is not possible in general, thus it is preferable

to employ e’n.

Theorem 3.1
If A3.2 and A3.3 hold with 0 <

P
j aj �

P
j bj < 1 then

lim
n!1

inf
’n2t‘

sup
X2P

un EX k ’n � ’X k2 �
X
j

aj ð3:9Þ

when

sup
X2P

un EX k e’n;0 � ’X k2 � c
X
j

bj ð3:10Þ

and

sup
X2P

unEX k e’n � ’X k2 � B2 þ c
X
j

bj: ð3:11Þ

PROOF:

For each ’n in T ‘ we have

sup
X2P

un EX k ’n � ’X k2 � unEX� k ’n � ’� k2

� unEX� k ’0
n � ’� k2;

therefore

inf
’n

sup
X2P

un EX� k ’n � ’X k2� unEX� k ’0
n � ’� k2

and (3.5) yields (3.9).

Now, from A3.3 it follows that

EX k e’n;0 � ’X k2¼
X1
j¼0

EXð’jn � ’jÞ
2 � c

P1
j¼0 bj

un
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and

un EX k e’n � ’X k2 ¼
Xun
j¼0

EXð’jn � ’jÞ2 þ un
X
j>un

’2
j

� c
Xun
j¼0

bj þ un
X
j>un

b2j

� c
X1
j¼0

bj þ B2un
X
j>un

1

j2

hence (3.10) and (3.11). &

Example 3.2 (Discrete distributions)

Let P be a family of N-valued processes, defined on a rich enough probability

space, and such that

(a) PXt
¼ PX0

; t 2 Z

(b) PðXt ¼ jÞ � bj; j � 0 where bj # 0 and 1 <
P

j bj < 1

(c) PðXs;XtÞ ¼ PðXsþh;XtþhÞ; s; t; h 2 Z

(d)
P

h2Z supj�0 jPðXh ¼ jjX0 ¼ jÞ � PðXh ¼ jÞj � g < 1 where PðXh¼ j

jX0 ¼ jÞ¼ PðXh ¼ jÞ if PðX0 ¼ jÞ ¼ 0 and g does not depend on X.

Here we set ’ ¼ ’X ¼
P1

j¼0 PðX0 ¼ jÞ1fjg, then ’ 2 L2ðmÞ where m is the counting

measure on N and ’ is ðe; hÞ-adapted with ej ¼ hj ¼ 1fjg, and nð jÞ ¼ 0; j � 0.

In this situation one may choose

’� ¼
X1
j¼0

bjP
j bj

1fjg

and X� ¼ ðX�
t ; t 2 ZÞ where the X�

t ’s are i.i.d. with distribution ’�. Thus we have

V�
jn ¼

’�
j ð1� ’�

j Þ
n

¼ aj

n
<

bj

n
¼

’�
j

n

and
P

bj < 1. Moreover

nVar ’jn ¼ ’jð1� ’jÞ þ
X

1�jhj�n�1

1� jhj
n

� ��
PðX0 ¼ j;Xh ¼ jÞ

� PðX0 ¼ jÞPðXh ¼ jÞ
�

< bj þ 2
X1
h¼1

PðX0 ¼ jÞ sup
j0�0

jPðXh ¼ j0jX0 ¼ j0Þ � PðXh ¼ j0Þj

� ð1þ 2gÞbj :¼ cbj

where c ¼ ð1þ 2gÞ
P

j0 bj0 .
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Therefore A3.2 and A3.3 hold and, from Theorem 3.1, it follows that the

minimax rate is 1=n. The estimator

e’n ¼
Xn
j¼1

1

n

Xn
t¼1

1fjgðXtÞ
 !

1fjg

reaches this rate. ^

Example 3.3 (Distribution functions)

Consider a sequence ðXt; t 2 ZÞ of i.i.d. [0, 1]-valued random variables. Suppose

that their common distribution function F possesses a continuous derivative f on

[0, 1]. Let ðejÞ be an orthonormal basis of L2ðmÞ where m is Lebesgue measure over

½0; 1�. Then, if ej has a continuous version, we have

hF; eji ¼ �
Z 1

0

EjðxÞ f ðxÞdx ¼ Eð�EjðX0ÞÞ

where Ej is the primitive of ej such that Ejð1Þ ¼ 0. We see that F is ðe; hÞ-adapted
with hj ¼ �Ej and nðjÞ ¼ 0; j � 0.

If, for example, ðejÞ is the trigonometric system, it is easy to prove that

Var ’jn ¼ Oð1=nj2Þ; it follows that the minimax rate is 1=n. Details are left to

the reader. ^

Example 3.4 (Covariance operator)

Let ðXt; t 2 ZÞ be a sequence of G-valued i.i.d. random variables, where G is a

separable Hilbert space with scalar product h�; �iG and norm k � kG.
Assume that E k X0 k4G < 1 and EX0 ¼ 0. One wants to estimate the covariance

operator of X0 defined as

CoðxÞ ¼ EðhX0; xiGX0Þ; x 2 G:

Co belongs to the Hilbert space H ¼ SG of Hilbert–Schmidt operators on G (see

Chapter 11) and has the spectral decomposition Co ¼
P1

j¼0 ljvj 	 vj with

lj � 0;
P

j lj < 1. We suppose here that the eigenvectors vj are known. Since

ej ¼ vj 	 vj; j � 0 is an orthonormal system in SG and lj ¼ EðhX0; vji2GÞ; j � 0, we

see that Co is ðe; hÞ-adapted.
Now we have

’jn ¼
1

n

Xn
i¼1

hXi; vji2G

and

Var ’jn ¼
1

n
ðEðhX0; vji4GÞ � l2j Þ; j � 0:
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Noting that

E

�X
j

hXi; vji4G
�

� E
X
j

hX0; vji2G

 !2
2
4

3
5 ¼ E k X0 k4G

it is easy to see that the minimax rate is n�1. Again details are left to the reader. This

parametric rate can be reached in the more general framework where ðXtÞ is an

autoregressive Hilbertian process and the vj’s are unknown. We refer to Chapter 11

for a detailed study of that case. ^

3.5 Nonparametric rates

If
P

j aj ¼ 1, Lemma 3.2 shows that the rate of oracle is less than u�1
n . In order to

specify this rate we are going to define a truncation index k�n that indicates when 0 is
a better approximation of ’�

j than ’jn.

First we need a definition:

Definition 3.1
A strictly positive real sequence ðg jÞ is said to be of moderate variation (MV) if, as

k ! 1
gk ’ gk

where gk ¼ ð
Pk

0 g jÞ=k.
A typical example of such a sequence is

g j ¼ c jaðlnðjþ 1ÞÞb; ðc > 0; a > �1; b integer � 0Þ;

in particular a constant sequence is MV.

The following properties of an MV sequence are easy to check.

X1
j¼0

gj ¼ 1

gk ’ gkþ1 ð3:12Þ
d�1
k gk ! 1 ð3:13Þ

for each positive sequence ðdjÞ such that kdk ! 0.

Now we make the following assumption:

Assumptions 3.4 (A3.4)

ðbjÞ is MV and
Pk

0 aj ’
Pk

0 bj.

This allows us to define k�n. Set

d ¼
j’jo

�ju1=2no

b
1=2
jo

;
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where jo and no are specified in A3.1 and A3.2 respectively. Note that it is always

possible to suppose that bjo
6¼ 0.

Now, if n � no, k
�
n is the greatest j � jo such that

’�2
j � d2

bj

un
;

that is

’�2
k�n
� d2

bk�n

un
; ð3:14Þ

’�
2

j < d2
bj

un
; j > k�n: ð3:15Þ

k�n is well defined since

’�2
jo
¼ d2

bjo

uno
� d2

bjo

un
; ðn � noÞ

and, from (3.13), it follows that limj!1 bj=’
�2
j ! 1; thus, for j large enough, we

have (3.15).

The following statement furnishes some useful properties of k�n.

Lemma 3.3

k�n ! 1; ð3:16Þ

k�n ¼ oðunÞ; ð3:17Þ

jo � j � k�n ) n > nð jÞ; n � n1: ð3:18Þ

PROOF:

If k�n 6! 1 there exists K > 0 and a sequence S of integers such that k�n0 � K,

n0 2 S. Thus k�n0 þ 1 2 f1; . . . ;K þ 1g, n0 2 S, which implies that bk�
n0þ1’

�2
k�
n0þ1 is

bounded, which is impossible from (3.15) and un0 ! 1, hence (3.16).

Now, since
Pk�n

j¼0 bj ’ k�nbk�n
and k�n ! 1 we have

b�1
k�n

’ k�nPk�n
0 bj

¼ oðk�nÞ ð3:19Þ

because
Pk�n

0 bj ! 1. Moreover, for each " > 0, we have, for n large enough,

jk�n’�
k�n
j < ", but j’�

k�n
j � dðbk�n

=unÞ1=2, therefore k�n < "d�1u1=2n b
�1=2
k�n

and conse-

quently

k�n ¼ o

�
u1=2n b

�1=2
k�n

�
:

NONPARAMETRIC RATES 73



Now, from (3.19) it follows that u1=2n b
�1=2
k�n

¼ oðk�1=2n u1=2n Þ hence (3.17) since

k�n ¼ oðk�1=2n u1=2n Þ.

Concerning (3.18) note that jo � j � k�n yields nðjÞ � j � k�n, and since

k�n ¼ oðunÞ ¼ oðnÞ we have n > k�n for n large enough, hence n > nðjÞ. &

Lemma 3.4 (Bias of oracle)

If A3.2 and A3.4 hold then, for n large enough,

X
j>k�n

’�2
j < d2

ðg þ 1þ k�nÞbk�nþ1

un
;

where g > 0 is such that bk�n
� gbk�nþ1, hence

X
j>k�n

’�2
j ¼ O

Pk�n
j¼0 bj

un

 !
: ð3:20Þ

PROOF:

We set ’�ðxÞ ¼ dbðxÞ, x � jo. Then, monotony of ’� yields

X
j>k�n

’�2
j < ’2

k�nþ1 þ
Z 1

k�n

’�2ðxÞdx; ð3:21Þ

now we put

vn ¼
1

d

ffiffiffiffiffiffiffiffiffiffiffi
un

bk�nþ1

s
;

since bk�nþ1 ’ bk�n
(cf. (3.12) and A3.4) it follows from (3.14) that vn ! 1 and, if

bk�n
� gbk�nþ1;’

�ðk�nÞ � gv�1
n > 0.

Denoting by c the inverse function of ’� one obtains

k�n � cðgv�1
n Þ

and

k�n þ 1 > cðv�1
n Þ;

hence

Z 1

k�nþ1

’�2ðxÞdx <
Z 1

cðv�1
n Þ

’�2ðxÞdx ¼
Z 0

v�1
n

u2c0ðuÞdu :¼ Jn;
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now an integration by parts gives

Jn ¼ �v�2
n cðv�1

n Þ � 2

Z 0

v�1
n

ucðuÞ du; ð3:22Þ

and the last integral may be written as

Hn ¼ 2

Z 1

cðv�1
n Þ

x’�ðxÞ �’�0 ðxÞ
h i

dx:

Noting that �’�0 is positive and that x’�ðxÞ is decreasing for x � j0 we get

Hn � 2cðv�1
n Þ’� cðv�1

n Þ
� � Z 1

cðv�1
n Þ

�’�0 ðxÞ
h i

dx

thus

Hn � 2v�2
n cðv�1

n Þ: ð3:23Þ

Collecting (3.21), (3.22) and (3.23) one obtains

X
j>k�n

’�2
j < v�2

n ð1þ g þ k�nÞ ¼
d2ð1þ g þ k�nÞbk�nþ1

un

which implies (3.20) since
Pk�n

j¼0 bj ’ k�nbk�nþ1. &

Lemma 3.5
If A3.2 and A3.4 hold and if bj=’

�2
j % then

EX� k ’0
n � ’� k2’

Pk�n
0 bj

un
:

PROOF:

Using (3.18) in Lemma 3.3 we may write

EX� k ’0
n � ’� k2 ¼

Xk�n
0

’�2
j � V�

jn

’�2
j þ V�

jn

þ
X
j>k�n

E ’0
n; j � ’�

j

� �2

�
Xk�n
0

V�
jn þ

X
j>k�n

’�2
j ;

ð3:24Þ
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then A3.2 and Lemma 3.4 give

EX� k ’0
n � ’� k2¼ O

Pk�n
0 bj

un

 !
:

Now (3.24) implies

EX� k ’0
n � ’� k2�

Xk�n
jo

’�2
j � V�

jn

’�2
j þ V�

jn

and monotony of ðbj’
��2

j Þ and (3.14) yield

’�2
j � d2

bj

un
� d2V�

jn; jo � j � k�n;

therefore

Xk�n
0

’�2
j � V�

jn

’�2
j þ V�

jn

�
Xk�n
jo

’�2
j � aj

un

’�2
j þ ’�

2

j

d2

� 1

1þ d�2

Xk�n
jo

aj

 !
u�1
n

and, since
Pk�n

jo
aj ’

Pk�n
jo
bj it follows that

Pk�n
0 bj

� �
u�1
n ¼ O EX� k ’0

n � ’� k2
� 	

.

&

Finally we study risk of the projection estimator e’n ¼
Pk�n

j¼0 ’jnej.

Lemma 3.6
Under A3.3 and A3.4 we have

sup
X2P

EX k e’n � ’X k2¼ O
Pk�n

0 bj

un

 !
:

PROOF:

EX k e’n � ’ k2 ¼
Xk�n
0

VarX ’jn þ
X
j>k�n

’2
j

� c

Pk�n
0 bj

un
þ 1

d2

X
j>k�n

’�2
j ; X 2 P

and the desired result follows from Lemma 3.4. &

Now we are in a position to state the final result.
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Theorem 3.2
If A3.2, A3.3 and A3.4 hold and if bj’

��2

j % then the minimax rate for T ‘ is

vn ¼
Pk�n

0 bj=un and e’n reaches this rate.

PROOF:

Similarly to the proof of Theorem 3.1, Lemma 3.5 entails

lim
n!1

inf
’n2T ‘

sup
X2P

unPk�n
0 bj

EX k ’n � ’ k2> 0

and, by Lemma 3.6, the proof is complete. &

Discussion

It is noteworthy that existence of k�n is not linked to
P

j bj ¼ 1 as shown by the

following simple example: if ’�j ¼ j�a ða > 1Þ and aj ¼ bj ¼ j�b ðb 2 RÞ, then,
for 1 < b < 2a we have

P
j bj < 1 but bj’

��2

j ¼ j2a�b ! 1, thus k�n ’ u
1=ð2a�bÞ
n ,

and the estimator
Pk�n

0 ’jnej reaches the best rate. However the estimator
Pun

0 ’jnej
reaches the best rate for all a > 1, thus it works even if a is unknown.

Finally note that, if b � 2a one may take k�n ¼ 1 and write the parametric rate

under the form
Pk�n

0 bj

� �
=un used for the nonparametric rate. ^

Now in order to give applications of Theorem 3.2, we indicate a useful

lemma:

Lemma 3.7
If X is a strictly stationary, a-mixing process such that

P
‘ ‘½að‘Þ�

ðq�2Þ=q < 1 where

2 < q � 1 and if supj�0 E jhqj ðX0; . . . ;XnðjÞÞj1=q
� �

< 1 then

sup
0�j�k�n

jGj � nVarX’jnj ! 0; n ! 1

where Gj ¼ g0j þ 2
P1

‘¼1 g‘j; j � 0,

with g‘j ¼ Cov hjðX0; . . . ;XnðjÞÞ; hjðX‘; . . . ;X‘þnðjÞÞ
� 	

; ‘ � 0; j � 0.

PROOF:

The proof uses ?Davydov inequality? and the relation

ðn� nðjÞÞVarX’jn ¼ g0j þ 2
Xn�nðjÞ�1

‘¼1

1� ‘

n� nðjÞ


 �
g‘j; n > nðjÞ;

details are left to the reader. &

NONPARAMETRIC RATES 77



Example 3.5 (Density)

Suppose that X ¼ ðXt; t 2 ZÞ takes its values in a measure space ðE;B;mÞ and that

the Xt’s have a common density f , with respect to m, with f 2 L2ðmÞ.
For convenience we assume that m is a probability and that ðej; j � 0Þ is an

orthonormal basis of L2ðmÞ such that eo ¼ 1 and M ¼ supj�0 k ej k1< 1. Then

f ¼ 1þ
P1

j¼1 ’jej with ’j ¼
R
E
fej dm ¼ EðejðX0ÞÞ, j � 1.

In order to construct ’� ¼ f � we set f � ¼ 1þ d
P1

j¼1 bjej and take

d 2�0;min
�
1=2; ð2M

P1
j¼1 bjÞ

�1Þ½, consequently 1=2 � f �ðxÞ � 1þ dM
P1

j¼1 bj;
x 2 E.

If the Xt’s are i.i.d. with density f � it follows that V�
jn ¼

R
e2j f

�dm� ’�2
j

h i
=n:

Putting aj ¼
R
e2j f

�dm� ’�2
j and bj ¼

R
e2j f

�dm and noting that limk!1
�Pk

1 ’
�2
j Þ

=k ¼ 0 we see that A3.4 is satisfied with 1=2 � bj � M2; j� 1. Then bðk�nÞ ’ 1=
ffiffiffi
n

p

and the rate of oracle is k�n=n.
Now, if ef n ¼Pkn

j¼0 ’jnej and if each X in P is strictly stationary with

sup
X2P

sup
j�1

X1
‘¼1

jCovðejðX0Þ; ejðX‘ÞÞj < 1

it follows that
sup
X2P

EX k efn � f k2¼ O k�n
n

� �
:

The above condition is satisfied if X is aX-mixing with supX2P
P1

‘¼1 aXð‘Þ < 1.^

Example 3.6 (Derivatives of density)

In Example 3.3 if F is of class C2, ej of class C1 and if f ð0Þejð0Þ ¼ f ð1Þejð1Þ ¼ 0

then hf 0; eji ¼ E½�e0jðX0Þ� thus f 0 is (e0, e)-adapted.
If ðejÞ is the trigonometrical system and the Xt’s are i.i.d. with density f � defined

in Example 3.5, then V�
jn ’ j2=n and Theorem 3.2 applies under mild conditions.

Clearly similar results can be obtained for derivatives of order greater than 1.

Example 3.1 (Spectral density, continued)

Here

’0n ¼
1

n
ffiffiffiffiffiffi
2p

p
Xn
t¼1

X2
t ;

’jn ¼
1

ðn� jÞ
ffiffiffi
p

p
Xn�j

t¼1

XtXtþj; 1 � j � n� 1:

Now if bj ¼ arj, j � 0 ða � 1; 0 < r < 1Þ then P contains linear processes of the

form

Xt ¼
X1
j¼0

aj"t�j; t 2 Z
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where ð"tÞ is a white noise and jajj � c rj; j � 0 with 0 < r � r and c small

enough. Actually we have

jg jj �
cs2

1� r2
rj; j � 0 where s2 ¼ E"2n:

In particular P contains the ARMA processes. Now we set

f �ðlÞ ¼ 1

2p

X1
j¼0

rj cos lj; l 2 ½�p;þp�

which is associated with an AR(1) process:

X�
t ¼ rX�

t�1 þ "t; t 2 Z

where VarX�
t ¼ 1. In this case we have (see Brockwell and Davis 1991, p. 225)

nV�
jn ’

ð1� r2jÞð1þ r2Þ
1� r2

� 2jr2j ’ 1þ r2

1� r2
:

If ðX�
t Þ satisfies the conditions in Lemma 3.7, we have

sup
0�j�k�n

1þ r2

1� r2
� nV�

jn

����
�����!n!10;

then one may choose

aj ¼
1

2

1þ r2

1� r2
; bj ¼ 2

1þ r2

1� r2
; j � 1

and Theorem 3.2 applies with k�n ’ ln n and optimal rate ðln nÞ=n. ^

3.6 Rate in uniform norm

If ’ has a preferred functional norm it is interesting to use the uniform norm in

order to have an idea about the form of its graph. In the follows we will say that ’ is

‘functional’ if H is a space of functions or of equivalence classes of functions. The

following simple exponential type inequality is useful.

Lemma 3.8
Let Y1; . . . ; Yn be a finite sequence of bounded zero-mean real random variables

and let ðaðkÞ; 0 � k � n� 1Þ be the associated a-mixing coefficients. Then

P jYnj > "
� 	

� 4 exp � "2

8B2
q

� �
þ 22 1þ 4B

"

� �1=2

qa
n

2q


 �� �
; ð3:25Þ

" > 0, q 2 f1; 2; . . . ; ½n=2�g; ðB ¼ sup1�t�n k Yt k1Þ.
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PROOF:

See Bosq (1998). &

We now suppose that bj ¼ arj (a � 1, 0 < r � ro < 1 with ro known),

that H ¼ supj�0 k hj k1;M ¼ supj�0 k ej k1< 1 and that X is ?GSM? with

aðkÞ � ce�d kðc � 1=4; d > 0Þ. We study the behaviour of the estimatore’n ¼
P½d ln n�

j¼0 ’jnej, d > 1=ð2 lnð1=roÞÞ.

Theorem 3.3
If ’ is functional, X is strictly stationary and GSM, ’ is (e, h)-adapted with ðejÞ; ðhjÞ
uniformly bounded and ðbjÞ ! 0 at an exponential rate, then

k e’n � ’ k1¼ O ðln nÞ2ffiffiffi
n

p
 !

almost surely: ð3:26Þ

PROOF:

We have

k e’n � ’ k1� M
X½d ln n�
j¼0

j’jn � ’jj þ
X

j>d½ln n�
j’jj

and

X
j>½d ln n�

j’jj � a
r½d ln n�þ1

1� r
� ard ln n

1� r
¼ a

1� r

1

nd ln
1
r

:

Now we set "n ¼ gðln nÞ2=
ffiffiffi
n

p
; ðg > 0Þ, then, since d > 1=ð2 lnð1=rÞÞ, we have, for

n large enough, "n=2 >
P

j>½d ln n� j’jj, thus

P k e’n � ’ k1> "nð Þ �
X½d ln n�
j¼0

P j’jn � ’jj >
"n

2M½d ln n�

� �

�
X½d ln n�
j¼0

P j’jn � ’jj >
g

2Md

ln nffiffiffi
n

p
� �

:

Using inequality (3.25) with Yi ¼ hjðX0; . . . ;XnðjÞÞ � EhjðX0; . . . ;XnðjÞÞ one obtains

P ’jn � ’j

�� �� > g

2Md

ln nffiffiffi
n

p
� �

� 4 exp � g2

32M2d2H2

ðln nÞ2

n
q

 !

þ 22 1þ 4H
ffiffiffi
n

p

gðln nÞ2

 !1=2

qaY

n� nðjÞ
2q


 �� �

with 1 � q � ðn� nð jÞÞ=2 and aYðkÞ � c exp

�
� dmaxð0; k � nð jÞÞ

�
.
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Now, choosing q ¼ c0 n
ln n

� �
, ðc0 > 0Þ, yields

P k e’n � ’ k1> "nð Þ ¼ O ln n

nc
0g2=32M2d2H2

� �
þO 1

ðln nÞ2n d
2c0�

5
4

 !

hence, choosing 0 < c0 < 2d=9; g2 > 32M2d2H2=c0 and using the Borel–Cantelli

lemma one obtains (3.26). &

3.7 Adaptive projection

The best truncation index, say kn;’, for estimating ’ by projection, depends on ð’jÞ
and ðbjÞ. If these sequences are unknown, one tries to approximate kn;’.

The principle of such an approximation is to determine an index k̂n, character-

ized by smallness of the empirical Fourier coefficients for j > k̂n. More precisely

one sets

k̂n ¼ max j : 0 � j � kn; ’jn
�� �� � gn


 �
where ðkn; gnÞ is chosen by the statistician, and with the convention k̂n ¼ kn if

f�g ¼ ? .

In the following we always suppose that kn < n; ðknÞ ! 1 and ðkn=nÞ ! 0,

thus

’jn ¼
1

n� nð jÞ
Xn�nð jÞ

j¼1

hjðXi; . . . ;XiþnðjÞÞ

is well defined for j � kn, since nðjÞ � j � kn < n.

Concerning the threshold, we take

gn ¼
ln n � log2 nffiffiffi

n
p ; n � 3: ð3:27Þ

This choice appears as suitable in various situations, in particular if j’jj # and the

observed variables are i.i.d. since, in this case, we have j’kn;’
j ’ 1=

ffiffiffi
n

p
.

The logarithm term in (3.27) allows as to compensate variability of

’jn; 1 � j � kn, and takes into account correlation between the observed variables.

The associated estimator is defined as

’̂n ¼
Xk̂n
j¼0

’jnej:

Now, in order to study asymptotic properties of ’̂n we make the following

assumption.
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Assumptions 3.5(A3.5)
X ¼ ðXt; t 2 ZÞ is a strictly stationary, geometrically strongly mixing process and

ðhj; j � 0Þ is uniformly bounded.

In the following we put h ¼ supj�0 k hj k1 and write ak � c expð�dkÞ;
k � 0; ðc � 1=4; d > 0Þ, where ak is the sequence of strongly mixing coefficients

of X.

3.7.1 Behaviour of truncation index

Set Bn ¼
Skn

j¼0 ’jn
�� �� � gn

 �

, the first statement asserts asymptotic negligibility of

Bc
n.

Lemma 3.9
If A3.5 holds, and if j1 is an index such that ’j1

6¼ 0, then conditions kn � j1 and

gn < j’j1
=2j yield

PðBc
nÞ � a expð�b

ffiffiffi
n

p
Þ ða > 0; b > 0Þ: ð3:28Þ

PROOF:

If kn � j1 and gn < j’j1
=2j, one has

Bc
n ) ’j1n

�� �� < gn ) ’j1n � ’j1

�� �� � j’j1
j

2
;

then inequality (3.25) gives

PðBc
nÞ � 4 exp �

’2
j1

32h2
q

 !
þ 22 1þ 8h

j’j1 j

 !1=2

qc exp �d
n

2q


 �� �
;

choosing q ’
ffiffiffi
n

p
one obtains (3.28). &

Now let us set foðKÞ ¼ f’ : ’ 2 f; ’K 6¼ 0;’j ¼ 0; j > Kg
and fo ¼

S1
K¼0 foðKÞ. The next theorem shows that, if ’ 2 fo, k̂n is a strongly

consistent estimator of K ¼ K’.

Theorem 3.4
If A3.5 holds, then

P k̂n 6¼ K’

� 	
¼ O n�d log2 n

� 	
; ðd > 0Þ; ð3:29Þ

hence, almost surely, k̂n ¼ K’ for n large enough.
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PROOF:

Applying Lemma 3.9 with j1 ¼ K’ ¼ K one obtains P k̂n 6¼ K’


 �
\

�
Bc
nÞ �

PðBc
nÞ � a expð�b

ffiffiffi
n

p
Þ. Now, for n large enough,

Cn :¼ k̂n > K

 �

\ Bn


 �
[ k̂n < K

 �

\ Bn


 �
)

[kn
j¼Kþ1

’jn
�� �� > gn

2

n o
[ ’Kn � ’Kj j > j’K j

2

� �
;

then (3.25) gives

PðCnÞ � 4
Xkn

j¼Kþ1

exp � g2
nq

32h2

� �
þ 22

Xkn
j¼Kþ1

1þ 8h

gn

� �1=2

qc exp �d
n

2q


 �� �

þ 4 exp � ’2
K

32h2
q0

� �
þ 22 1þ 8h

j’K j

� �1=2

q0c exp �d
n

2q0


 �� �
;

and the choice q ’ n=ðln n � log2 nÞ; q0 ’
ffiffiffi
n

p
and the fact that kn < n entail (3.29).

We now consider the general case where

’ 2 f1 ¼ ’; ’ 2 f; ’j 6¼ 0 for an infinity of j ’sg.



First, similarly to the proof of Theorem 3.4, one may note that, if ’j1 6¼ 0,

Pðk̂n > joÞ tends to zero at an exponential rate, hence

k̂n ! 1 a:s:

In order to specify the asymptotic behaviour of k̂n we set

qðhÞ ¼ min q 2 N; j’jj � h; j > q

 �

; h > 0

and

qnð"Þ ¼ qðð1þ "ÞgnÞ; " > 0

q0nð"0Þ ¼ qðð1� "0ÞgnÞ; 0 < "0 < 1:

Then we have the following asymptotic bounds.

Theorem 3.5
Under A3.5, if ’ 2 f1 and kn > q0nð"0Þ, we have

P k̂n 62 qnð"Þ; q0nð"0Þ
� �� 	

¼ O n�d0 log2 n
� �

; ðd0 > 0Þ; ð3:30Þ
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therefore, a.s. for n large enough

k̂n 2 qnð"Þ; q0nð"0Þ
� �

; ð3:31Þ

in particular, if qnð"Þ ’ q0nð"0Þ, then

k̂n ’ qðgnÞ a:s: ð3:32Þ

PROOF:

First, kn > q0nð"0Þ yields

k̂n > q0nð"0Þ

 �

\ Bn )
[kn

j¼q0nð"0Þþ1

’jn � gn


 �
;

but

j > q0nð"0Þ ) j’jj < ð1� "0Þgn;

thus

j’jnj � gn ) ’jn � ’j

�� �� � j’jnj � j’jj > "0gn;

using again (3.25), one arrives at

P k̂n > q0nð"0Þ

 �

\ Bn

� 	
� kn � q0nð"0Þ
� 	

Dn

where

Dn ¼ 4 exp � "02g2
n

8h2
q

� �
þ 22 1þ 4h

"0gn

� �1=2

qc exp �d
n

2q


 �� �
;

note that this bound remains valid if kn ¼ q0nð"0Þ.
Now, the choice q ’ n=ðln n � log2 nÞ and (3.28) yield

P k̂n > q0nð"0Þ
� 	

¼ O n�d1 log2 n
� 	

ðd1 > 0Þ: ð3:33Þ

On the other hand, if qnð"Þ > 0, we have j’qnð"Þj > ð1þ "Þgn thus

k̂n < qnð"Þ

 �

) ’qnð"Þ;n

��� ��� � gn

) ’qnð"Þ;n � ’qnð"Þ

��� ��� > "gn
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and (3.25) gives

P k̂n < qnð"Þ
� 	

¼ O n�d2 log2 n
� 	

: ð3:34Þ

If qnð"Þ ¼ 0 the same bound holds, and (3.30) follows from (3.33) and (3.34).

Finally (3.31) and (3.32) are clear. &

Example 3.7
If j’jj ’ j�b; j � 0 ðb > 1=2Þ, one has kn;’ ’ n1=ð2bÞ and for kn ’ n=ðln nÞ one

obtains

k̂n ’
n

ln n

� �1=ð2bÞ
a:s: ^

Example 3.8
If j’jj ¼ arjða > 0; 0 < r < 1Þ and kn > ln n=lnð1=rÞ one has kn;’ 
 qnð"Þ 
 q0n
ð"0Þ 
 ln n=ð2 lnð1=rÞÞ, hence

k̂n

ln n
! 1

2 lnð1=rÞ a:s:

Note that r̂n ¼ n�1=2ðk̂nþ1Þ is then a strongly consistent estimator of r:

r̂n ! r a:s: ^

3.7.2 Superoptimal rate

Theorem 3.4 shows that, in the special case where ’ 2 fo, ’̂n has the same

asymptotic behaviour as the pseudo-estimator

’n;K’
¼
XK’

j¼0

’jnej; n > K’:

Before specifying this fact, let us set S’ ¼
PK’

j¼0

P
‘2z g j‘

� 	
, where

g j‘ ¼ Cov hjðX0; . . . ;XnðjÞÞ; hj X‘; . . . ;X‘þnðjÞ
� 	� 	

:

Note that S’ is well defined if A3.5 holds since, by using the Schwarz and
?Billingsley? inequalities, it is easy to prove that

P
‘2z jg j‘j ¼ O

P
k�0 ak

� 	
.

Now we have the following:
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Theorem 3.6
If ’ 2 fo and A3.5 holds, then, as n ! 1,

n � E k ’̂n � ’ k2! S’ ð3:35Þ

and ffiffiffi
n

p
’̂n � ’ð Þ!D

XK’

j¼0

Njej ð3:36Þ

where N ¼ ðNo; . . . ;NK’
Þ is a RK’þ1-dimensional zero-mean Gaussian vector and

D denotes convergence in distribution in the space H.

If, in addition, ’ is functional and M ¼ supj�0 k ej k1< 1, then

limn!1
n

log2 n

� �1=2

k ’̂n � ’ k1< 1 a:s: ð3:37Þ

PROOF:

The quadratic error of ’̂n has the form

E k ’̂n � ’ k2¼ E
Xk̂n
j¼0

’jn � ’j

� 	2 !
þ E

X
j>k̂n

’2
j

0
@

1
A:

From 1fk̂n¼K’g þ 1fk̂n 6¼K’g ¼ 1 it follows that

E k ’̂n � ’ k2 ¼
XK’

j¼0

Var ’jn � E
XK’

j¼0

ð’jn � ’jÞ
2� k ’̂n � ’ k2

 !
1fk̂n 6¼K’g

 !

:¼ Vn � V 0
n:

Using A3.5 one easily obtains n � Vn ! S’, and Theorem 3.4 yields

n � V 0
n � n 4ð1þ K’Þh2 þ 2ðkn þ 1Þh2 þ 2 k ’ k2

� �
P k̂n 6¼ K’

� 	
¼ O n�c log2 nþ2

� 	
hence (3.35).

Concerning (3.36), the CLT for mixing variables and the Cramér–Wold device

(see Billingsley 1968) entail

Un :¼
ffiffiffi
n

p
’0n � ’o

..

.

’K’;n � ’K’

0
B@

1
CA!D N ¼

No

..

.

NK’

0
B@

1
CA:

86 ESTIMATION BY ADAPTIVE PROJECTION



Now consider the linear operator defined as sðx0; . . . ; xK’
Þ ¼

PK’

j¼0 xjej;
ðx0; . . . ; xK’

Þ0 2 R1þK’ ; since it is continuous, we obtain

ffiffiffi
n

p
ð’n;K’

� ’Þ ¼ sðUnÞ!
D
sðNÞ ¼

XK’

j¼0

Njej:

On the other hand, since

fk̂n ¼ K’g ) f’̂n ¼ ’n;K’
g;

Theorem 3.4 yields P
ffiffiffi
n

p
ð’̂n � ’n;K’

Þ ¼ 0
� �

! 1, and (3.36) comes fromffiffiffi
n

p
ð’̂n � ’Þ ¼

ffiffiffi
n

p
ð’̂n � ’n;K’

Þ þ
ffiffiffi
n

p
ð’n;K’

� ’Þ.
Finally the LIL for stationary GSM processes (see Rio 2000) implies that, with

probability one,

lim
n!1

n

log2 n

� �1=2
j’jn � ’jj � cj < 1; j ¼ 0; . . . ;K’;

thus

lim
n!1

n

log2 n

� �1=2
k ’n;K’

� ’ k1� M
XK’

j¼0

cj

and, since ’̂n ¼ ’n;K’
, a.s. for n large enough, (3.37) holds. &

Example 3.1 (Spectral density, continued)

Suppose that X is a MAðKÞ process:

Xt ¼
XK
j¼0

aj"t�j; t 2 Z

where ao ¼ 1, aK 6¼ 0,
PK

j¼0 ajz
j 6¼ 0 if jzj � 1, and ð"tÞ is a strong white noise.

Then

’ðlÞ ¼ 1

2p

X
j jj�K

g j cos lj; l 2 ½�p;þp�;

thus ’ 2 foðKÞ. Since A3.5 holds it follows that k̂n is a strongly consistent

estimator of K (Theorem 3.4) and ’̂n satisfies (3.35), (3.36) and (3.37). ^

Example 3.5 (Density, continued)

Let ðgj; j � 0Þ be a sequence of square integrable densities with respect to m and

ðej; j � 0Þ an orthonormal system of L2ðmÞ such that ej ¼
Pj

‘¼0 b‘g‘; j � 0; then,

if the density f of Xt is a finite mixture: f ¼
PK

j¼0 pjgj ðpj � 0;
PK

0 pj ¼ 1) then
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f ¼
PK

j¼0 ’jej. This implies that f 2 foðKÞ and, if A3.5 holds, conclusions in

Theorems 3.4 and 3.6 hold. ^

Example 3.9 (Regression)

If Xt ¼ ðYt; ZtÞ; t 2 Z is an Eo ¼ E1 � R valued strictly stationary process, with

EZ2
o < 1 and PYo

¼ m assumed to be known, one may set:

rðyÞ ¼ EðZojYo ¼ yÞ; y 2 E1

and, if ðejÞ is an arbitrary orthonormal basis of L2ðmÞ, one has

hr; eji ¼
Z

rej dm ¼ E EðZojYoÞejðYoÞ
� 	

¼ E

�
ZoejðYoÞ

�
; j � 0;

hence r is ðejÞ-adapted.
In the particular case where E1 ¼ ½0; 1� and r is a polynomial of degree K, one

may use the Legendre polynomials (i.e. the orthonormal basis of L2 ½0; 1�;B½0;1�; l
� 	

generated by the monomials) for estimating r at a parametric rate, and K, by using

the above results. ^

3.7.3 The general case

We now consider the case where ’ 2 f1. The first statement gives consistency.

Theorem 3.7

(1) Under A3.5 we have

E k ’̂n � ’ k2! 0; ’ 2 f: ð3:38Þ

(2) If, in addition ’ is functional and M ¼ supj�0 k ej k1< 1, then, conditionsP
j’jj < 1 and kn ’ ndð0 < d < 1Þ yield

k ’̂n � ’ k! 0 a:s: ð3:39Þ

PROOF:

(1) The ?Billingsley inequality? implies

Var ’jn �
4h2

n� nðjÞ 1þ 2
X1
‘¼1

að‘Þ
 !

; 0 � j � kn; ð3:40Þ
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thus Xkn
j¼0

Var ’jn ¼ O kn

n

� �
! 0; ð3:41Þ

on the other hand

E
X
j>k̂n

’2
j

0
@

1
A ¼

X
j>kn

’2
j þ

X
k̂n<j�kn

’2
j 1fk̂n<kng:

Now, given h > 0, there exists kh such that
P

j>kh
’2
j < h=2, hence, for n large

enough,

E
Xkn
j¼k̂n

’2
j 1fk̂n>khg

0
@

1
Aþ E

Xkn
j¼k̂n

’2
j 1fk̂n�khg

0
@

1
A

�
X
j>kh

’2
jþ k ’ k2 P k̂n � kh

� 	
< h:

This clearly implies,

E
X
j>k̂n

’2
j

0
@

1
A! 0; ð3:42Þ

and (3.38) follows from (3.35), (3.41) and (3.42).

(2) Since k̂n � kn we have the bound

k ’̂n � ’ k1� M
Xkn
j¼0

j’jn � ’jj þM
X
j>k̂n

j’jj:

First k̂n ! 1 a.s. gives M
P

j>k̂n
j’jj ! 0 a.s. Now (3.25) yields

P
Xkn
j¼0

j’jn � ’jj > h

 !
�
Xkn
j¼0

P j’jn � ’jj >
h

kn þ 1

� �

� ðkn þ 1Þ 4 exp � h2q

32h2ðkn þ 1Þ2

 !"

þ22 1þ 8hðkn þ 1Þ
h

� �1=2

qc exp �d
n

2q


 �� �#
;

h > 0. The choice q ’ ng ð2d < g < 1Þ and Borel–Cantelli lemma give (3.39). &

We now specify rates of convergence.
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Theorem 3.8
If A3.5 holds and kn � q0nð"0Þ, then

E k ’̂n � ’ k2¼ O q0nð"0Þ
n

þ
X

j>qnð"Þ
’2
j

0
@

1
A: ð3:43Þ

PROOF:

Set An ¼ qnð"Þ � k̂n � q0nð"0Þ

 �

, then

E k ’̂n � ’ k2 1An

� 	
�
Xq0nð"0Þ
j¼0

Var ’jn þ
X

j>qnð"Þ
’2
j ;

from (3.40), and n large enough, it follows that

E k ’̂n � ’ k2 1An

� 	
� 1þ q0nð"0Þ

n
8h2 1þ 2

X1
‘¼1

að‘Þ
 !

þ
X

j>qnð"Þ
’2
j :

Moreover,

E k ’̂n � ’ k2 1Ac
n

� 	
� 2 ð1þ knÞh2þ k ’ k2
� 	

PðAc
nÞ;

and Theorem 3.5 gives

E k ’̂n � ’ k2 1AC
n

� �
¼ O knn

�d0 log2 n
� �

¼ o
q0nð"0Þ
n

� �
;

hence (3.43). &

Example 3.7 (continued)
Here the best rate at ’ is n�ð2b�1Þ=2b when

E k ’̂n � ’ k2¼ O n�
2b�1
2b ln n � log2 nð Þ1=2b

� �
: ^

Example 3.8 (continued)

The best rate at ’ is ln n=n and ’̂n reaches this rate. One may take

kn ’ ln n � log2 n. ^

We now give a general but less sharp result, since it only shows that the possible

loss of rate is at most ðln n � log2 nÞ
2
.
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Theorem 3.9
If conditions in Theorem 3.2 and A3.5 hold, and if kn ¼ k�n þ 1 then

sup
’2fb

E k ’̂n � ’ k2¼ O vnðln n � log2 nÞ
2

� �
: ð3:44Þ

PROOF:

From (3.15) and A3.1 it follows that

j’k�nþ1j � bk�nþ1 ¼
1

d
’�
k�nþ1

��� ��� < d

d

bk�nþ1

un

� �1=2

;

but, since X is GSM, one may choose un ¼ n and bk�nþ1 :¼ b ¼ 8h2
P

k�0 ak.

Therefore, as soon as ln n � log2 n � 1; j’�
k�nþ1j < db1=2gn=d, thus, kn � k�nþ

1 � q’� ðdb1=2gn=dÞ, and since

d ¼
j’�

jo
ju1=2no

b
1=2
jo

¼
j’�

jo
j

b1=2
;

we have kn � q’�
j’�jo j
d
gn

� �
¼ q’� ðbjognÞ.

Now we may always assume that bjo < 1 (if not we choose a new model

associated with the sequence ðbj=ð2bjoÞ; j � 0Þ, with the parameter ’=ð2bjoÞ
instead of ’), so one may set bjo ¼ 1� "0, and finally

kn � q’ ð1� "0Þgnð Þ � q’ðð1þ "ÞgnÞ;

that is

kn � q ð1� "0ÞgnÞ � qðð1þ "ÞgnÞ:ð

We are now in a position to use Theorem 3.8 for obtaining

E k ’̂n � ’ k2 ¼ O k�n
n
þ

X
qnð"Þ<j�k�n

’2
j þ

X
j>k�n

’2
j

0
@

1
A

¼ O vn þ k�nð1þ "Þ2g2
n

� �
¼ O vnðln n � log2 nÞ

2
� �

and (3.44) follows since the bound is uniform with respect to ’ 2 fb. &

We now turn to uniform rate.
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Theorem 3.10
If A3.5 holds, j’jj � cr j, j � 0 ðc > 0; 0 < r < 1Þ;’ is functional and

kn ’ ln n � log2 n then

k ’̂n � ’ k1¼ O ðln nÞ3ffiffiffi
n

p
 !

a:s:

PROOF:

Similar to the proof of Theorem 3.7(2) and is therefore omitted. &

3.7.4 Discussion and implementation

For the practical construction of ’̂n, two questions arise: the choice of an

orthonormal system ðejÞ and determination of kn.

In various situations there is a natural orthonormal system associated with the

estimation problem. If, for example, ’ is the spectral density, the cosine system

appears as natural. Otherwise one may try to use an attractive system. If, for

example ’ ¼ f is the marginal density (Example 3.5), ’ is adapted to every

orthonormal basis in L2ðmÞ. In such a situation one may choose a family of

preferred densities ðgj; j � 0Þ and use the associated orthonormal system:

eo ¼ go

k go k ; ej ¼
gj �

Pj�1
‘¼0hgj; e‘ie‘

gj �
Pj�1

‘¼0hgj; e‘ie‘
��� ��� ; j � 1;

possibly completed.

For example, if Eo ¼ ½0; 1� the Legendre polynomials are generated by the

monomial densities and the trigonometric functions by a family of periodic

densities. The Haar functions, see Neveu (1972), are associated with simple

densities. Conversely the choice of a particular orthonormal system is associated

with the selection (possibly involuntary!) of a sequence of preferred densities.

Finally, note that it can be interesting to used ‘mixed’ systems, for example

presence of trigonometrical functions and of polynomials in the same system

reinforce its efficiency for approximating various densities.

Concerning kn, a generally-applicable choice would be kn ’ n=ðln nÞ2
since it

implies kn � q0nð"0Þ, for n large enough, under the mild condition j’jj �
A=

ffiffi
j

p
ðA > 0Þ. However a practical choice of kn must be more accurate because a

too large kn might disturb the estimator by introducing isolated j’s such that j’jnj � gn.

3.8 Adaptive estimation in continuous time

Estimation by adaptive projection can be developed in the framework of

continuous time processes. For convenience we restrict our study to estimation of

the marginal density of an observed strictly stationary continuous time process, but

extension to more general functional parameters is not difficult.
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So, let X ¼ ðXt; t 2 RÞ be a measurable strictly stationary continuous time

process, with values in the measure space ðEo;Bo;mÞ where m is a s-finite measure.

X0 has an unknown density, say f , with respect to m, and there exists an orthonormal

system ðej; j � 0Þ in L2ðmÞ such that:

MX ¼ sup
j�0

k ejðX0Þ k1< 1; and f ¼
X1
j¼0

ajðf Þej;

where aj ¼ ajð f Þ ¼
R
ej fdm, j � 0, and

P
j a

2
j < 1.

The adaptive projection estimator of f is defined as f̂T ¼
Pk̂T

j¼0 ajTej, T > 0, where

âjT ¼ 1

T

Z T

0

ejðXtÞdt;

j � 0 and k̂T ¼ maxfj : 0 � j � kT ; jâjT j � gTg with the convention k̂T ¼ kT if

f�g ¼ ? . The family of integers ðkTÞ is such that kT ! 1 and kT=T ! 0 as

T ! 1, and the threshold gT is

gT ¼ ln T � log2 T
T

� �1=2

;

T > e1.

In the following we use similar notation to above, namely fo;foðKÞ;
f1; qTð"Þ; q0Tð"0Þ.

Now (3.25) is replaced by the following:

Lemma 3.10
Let Y ¼ ðYt; t � 0Þ be a real measurable bounded strictly stationary process with a

strong mixing coefficient ðaYðuÞ; u � 0Þ such that
R1
0

aYðuÞdu < 1, then if

1 � t � T=2; h > 0; z > 0, we have

P
1

T

Z T

0

ðYt � EYtÞdt
����

���� � h

� �
� 4 exp � h2 k Yo k�2

1 T

c1 þ c2tT�1 þ c3 k Yo k�1
1 ht

� �

þ c4

h
k Yo k1 aYðtÞ

with c1 ¼ 32ð1þ zÞ2
R1
0

aYðuÞdu, c2 ¼ 4c1, c3 ¼ 16ð1þ zÞ=3; c4 ¼ 16ð1þ zÞ=z.

PROOF:

The proof appears in Bosq and Blanke (2004). &

Let X be the family of processes that satisfy the above assumptions and that are

geometrically strongly mixing. We now state results concerning the asymptotic

behaviour of k̂T and f̂T . The proofs use the same method as in the discrete case and

are, therefore, left to the reader.
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Theorem 3.11
If X 2 X , then

(1) if f 2 fo, one has, for all d > 0,

P k̂T 6¼ Kðf Þ
� 	

¼ O T�d
� 	

;

(2) if f 2 f1, for all A > 0,

P k̂T < A
� 	

¼ O expð�cA
ffiffiffiffi
T

p
Þ

� �
; ðcA > 0Þ;

(3) if qTð"Þ � kT ,

P k̂T 62 q0Tð"0Þ; qTð"Þ
� �� 	

¼ O T�d
� 	

; d > 0:

Example 3.8 (continued)
If jajj ¼ arj ð0 < r < 1; a > 0Þ and if kT > ðln TÞ=lnð1=rÞ, since qTð"Þ ’
ln T=½2 lnð1=rÞ� we have

P
k̂T

ln T
� 1

2 lnð1=rÞ

�����
����� � j

 !
¼ O T�d

� 	
; j > 0; d > 0:

As before r̂T ¼ T�1=ð2k̂Tþ1Þ is a strongly consistent estimator of r. ^

The next statement specifies asymptotic behaviour of f̂T over fo.

Theorem 3.12
If X 2 X and f 2 f

o
then

(1) T � Ek f̂T � f k2 !
T!1

2
PKðf Þ

j¼0

R1
o

Cov ejðX0Þ; ejðXuÞ
� 	

du.

(2) Moreover

P k f̂T � f k1� j
� 	

¼ O T�d
� 	

; d > 0; j > 0:

(3) Finally, if T ¼ nh ðh > 0Þ,ffiffiffiffi
T

p
f̂T � f
� 	

!D N
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where convergence in distribution takes place in L2ðmÞ and N is a zero-mean

Gaussian L2ðmÞ-valued random variable with a 1þ Kðf Þ-dimensional support.

Finally we have:

Theorem 3.13
If X 2 X ; f 2 f1; kT � qTð"Þ, then

(1) Ek f̂T � f k2¼ Oðq0Tð"0Þ=TÞ þ
P

j>qT ð"Þ a
2
j .

(2) If, in particular, jajj ¼ a rjð0 < r < 1; a > 0Þ and lnT ¼ OðkTÞ it follows
that

Ek f̂T � f k2¼ O ln T � log2 T
T

� �
:

(3) Moreover, if ln T ¼ oðkTÞ; T ¼ Tn with
P

n T
�do
n ln Tn < 1 ðdo > 0Þ then, if

aXðuÞ � ae�bu, u > 0

lim
Tn"1

T1=2
n

ðln TnÞ1=2
k f̂Tn � f k1� 2

ffiffiffiffiffiffiffiffiffi
2ado

b

r
M2

X

lnð1=rÞ

almost surely.

In Chapter 9 we will see that fT and f̂T may reach a 1=T-rate on f1 if X admits an

empirical density.

Notes

Carbon (1982) has studied our class of functional parameters in the context of

pointwise and uniform convergence.

Results presented in this chapter are new or very recent. Results concerning

density appear in Bosq (2005a); Bosq and Blanke (2004). The case of regression is

studied in Aubin (2005); J.B. Aubin and R. Ignaccolo (Adaptive projection estimation

for a wide class of functional parameters, personal communication 2006).

Donoho et al. (1996) have studied a density estimator by wavelet thresholding

with a slightly different method.
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4

Functional tests of fit

4.1 Generalized chi-square tests

In order to construct a nonparametric test of fit, it is natural to use an estimator of

the observed variables’ distribution.

A typical example of this procedure is the famous x2-test of Karl Pearson

(1900) which is based on an elementary density estimator, namely the histogram.

More precisely, let X1; . . . ;Xn be a sample of ðE0;B0;mÞ valued random

variables, where m is a probability on ðE0;B0Þ. For testing PXi
¼ m one considers

a partition A0;A1; . . . ;Ak of E0 such that pj ¼ mðAjÞ > 0; 0 � j � k, and sets

fn;0ðxÞ ¼
Xk
j¼0

1

npj

Xn
i¼1

1Aj
ðXiÞ

" #
1Aj

ðxÞ; x 2 E0:

This histogram may be interpreted as the projection density estimator associated

with the orthonormal system of L2ðmÞ defined by ðp�1=2
j 1Aj

; 0 � j � kÞ. This system
is an orthonormal basis of spð1A0

; . . . ; 1Ak
Þ, a ðk þ 1Þ-dimensional subspace of

L2ðmÞ, which contains the constants, and has the following reproducing kernel (see

Berlinet and Thomas-Agnan 2004):

K0 ¼
Xk
j¼0

p�1
j 1Aj

� 1Aj
:

Thus, the histogram takes the form

fn;0ð�Þ ¼ 1

n

Xn
i¼1

K0ðXi; �Þ:

Inference and Prediction in Large Dimensions          D. Bosq and D. Blanke 
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Now one may construct a test statistic based on k fn;0 � 1 k where k � k is the

L2ðmÞ-norm:

Qn;0 ¼ n k fn;0 � 1 k2¼ n
Xk
j¼0

p�1
j

1

n

Xn
j¼1

1Aj
ðXiÞ � pj

" #2
;

that is the classical x2-test statistic.

Since the histogram is in general a suboptimal density estimator it is natural to

employ others estimators for constructing tests of fit. Here we consider tests based on

the linear estimators studied in Chapter 3. We begin with the projection estimator:

fn ¼
Xkn
j¼0

âjnej

where ðejÞ is an orthonormal system in L2ðmÞ and

âjn ¼
1

n

Xn
i¼1

ejðXiÞ:

In the current section we take kn ¼ k � 1, choose e0 � 1 and set

K ¼ 1þ
Xk
j¼1

ej � ej;

we will say that K is a kernel of order k. The associated test statistic is

Qn ¼ n
Xk
j¼1

â2jn:

In order to study Qn we will use a multidimensional Berry–Esséen type inequality:

Lemma 4.1 (Sazonov inequality)

Let ðUn; n � 1Þ be a sequence of k-dimensional random vectors, i.i.d. and such that

E k Un k2< 1 and EUn ¼ 0. Let C be the class of convex measurable sets in Rk.

Finally let t ¼ ft1; . . . ; tkg be a finite subset of Rk such that the scalar products

hUn; t‘i; ‘ ¼ 1; . . . ; k are noncorrelated real random variables such that

EjhUn; t‘ij3 < 1. Then

sup
C2C

jPnðCÞ � NðCÞj � c0k
3
Xk
‘¼1

r
ðtÞ
‘

" #
n�1=2; n � 1;
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where Pn is the distribution of
Pn

i¼1 Ui

� �
=
ffiffiffi
n

p
, N the normal distribution with the

same moments of order 1 and 2 as PUn
, and

r
ðtÞ
‘ ¼ EjhUn; t‘ij3

ðEðhUn; t‘i2ÞÞ3=2
; 1 � ‘ � k:

Finally c0 is a universal constant.

PROOF:

See Sazonov (1968a,b).

We now study the asymptotic behaviour of Qn.

Theorem 4.1

ðaÞ If PX1
¼ m and n ! 1 then

Qn !
D
Q

where Q � x2ðkÞ.
ðbÞ If PX1

¼ n such that
R
jej0 jdn < 1 and

R
ej0dn 6¼ 0 for some j0 2

f1; . . . ; kg, then
Qn ! 1 a:s:

ðcÞ If PX1
¼ m and s3 ¼

R Pk
j¼1 jejj

3
� �

dm < 1, then

sup
C2C

jPðQn 2 CÞ � PðQ 2 CÞj � c0k
3s3n

�1=2; n � 1 ð4:1Þ

where c0 is a universal constant.

PROOF:

(a) Consider the random vector

Zn ¼ n1=2ðâ1n; . . . ; âknÞ

and apply the central limit theorem in Rk (see Rao 1984) to obtain Zn !
D
Z

where Z is a standard Gaussian vector. By continuity it follows that

Qn ¼k Zn k2k !
D k Z k2k � x2ðkÞ;

where k � k is euclidian norm in Rk.
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(b)The strong law of large numbers (see Rao 1984) implies

âj0n !
Z

ej0dn a:s:

therefore

Qn ¼ n
Xk
j¼1

â2jn � nâ2j0n ! 1 a:s:

(c) Inequality (4.1) is a direct consequence of the Sazonov inequality where

Ui ¼ ðe1ðXiÞ; . . . ; ekðXiÞÞ; 1 � i � n and ft1; . . . ; tkg is the canonical basis

of Rk. &

Notice that one may obtain the limit in distribution and a Berry–Esséen inequality if

PX1
¼ n, see Bosq (1980).

Now in order to test

H0:PX1
¼ m

against

H1ðkÞ:PX1
¼ n

such that
R
jejjdn < 1 and

R
ejdn 6¼ 0 for at least one j 2 f1; . . . ; kg, we choose the

test whose critical region is defined by

Qn > x2
aðkÞ

with

PðQ > x2
aðkÞÞ ¼ a ða 2�0; 1½Þ:

Theorem 4.1 shows that this test has asymptotic level a and asymptotic power 1.

Moreover, if s3 < 1,

jPðQ > x2
aðkÞÞ � aj ¼ Oðn�1=2Þ:

Example 4.1 (Application: testing absence of mixture)

Suppose that X1 has a density f with respect to m. One wants to test f ¼ 1 against

f ¼ b0 þ
Pk

j¼1 bj fj where f1; . . . ; fk are densities which belong to L2ðmÞ and

max
1�j�k

jbjj 6¼ 0. To this aim one may construct an orthonormal basis of

spf1; f1; . . . ; fkg and then apply the above test. This example shows that the choice

of ðejÞ depends on the alternative hypothesis. We will return to this choice in the

next sections. ^
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Finally simulations indicate that the ‘smooth test’ defined above is in general better

than the classical x2-test (see Bosq 1989; Neyman 1937).

4.2 Tests based on linear estimators

We now consider the more general framework where one uses estimators of the form

gn ¼
1

n

Xn
i¼1

KnðXi; �Þ

with

Kn ¼
X1
j¼0

ljnejn � ejn; n � 1

where ðejn; j � 0Þ is an orthonormal system in L2ðmÞ such that e0n � 1,
P

l2jn < 1
and l0n ¼ 1 for each n � 1. Moreover we suppose that 1 � jljnj � jljþ1;nj, j � 0,

n � 1.

The test is based on the Hilbertian statistic

Tn ¼ n1=2ðgn � 1Þ;

which rejects H0 for large values of k Tn k.
In order to state results concerning Tn, we introduce the following assumptions

and notations

‘n ¼
1

n
ð1þ jl3nj�3

2�1=2Þ; inf
n�1

jl3nj > 0;

Mn ¼ sup
j�0

k ej k1< 1;

Lr;n ¼
X
j>r

l2jn;

Un ¼
X1
j¼1

ljnNjejn

where ðNj; j � 1Þ is an auxiliary sequence of independent random variables with

common law Nð0; 1Þ.
Then, we have the following bound.

Theorem 4.2
If PX1

¼ m,

sup
a�0

ðjPðk Tn k2� aÞ � Pðk Un k2� aÞjÞ � Cn ð4:2Þ
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with

Cn ¼ ð6þ 2‘n þM2
nÞL

2=3
r;n þ 3c0Mn

r4ffiffiffi
n

p ; n � 1; r � 3:

PROOF:

We divide this into five parts.

(1) Set Zr;n ¼
Pr

j¼1 l
2
jnN

2
j , r � 3, n � 1.

The characteristic function of Zr;n being integrable, its density is given by

fr;nðxÞ ¼
1

2p

Z þ1

�1

Yr
j¼1

ð1� 2il2jntÞ
�1=2

e�itxdt; x 2 R

hence

sup
x2R

fr;nðxÞ �
1

2p
2þ

Z
jtj�1

Y3
j¼1

ð1þ 4l4jnt
2Þ�1=4

dt

" #

� ‘n:

(2) Consider the event

Da ¼ fZr;n � a; k Un k2> ag; a 2 Rþ;

then, if 0 < g < a,

Da ) fk Un k2 �Zr;n > gg [ fa� g � Zr;n � ag;

therefore

PðDaÞ �
E

X
j>n

l2jnN
2
j

 !2

g2
þ g sup

x2R
fr;nðxÞ

�
3L2

r;n

g2
þ ln g;

for a > L2=3
r;n and g ¼ L2=3

r;n one obtains

PðDaÞ � ð3þ ‘nÞL2=3
r;n ;

for a � L2=3
r;n we have

PðDaÞ � PðZr;n � aÞ � ‘nL
2=3
n :
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Consequently

jPðZr;n � aÞ � Pðk Un k2� aÞj � PðDaÞ � ð3þ ‘nÞL2=3
r;n

a � 0; r � 3; n � 1:
ð4:3Þ

(3) Now, let us set

Rr;n ¼ n
X1
rþ1

ljnâ
2
jn

where

âjn ¼
1

n

Xn
i¼1

ejnðXiÞ; j � 0:

After some tedious but easy calculations one gets

ER2
r;n ¼

1

n

X1
rþ1

l4jn

Z
e4jndmþ 3

n� 1

n

X1
rþ1

l4jn

þ 1

n

X
j; j0>r
j 6¼j 0

l2jnl
2
j0n

Z
e2jne

2
j0ndmþ n� 1

n

X
j; j0>r
j 6¼j0

l2jnl
2
j0n;

which yields

ER2
r;n � ðM2

n þ 3ÞL2
r;n:

(4) Consider the random variables

Z 0
r;n ¼ n

Xn
1

l2jnâ
2
jn; r � 3; n � 1:

As in part (2) we may bound jPðk Sn k2� aÞ � PðZ 0
r;n � aÞj by putting

D0
a ¼ fZ 0

r;n � a; k Sn k2> ag 	 fRr;n > gg [ fa� g � Z 0
r;n � ag;

0 < g < a:
ð4:4Þ

Then the Sazonov inequality (Lemma 4.1) entails

jPðZr;n � aÞ � PðZ 0
r;n � aÞj � c0Mn

r4ffiffiffi
n

p ;
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hence

jPðZr;n 2�a� g; a�Þ � PðZ 0
r;n 2�a� g; a�Þj � 2c0Mn

r4ffiffiffi
n

p ; ð4:5Þ

and from (4.4) it follows that

PðD0
aÞ �

M2
n þ 3

g2
L2

r;n þ ‘ng þ 2c0Mn

r4ffiffiffi
n

p ;

now, if l ¼ L2=3
r;n < a, we have

PðD0
aÞ � ðM2

n þ 3ÞL2=3
r;n þ ‘nL

2=3
r;n þ 2c0Mn

r4ffiffiffi
n

p ;

when, if a � L2=3
r;n ,

PðD0
aÞ � ‘nL

2=3
r;n þ c0Mn

r4ffiffiffi
n

p ;

consequently

jPðZ 0
r;n � aÞ � Pðk Sn k2� aÞj � ð‘n þM2

n þ 3ÞL2=3
r;n þ 2c0Mn

r4ffiffiffi
n

p : ð4:6Þ

(5)Finally (4.2) follows from (4.3), (4.5) and (4.6). &

From (4.2) one derives limits in distribution for Tn. Two cases are considered:

Assumptions 4.1 (A4.1)
ljn ���!n!1 lj, j � 1 with jljnj � l0j, j � 1 where

P
j l

02
j < 1.

Assumptions 4.2 (A4.2)
There exists ðrnÞ such that

r4nffiffiffi
n

p ! 0;
X
j>rn

l2jn ! 0;
X
j

l4jn < 1:

Corollary 4.1
If supn�1 Mn < 1, then

ðaÞ If A4.1 holds,

k Tn k2 !
D k U k2¼

X1
j¼1

ljN
2
j ;
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ðbÞ If A4.2 holds,

k Tn k2 �
P1

1 l2jnffiffiffi
2

p P1
1 l4jn

� �1=2 !D N 
 Nð0; 1Þ:

PROOF:

Clear. &

Part (a) of Corollary 4.1 applies to fixed kernels of the form K ¼
P1

j¼0 ljej � ej, for

example:

� K ¼
Pk

j¼0 ej � ej (see Section 4.1).

� K ¼ 1þ
P1

j¼1 j
�1ej � ej; for this kernel the limit is the Cramér–von Mises

distribution (see Nikitin 1995).

� K ¼
P1

j¼0 r
jej � ejð0 < r < 1Þ, here the limit in distribution has character-

istic function

’ðtÞ ¼
Y1
‘¼1

ð1� 2ir‘tÞ�1=2; t 2 R

and the choice rn ¼ ½ð3=8Þ lnð1=rÞ � ln n� leads to the bound cðln nÞ4=
ffiffiffi
n

p
where

c is constant.

Concerning part (b), it holds for kernels of the form Kn ¼
Pkn

j¼0 ej � ej, with

kn ! 1, k4n=
ffiffiffi
n

p
! 0.

4.2.1 Consistency of the test

Here the hypotheses of the test of fit are

H0: PX1
¼ m

H1: PX1
¼ n

where n is such that there exists ðjnðnÞ; n � 1Þ for which limn!1jljnðnÞ;nR
ejnðnÞ;n dnj > 0.

If ejn ¼ ej, n � 1 and limn!1lj;n > 0; j � 1 the above condition is equivalent

to
R
ejðnÞdn 6¼ 0 for some jðnÞ � 1. Then, if ðejÞ is an orthonormal basis of L2ðmÞ,

H0 þ H1 contains all distributions of the form n ¼ f �mþ g where 0 6¼ f 2 L2ðmÞ
and g is $orthogonal$ to m.

Recall that the test k Tn k2> cn is said to be consistent if, as n ! 1,

an ¼ Pmðk Tn k2> cnÞ ! 0
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and

bnðnÞ ¼ Pnðk Tn k2> cnÞ ! 1; n 2 H1:

Then, we have:

Theorem 4.3
If A4.2 is satisfied the test k Tn k2> cn is consistent, provided

cn

n
! 0;

cn �
P1

1 l2jn

ð
P

l4jnÞ
1=2

! 1: ð4:7Þ

PROOF:

Clear. &

If 8h > 0, 9n 2 H1: limn!1
P1

j¼1 l
2
jnð
R
ejn dnÞ2 � h one can show that (4.7) is

necessary for consistency (see Bosq 1980).

For obtaining a rate of convergence we need an exponential Hilbertian

inequality

Lemma 4.2 (Pinelis–Sakhanenko inequality)

Let Y1; . . . ; Yn be H-random variables that are independent, zero-mean and

bounded: k Yi k� b, 1 � i � n, where b is a constant, then

P k
Xn
i¼1

Yi k� t

 !
� 2 exp � t2

2s2n þ ð2=3Þbt

� �
; t > 0;

where s2n ¼
Pn

i¼1 E k Yi k2.

PROOF:

See Pinelis and Sakhanenko (1985). &

4.2.2 Application

We write the test under the form

k 1

n

Xn
i¼1

K 0
nðXi; �Þ k> dn

where K 0
n ¼ Kn � 1 and dn ¼ ðcn=nÞ1=2.

Applying Lemma 4.2 one obtains

an � 2 exp � nd2n
2Em k K 0

n k2 þð2=3Þ k K 0
n k1 dn

� �
;

106 FUNCTIONAL TESTS OF FIT



and, if gn ¼ En k K 0
nðX1; �Þ k �dn > 0,

bnðnÞ � 1� 2 exp � ng2
n

2En k �K 0
n k2 þð2=3Þ k K 0

n k1 gn

� �
;

where �K 0
n ¼ K 0

nðX1; �Þ � EnK
0
nðX1; �Þ:

In particular if

Kn ¼ K ¼
X1
j¼0

ljej � ej

and dn ¼ d > 0, we have

an � 2 exp � nd2

2En k K 0 k2 þð2=3Þ k K 0 k1

� �

and

bn � 1� 2 exp � ng2

2En k K 0 k2 þð2=3Þ k K 0 k1

� �

provided g ¼ En k K 0 k �d2 > 0.

Thus ðanÞ and ðbnÞ converge at an exponential rate. This rate is optimal since

the Neyman–Pearson test has the same property, see Tusnády (1973). Notice that

the choice cn ¼ nd does not contradict condition cn=n ! 0 in Theorem 4.3, since

this condition is necessary for consistency only if En k �K 0ðX1; �Þ k2� d.

4.3 Efficiency of functional tests of fit

In this section we study efficiency of functional tests of fit under local hypotheses

and in Bahadur’s sense.

4.3.1 Adjacent hypotheses

Suppose that we have i.i.d. data X1n; . . . ;Xnn with distribution nn close to m as n is

large enough; if K is a kernel of order k, nn is said to be adjacent to m if it fulfills

Assumptions A4.3.

Assumptions 4.3 (A4.3)

ðiÞ
ffiffiffi
n

p R
K 0ðx; �Þ dnnðxÞ �!

n!1
gð�Þ, with k g k2¼ l2 6¼ 0 where convergence

takes place in E0 ¼ spðe1; . . . ; ekÞ,

ðiiÞ Gnnðj; ‘Þ ¼
R
eje‘dnn �

R
ejdnn

R
e‘dnn �!

n!1
dj‘; 1 � j; ‘ � k.
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For interpreting these conditions one may note that if

nn ¼ ð1þ hnÞm; ðhn 2 E0Þ; n � 1;

Assumptions A4.3 can be replaced by:

Assumptions 4.4 (A4.4)

ffiffiffi
n

p
1� dnn

dm

����
����

����
����
L2ðmÞ

! l 6¼ 0:

Limit in distribution under adjacency appears in the following statement.

Theorem 4.4
If the test is based on a kernel of order k, then

(1) if A4.3 holds, one has

Qn !
D
Qðk; lÞ

where Qðk; lÞ � x2ðk; lÞ;
(2) if A4.4 holds with hn ¼ g=

ffiffiffi
n

p
then

sup
a�0

jPðQn � aÞ � PðQ � aÞj � cffiffiffi
n

p

where c is constant.

PROOF:

Similar to that of Theorem 4.1, see Bosq (1983a). &

From Theorem 4.4 it follows that the test Qn > x2
aðkÞ where PðQðk; lÞ >

x2
aðkÞÞ ¼ a has asymptotic level a and asymptotic power

bk ¼ PðQðk; lÞ > x2
aðkÞÞ

¼ PðQðk; 0Þ > x2
aðkÞ � l2Þ

with a rate of convergence toward bk which is a Oð1=
ffiffiffi
n

p
Þ.

Conversely, consider alternatives of the form

nn;j ¼ 1þ gn;jffiffiffi
n

p
� �

m; 1 � j � k

where gn; j ! gj weakly in L2ðmÞ and the gj are mutually orthogonal. Then, sinceR
ð1þ ðgn;j=

ffiffiffi
n

p
ÞÞdm ¼ 1 one deduces that gj ? 1, 1 � j � k and it is easy to see

108 FUNCTIONAL TESTS OF FIT



that the test of asymptotic level a, based on the kernel

K ¼ 1þ
Xk
j¼1

gj � gj

k gj k2

has maximal asymptotic power among functional tests based on kernel of order k.

The obtained asymptotic power is

PðQðk; 0Þ > x2
aðkÞ� k gj k2Þ; 1 � j � k:

Now in order to determine local efficiency of this test we first investigate asympto-

tic behaviour of the Neyman–Pearson (NP) test under general adjacent hypotheses.

Lemma 4.3
If nn ¼ ð1þ ðcngn=

ffiffiffi
n

p
ÞÞm, where k gn k2! l2 and ðcnÞ is a sequence of real

numbers such that n�1=2 maxð1; c2nÞmaxð1; k gn k3Þ ! 0, then

(1) if PX1n
¼ m, n � 1,

c�1
n

Xn
i¼1

ln 1þ cnffiffiffi
n

p gnðXinÞ
� �

þ cn

2
k gn k2 !

D
N � Nð0; l2Þ: ð4:8Þ

(2) If PX1n
¼ nn, n � 1,

c�1
n

Xn
i¼1

ln 1þ cnffiffiffi
n

p gnðXinÞ
� �

� cn

2
k gn k2 !

D
N � Nð0; l2Þ: ð4:9Þ

PROOF:

The proof can be carried out by using characteristic functions, see Bosq (1983a). If

cn ¼ c and gn ¼ g one may also establish the results from contiguity properties, cf.

Roussas (1972). &

Now, in order to compare asymptotic powers we take cn ¼ c, then (4.8) and

(4.9) respectively become

Xn
i¼1

ln 1þ cffiffiffi
n

p gnðXinÞ
� �

!D N1 � N � l2

2
; l2

� �
;

and

Xn
i¼1

ln 1þ cffiffiffi
n

p gnðXinÞ
� �

!D N2 � N l2

2
; l2

� �
:
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Then the asymptotic power of the NP test of asymptotic level a is

b0 ¼ PðNð0Þ > Na � lÞ

where Nð0Þ � N ð0; 1Þ and PðNð0Þ > NaÞ ¼ a.

Consequently, the asymptotic efficiency of the test associated with the optimal

kernel of order k is given by

ek ¼
PðQkð0Þ > x2

aðkÞ � l2Þ
PðNð0Þ > Na � lÞ :

If k ¼ 1, it takes the simple form

e1 ¼
PðjNð0Þ � lj > Na=2Þ
PðNð0Þ > Na � lÞ :

4.3.2 Bahadur efficiency

Bahadur efficiency is based on the required number of observations for obtaining a

given power.

Definition 4.1
Let ðUnÞ and ðVnÞ be two sequences of statistics used for testing H0 against H1.

One denotes as NUða;b; uÞ the required sample size for the test of level a

associated with ðUnÞ, to obtain at least a power b for u fixed in H1. Similarly one

defines NVða;b; uÞ.
Then, Bahadur efficiency of ðUnÞ with respect to ðVnÞ is given by

eU;Vðb; uÞ ¼ lim
a#0

NUða;b; uÞ
NVða;b; uÞ

:

Details concerning theory of Bahadur efficiency appear in Nikitin (1995). Now we

have the following result.

Theorem 4.5
Consider the test problem

H0 : PX1
¼ m

against

H1 : PX1
¼ ð1þ hÞm ðjhj < 1;

Z
h2dm > 0;

Z
hdm ¼ 0Þ:
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Let Qn be the statistic associated with the kernel

K ¼ 1þ h

k h k �
h

k h k

then, its Bahadur efficiency with respect to the NP test is

e
ðhÞ
Q;NP ¼

R
h2dm

2
R
ð1þ hÞ lnð1þ hÞdm :

PROOF:

See Bosq (2002b). &

Note that, since limkhk1!0 e
ðhÞ
Q;NP ¼ 1, the test based on ðQnÞ is asymptotically

locally efficient.

4.4 Tests based on the uniform norm

Let K be a bounded kernel of order k and

fnð�Þ ¼ 1

n

Xn
i¼1

KðXi; �Þ:

In this section we consider tests of fit of the formffiffiffi
n

p
k fn � 1 k1> c:

Such a test is more discriminating than a Hilbertian test, but its sensitivity may

produce an important rate of rejection.

In order to simplify exposition we suppose here that E0 ¼ ½0; 1�d, but other
spaces could be considered, in particular those that satisfy a ‘majorizing measure

condition’ (see Ledoux and Talagrand 1991).

Now, limit in distribution appears in the following statement.

Theorem 4.6
If K ¼ 1þ

Pk
j¼1 ej � ej, where f1; e1; . . . ; ekg is an orthonormal system of

L2ð½0; 1�d;B½0;1�d ; ‘
dÞ, PX1

¼ ‘d, and the ej’s are Lipschitzian, then

ffiffiffi
n

p
ðfn � 1Þ!D Z ¼

Xk
j¼1

Njej ð4:10Þ

where ðN1; . . . ;NkÞ � N ð0; 1Þ�k
and convergence in distribution takes place in

Cð½0; 1�dÞ.
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PROOF:

KðXi; �Þ is a random variable with values in Cð½0; 1�dÞ, thus (4.10) follows from the

CLT for Lipschitz processes (cf. Ledoux and Talagrand 1991, p. 396). &

The associated test of asymptotic level a and asymptotic power 1 is given by

ffiffiffi
n

p
k fn � 1 k1> ca

where

Pðk Z k1> caÞ ¼ a; ða 2 �0; 1½Þ:

However , determination of ca is rather intricate since the exact distribution of

k Z k1 is in general unknown. An exception is k ¼ 1 where k Z k1¼ jN1j k e1 k1.

For k > 1 one must use approximation. The most rudimentary comes from the

bound k Z k1� M
Pk

j¼1 jNjj with M ¼ max1�j�k k ej k1. We have

P
Xk
j¼1

jNjj > caM
�1

 !
� a

hence ca � MF�1
k ð1� aÞ where Fk is the distribution function of

Pk
j¼1 jNjj.

If d ¼ 1, improvement of that rough approximation uses the following lemma.

Lemma 4.4
Let ðZt; t 2 ½0; 1�Þ be a Gaussian process such that Var Z0 ¼ s2 > 0 and

EjZt � Zsj2 � ajt � sjb ð0 < b � 2Þ

then, there exists a strictly positive constant gb such that

P sup
0�t�1

Zt > h

� �
� 4 exp � gb

a
h2

� �
þ 1

2
exp � h2

8s2

� �
; h > 0:

PROOF:

See Leadbetter et al. (1983). &

Here b ¼ 2, therefore

a ¼ Pðk Z k1> caÞ � 8 exp � g2
a
c2a

� �
þ 1

2
exp � c2a

8s2

� �

where s2 ¼
Pk

j¼1 e
2
j ð0Þ is assumed to be strictly positive.
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4.5 Extensions. Testing regression

Extensions of functional tests of fit are based on the following idea: let ’ be an

ðh� eÞ-adapted parameter (cf. Chapter 3); in order to test ’ ¼ ’0 one can employ

projection estimators of ’ or, more generally, linear estimators of ’.

If ’0 ¼ ’u0
e0 and �’n ¼

P1
j¼0 ljn��’jnej, cf. (3.1), the test has critical region

k �’n � ’0 k2> cn

and one may derive results similar to those in Sections 4.2, 4.3 and 4.4.

Here we only consider the case of regression: let ðX; ZÞ be a E0 � R valued

random vector such that PX ¼ m and EjZj < 1. One wants to test

EðZjXÞ ¼ r0ðXÞ

where r0 is a fixed version of regression of Z with respect to X, from the i.i.d.

sample ðXi; ZiÞ, 1 � i � n.

To begin, one may reduce the problem to a noninfluence test by setting

Yi ¼ Zi � r0ðXiÞ;

hence H0 is given by

EðYjXÞ ¼ rðXÞ ¼ 0:

The general alternative has the form

H1 : rðXÞ 2 L2ðmÞ � f0g:

Now let ðej; j � 0Þ be an orthonormal basis of L2ðmÞ (assumed to be separable),

with e0 ¼ 1; r admits the decomposition

r ¼
X1
j¼0

bjej;
X
j

b2j < 1

where

bj ¼
Z

rej dm ¼ EðEðY jXÞejðXÞÞ ¼ EðYejðXÞÞ; j � 0:

Natural estimators of bj are

b̂jn ¼
1

n

Xn
i¼1

YiejðXiÞ; j � 0:
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Now, we restrict the problem by considering the alternative

H1ðkÞ ¼ r : r ¼
Xk
j¼0

bjej with
Xk
0

jbjj 6¼ 0

( )
;

and we use the statistic Rn ¼
ffiffiffi
n

p Pk
j¼0 b̂jnej, hence the test k Rn k2> cn.

The next statement gives limits in distribution for k Rn k2 and

k R0
n k2¼ n

Xk
j¼0

ðb̂jn � bjÞ2:

Theorem 4.7

(1) Under H1ðkÞ,
k R0

n k2 !
D
R0

where R0 has characteristic function detðIkþ1 � 2itSÞ�1=2
with

S ¼ CovðYejðXÞ; Ye‘ðXÞÞ0�j;‘�k:

(2) Under H0 and if EðY2jXÞ ¼ g where g 6¼ 0 is constant,

k R0
n k2¼k Rn k2 !

D
gQkþ1

where Qkþ1 � x2ðk þ 1Þ.

(3) Under H1ðkÞ,
k Rn k2! 1 a:s:

PROOF:

Analogous to the proof of Theorem 4.1 and therefore omitted (see Ignaccolo

2002). &

As before the Sazonov inequality allows us to specify convergence rate; put

Dn ¼ sup
a�0

jPðk R0
n k2� aÞ � PðgQkþ1 � aÞj

then, if d3 ¼ max0�j�k EjYejðXÞj3 < 1 and S is positive definite, we have

Dn � c0d3
ðk þ 1Þ4

min
0�j�k

l
3=2
j

n�1=2

where l0; . . . ; lk are eigenvalues of S. Note that, under H0, l0 ¼ � � � ¼ lk ¼ g.
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It follows that the test

k Rn k2> gx2
aðk þ 1Þ

has asymptotic level a and asymptotic power 1, with rate Oðn�1=2Þ.
If g ¼ EðY2jXÞ ¼ EðEðY2jXÞÞ ¼ EY2 is unknown, it is replaced by the empiri-

cal estimator

ĝn ¼
1

n

Xn
i¼1

Y2
i ;

and the limit in distribution of k Rn k2 ĝ�1
n is clearly a x2ðk þ 1Þ.

On the other hand, the test k Rn k2> cn will be consistent if and only if cn ! 1
and cn=n ! 0 (see Gadiaga 2003).

Finally one may combine the tests of fit studied before and the regression test, to

simultaneously test PX ¼ m and EðY jXÞ ¼ 0.

4.6 Functional tests for stochastic processes

Suppose that data come from a strictly stationary process, then one may again use

functional tests of fit.

As an example we consider a discrete strongly mixing process and a statistic

based on a kernel of order k. Then the test takes the form

Qn ¼ n
Xk
j¼1

â2jn > c:

If
P

‘ a‘ < 1, where ða‘Þ is the sequence of strong mixing coefficients associated

with the observed process ðXt; t 2 ZÞ, then, under H0,

Qn !
D
Q

where Q has characteristic function detðIk � 2itGÞ�1
and

G ¼ ðGj‘Þ ¼
X
m2Z

E
�
ejðX0Þe‘ðXmÞ

� !
; 1 � j; ‘ � k:

In order to achieve construction of the test, estimation of G is required; one may

set

Ĝj‘n ¼
Xnn

m¼�nn

1

n� m

Xn�m

i¼1

ejðXiÞe‘ðXiþmÞ;
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1 � j; ‘ � k , where nn < n. Then, if a‘ � ar‘ (a > 0, 0 < r < 1) and nn ’ ng

(0 < g < 1=2) it can be shown that

Ĝj‘n ! Gj‘ a:s:

If G is positive definite, it follows that eigenvalues ðl̂jn; 1 � j � kÞ of ðĜj‘nÞ
converge to eigenvalues ðlj; 1 � j � kÞ of G, with probability 1.

Now, Q has representation

Q ¼
Xk
j¼1

l2j N
2
j

where ðN1; . . . ;NkÞ � N ð0; 1Þ�k
. Consequently one may approximate distribution

of Q by distribution of

Q̂n ¼
Xk
j¼1

l̂2jnN
2
j

where ðN1; . . . ;NkÞ may be assumed to be independent of ðX1; . . . ;XnÞ. This allows
us to achieve construction of the test.

Notes

The ‘smooth’ x2-tests appear for the first time in Neyman (1937). Bosq (1978) has

generalized these by interpreting them as tests based on projection density

estimators.

As indicated above, results in Sections 4.1, 4.2 and 4.3 are due to Bosq (1980,

1983a, 2002b). Gadiaga (2003) has obtained results in Section 4.4. Extensions

(Sections 4.5 and 4.6) come from Gadiaga and Ignaccolo (2005). Related results

appear in Hart (1997).

Finally simulations are performed in Bosq (1989), Ignaccolo (2002) and

Gadiaga (2003).
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5

Prediction by projection

In Chapter 2 we have presented some asymptotic results about prediction when

distribution of the observed process only depends on a finite-dimensional parameter.

We now study a class of nonparametric predictors based on projection methods.

The general framework allows us to apply the obtained results to prediction of

conditional distribution and to construction of prediction intervals.

5.1 A class of nonparametric predictors

Let X ¼ ðXt; t 2 ZÞ be a strictly stationary Markov process with values in the

measurable space ðE0;B0Þ, and observed at times 0; 1; . . . ; n.
Suppose that PX0

¼ m is known. One wants to forecast gðXnþ1Þ where g is a

measurable application from E0 to H, a separable Hilbert space, with scalar product

h�; �i, norm k � k and Borel s-field BH . Moreover suppose that g 2 L2HðmÞ, that is

k g kL2
H
ðmÞ¼

Z
E0

k gðxÞ k2 dmðxÞ
� �1=2

< 1:

As noticed in Chapter 1, it is equivalent to consider prediction of

rðXnÞ ¼ EðgðXnþ1ÞjXnÞ; r 2 R

where R is the family of possible regressions of gðXnþ1Þ with respect to Xn.

As in chapters 3 and 4 we use a method based on kernels of the form

Kn ¼
X1
j¼0

ljnejn � ejn; n � 1; ð5:1Þ
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where, for each n, ðejn; j � 0Þ is an orthonormal system in L2ðmÞ such that

k ejn k1¼ Mjn < 1; j � 0 and
P1

j¼0 jljnjM2
jn < 1.

Kn defines a continuous linear operator on L2HðmÞ through the formula

ðKn’ÞðyÞ ¼
Z
E0

Knðx; yÞ’ðxÞ dmðxÞ; y 2 E0;’ 2 L2HðmÞ:

The predictor associated with Kn is defined as

rnðXnÞ ¼
1

n

Xn
i¼1

KnðXi�1;XnÞgðXiÞ

¼
X1
j¼0

ljnejnðXnÞbbjn
with

bbjn ¼ 1

n

Xn
i¼1

ejnðXi�1ÞgðXiÞ 2 H; j � 0; n � 1:

In order to study prediction error of rnðXnÞ we shall suppose that ðXtÞ is strongly
mixing with coefficients ðað‘Þ; ‘ � 0Þ and use the following Hilbertian version of

the Davydov inequality (cf. Merlevède et al. 1997).

Lemma 5.1
If Y and Z are H-valued random variables such that E k Y kq< 1 and

E k Z kr< 1 with 1=r þ 1=q ¼ 1� 1=p � 0, then

jEhY ; Zi � hEY ;EZij � 18ðaðsðYÞ; sðZÞÞÞ1=pðE k Y kqÞ1=q � ðE k Z krÞ1=r ð5:2Þ

From Lemma 5.1 one may obtain a bound for the quadratic error of prediction.

Lemma 5.2
If g 2 L

q
HðmÞ where 2 < q � 1 and n � 2, then

E k rnðXnÞ � rðXnÞ k2� An þ Bn þ Cn

where

An ¼ 2 k Knr � r k2L2
H
ðmÞ;

Bn ¼
2 k g k2q

n
Bn;q

X
j�0

l2jnM
2þ4

q

jn ;
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with

Bn;q ¼ 1þM
2�4

q

jn 18
Xn�2

‘¼0

a
q�2
q ð‘Þ;

and where

Cn ¼
8 k g k2q

n2
Cn;q

X
j 6¼j0

jljnlj0njM2
jnM

2
j0n

with

Cn;q ¼ 72
X½n=2�
‘¼0

ð‘þ 2Þa
q�2
q ð‘Þ þ 18

Xn�1

‘¼0

ð2‘þ 3Þa
q�2
q ð‘Þ:

PROOF:

The proof distinguishes between various groupings of variables, in order to

optimize the use of (5.2); the s-fields that appear here taking the form

sðXs; s � tÞ and sðXs; s � t þ ‘Þ. Computations are tedious since the presence

of Xn creates intricate groupings. For details we refer to Bosq (1983b) where

calculations are performed with a b-?mixing coefficient? which does not modify

their principle. &

The following statement is an immediate consequence of Lemma 5.2.

Theorem 5.1
If g 2 L

q
HðmÞ; ð2 < q � 1Þ and

(a) k Knr � r kL2
H
ðmÞ �!

n!1
0; r 2 R;

(b) 1
n

P
j�0 jljnj

g
M

2g
jn �!

n!1
0; g ¼ 1; 2;

(c)
P

‘�1 ‘a
ðq�2Þ

q ð‘Þ < 1,

then

E k rnðXnÞ � rðXnÞ k2�!
n!1

0; r 2 R:

Now, if Kn is a finite-dimensional kernel, i.e.

Kn ¼
Xkn
j¼0

ej � ej; n � 1

where ðejÞ is a uniformly bounded orthonormal system in L2ðmÞ with e0 � 1, one

may derive a more precise result.
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Corollary 5.1
If Kn is finite-dimensional with kn ! 1, one may replace (b) by kn=n ! 1 to

obtain

E k rnðXnÞ � rðXnÞ k2¼ O
X
j>kn

Z
ejr dm

����
����
2

þ kn þ 1

n

 !
; r 2 R:

In particular, if k
R
ejrdm k¼ Oðj�gÞ; ðg > 1=2Þ the choice kn ’ n1=ð2gÞ gives

E k rnðXnÞ � rðXnÞ k2¼ O n�
2g�1
2g

� �
:

For example, if E0 ¼ ½0; 1�; m is uniform distribution on ½0; 1�; r has two

continuous derivatives and e0 � 1; ejðxÞ ¼
ffiffiffi
2

p
cos 2pjx; 0 � x � 1; j � 1 then

kn ’ n�1=4 gives

E k rnðxÞ � rðxÞ k2¼ Oðn�3=4Þ:

Now, if r is known to be a polynomial of degree less than or equal to k0 over [0,1],

one may use the orthonormal system associated with 1; x; . . . ; xk0 (Legendre

polynomials) and the rate is Oðn�1Þ.
Finally if magnitude of the Fourier coefficients of r is unknown one may use an

estimation bkn of the best kn, similarly to Chapter 3.

Now it should be noticed that the assumption ‘PX0
¼ m known’ is rather heavy.

However we are going to see that rnðXnÞ is, in some sense, robust with respect to m:

Theorem 5.2
Let m0 be a probability on ðE0;B0Þ such that dm=dm0 does exist and is bounded.

Then, if k Knr � r kL2
H
ðm0Þ! 0; r 2 R, and

P1
j¼0 jljnjM2

jn < 1 (for the decomposi-

tion of Kn in L2ðmÞ), if g 2 L
q
Hðm0Þ and assumptions (b) and (c) in Theorem 5.1

hold, we have

lim
n!1

E k rnðXnÞ � rðXnÞ k2L2
H
ðmÞ� 2

dm

dm0

����
����
1

1� dm

dm0

����
����
2

L2ðm0Þ
: ð5:3Þ

Therefore, rnðXnÞ remains an acceptable predictor if m0 considered as an approx-

imation of m, is such that the bound in (5.3) is small with respect to the structural

prediction error k g k2
L2
H
ðmÞ � k r k2

L2
H
ðmÞ :

Proof of Theorem 5.2 appears in Bosq (1983b).

Finally, if m is completely unknown but has a density, one may construct an

estimator mn of m by using the projection density estimator studied in Chapter 3.

Replacing L2HðmÞ by L2HðmnÞ one obtains a statistical predictor close to rnðXnÞ by
using Theorem 5.2. We leave details to the reader.
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5.2 Guilbart spaces

In order to apply the previous method to prediction of the conditional distribution

PXn

Xnþ1
we need a structure of Hilbert space for the family of bounded signed

measures on ðE0;B0Þ. For this purpose we introduce the notion of Guilbart space.

Suppose that E0 is a separable metric space, with its Borel s-field BE0
and

consider G : E0 � E0 7!R, a continuous symmetric bounded function of positive

type, i.e.

ð8k � 1Þ; ð8ða1; . . . ; akÞ 2 RkÞ; ð8ðx1; . . . ; xkÞ 2 Ek
0Þ;

X
1�i;j�k

aiajGðxi; xjÞ � 0:

Then the reproducing kernel Hilbert space (RKHS) HG generated by G is obtained

by completing the space of functions of the form
Pk

i¼1 aiGðxi; �Þ, with respect to the
scalar product,

Xk
i¼1

aiGðxi; �Þ;
Xk0
j¼1

bjGðyj; �Þ
 !

G

¼
X
1�i�k
1�j�k0

aibjGðxi; yjÞ:

Then, G is a reproducing kernel in the sense that

f ðxÞ ¼ hf ð�Þ; Gðx; �ÞiG; x 2 E0; f 2 HG:

Now let M (respectively Mþ) be the family of bounded signed (respectively

positive) measures on ðE0;B0Þ; one sets

flð�Þ ¼
Z
E0

Gðx; �Þ dlðxÞ; l 2 M:

Then, for a suitable choice of G; l7!fl is injective and realizes a plug-in of M in

HG. Actually it can be proved that M is dense in HG. The associated scalar product

on M is defined as

hl; niG ¼
Z
E0�E0

Gðx; yÞdlðxÞ dnðyÞ; l; n 2 M:

A typical choice of G is

Gðx; yÞ ¼
X1
i¼0

fiðxÞfiðyÞ

where ð fiÞ determines the elements of M, i.e.Z
fidl ¼ 0; i � 0 , l ¼ 0:
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Under mild conditions the topology induced on Mþ by h�; �iG is the weak

topology (see Guilbart 1979). In particular this property is always satisfied if E0 is

compact (provided h�; �iG is not degenerate). If h�; �iG induces weak topology on

Mþ we will say that HG is a Guilbart space. Properties of Guilbart spaces appear in

Guilbart (1979) and Berlinet and Thomas-Agnan (2004).

For example, if E0 is compact in R; Gðx; yÞ ¼ exy generates a Guilbart space.

5.3 Predicting the conditional distribution

We now study prediction of PXn

Xnþ1
, a more precise indicator of future than

EXnðXnþ1Þ.
In order to apply results in Section 5.1 we take H ¼ HG a Guilbart spaces space

and define g : E0 7!HG by

gðxÞ ¼ dðxÞ; x 2 E0

or equivalently

gðxÞ ¼ Gðx; �Þ; x 2 E0:

The next statement shows that prediction of gðXnþ1Þ is equivalent to prediction

of PXn

Xnþ1
.

Lemma 5.3
If HG is a Guilbart space we have

EXndðXnþ1Þ ¼ PXn

Xnþ1
: ð5:4Þ

PROOF:

First, note that g is bounded since

sup
x2E0

hdðxÞ; dðxÞi1=2 ¼ sup
x2E0

Gðx; xÞ1=2 ¼k G k1=21 :

Now, for every l 2 M,

hEXndðX nþ1Þ; liG ¼ EXnhdðX nþ1Þ;liG

¼ EXn

Z
GðXnþ1; xÞ dlðxÞ

¼
Z

Gðy; xÞdlðxÞdPXn

Xnþ1
ðyÞ ¼ hPXn

Xnþ1
; liG

and, since M is dense in HG, (5.4) follows. &
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We may now apply Theorem (5.1) with

rðXnÞ ¼ PXn

Xnþ1

and our predictor takes the form of a random signed bounded measure:

rnðXnÞ ¼
1

n

Xn
i¼1

KnðXi�1;XnÞdðXiÞ

:¼
Xn
i¼1

pindðXiÞ

where Kn is given by (5.1).

Then we have consistency of the predictor:

Corollary 5.2
If (a), (b) and (c) in Theorem 5.1 hold then

E
Xn
i¼1

pindðXiÞ � PXn

Xnþ1

�����
�����
2

HG

�!
n!1

0:

The i.i.d. case

In the i.i.d. case a consequence of the previous result is a Glivenko–Cantelli type

theorem. We complete it with an exponential bound due to C. Guilbart.

Theorem 5.3 (Glivenko–Cantelli theorem)
Let ðXt; t 2 ZÞ be an i.i.d. E0-valued sequence with common distribution m. Then

E k mn � m k2HG
¼ O 1

n

� �
ð5:5Þ

where mn ¼
Pn

i¼1 dðXiÞ
� �

=n.

Moreover, if Gðx; yÞ ¼
P1
i¼1

jaij fi � fi, where a ¼
P

i jaij < 1 then, for all h > 0,

Pðk mn � m kHG
� hÞ � 2n0ðhÞ exp � nh2

4a

� �
; n � 1 ð5:6Þ

where

n0ðhÞ ¼ min p :
X
i>p

jaij <
h2

8

( )
:
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PROOF:

Here PXn

Xnþ1
¼ m, thus r ¼ fmð�Þ ¼

R
E0
Gðx; �Þ dmðxÞ. Now if Kn � 1 we clearly have

Knr ¼ r. Applying Corollary 5.1 with kn ¼ 0 one obtains (5.5).

Concerning (5.6) we refer to Guilbart (1979). &

Example 5.1
If Gðx; yÞ ¼ exy ¼

P1
i¼0 x

iyi=i!; 0 � x; y � 1, we can choose n0ðhÞ as the smallest

integer such that ðn0ðhÞ þ 1Þ! � ½8e=h2� þ 1. ^

5.4 Predicting the conditional distribution function

The general results presented before are not very easy to handle in practice. We now

consider a more concrete situation: consider real data Y0; . . . ; Yn with a common

continuous and strictly increasing distribution function, say F. If F is known one may

construct new data Xi ¼ FðYiÞ; 0 � i � n with uniform distribution m on ½0; 1�.
Thus, we now suppose that ðE0;BE0

Þ ¼ ð½0; 1�;B½0;1�Þ and choose

gðx; �Þ :¼ gðxÞð�Þ ¼ 1½x;1½ð�Þ; 0 � x � 1;

then

rðx; �Þ :¼ rðxÞð�Þ ¼ PðXnþ1 � �jXn ¼ xÞ; 0 � x � 1;

is the conditional distribution function of Xnþ1 with respect to Xn.

A simple predictor of gðXnÞ is based on the kernel

Kn;0 ¼ kn
Xkn
j¼1

1Ijn � 1Ijn

where

Ijn ¼
j� 1

kn
;
j

kn

	 h
; 1 � j � kn:;

hence

rn;0ðXnÞð�Þ ¼ kn

n

Xn
i¼1

Xkn
j¼1

1IjnðXi�1Þ1IjnðXnÞ
 !

1½Xi;1½ð�Þ:

In order to apply Theorem 5.1 we take H ¼ L2ðmÞ, then if conditions in Theorem

5.1 are satisfied with q ¼ 1, one has

E k rn;0ðxÞ � rðxÞ k2L2
L2ðmÞ

ðmÞ! 0

provided kn ! 1 and k3n=n ! 0.
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Now, our aim is to construct a prediction interval. For this purpose we need a

sharper result; we suppose that the density fðX0;X1Þ of ðX0;X1Þ does exist, is

continuous and satisfies the Lipschitz condition

ðLÞ j fðX0;X1Þðx; yÞ � fðX0;X1Þðx0; yÞj � ‘jx0 � xj;

0 � x; x0 � 1; 0 � y � 1, where ‘ is a constant.

Then, one may state a uniform result.

Theorem 5.4
Let X ¼ ðXt; t 2 ZÞ be a strictly stationary geometrically a-mixing, such that

PX0
	 U½0;1� and (L) holds, then

sup
0�y�1

jrn;0ðXn; yÞ � rðXn; yÞ ¼ Oðn�dÞ a:s: ð5:7Þ

for all d 2 �0; 1=6½.

PROOF:

Set

rn;0ðXn; yÞ ¼
Xkn
j¼1

bjnðyÞejnðXnÞ;

where

bjnðyÞ ¼ EbbjnðyÞ ¼ E
1

n

Xn
i¼1

ejðXi�1ÞgðXi; yÞ
 !

¼
Z 1

0

rðx; yÞejnðxÞdx

and

ejn ¼ k1=2n 1Ijn ; 1 � j � kn:

From (L) it follows that

jrðx0; yÞ � rðx; yÞj � ‘jx0 � xj; 0 � x; x0; y � 1;

where rðx; yÞ ¼ PðXnþ1 � yjX ¼ xÞ.
Now, let ĵn be the unique j such that Xn 2 Ijn; one has

rn;0ðXn; yÞ ¼ k1=2n b̂jn;nðyÞ ¼ kn

Z
I ĵn ;n

rðx; yÞdx

¼ rðjn; yÞ
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where jn 2 Îjn;n. Therefore

Rn :¼ sup
0�y�1

jrðXn; yÞ � rn;0ðXn; yÞj � ‘ðXn � jnÞ � ‘k�1
n : ð5:8Þ

On the other hand

Dn :¼ sup
0�y�1

jrn;0ðXn; yÞj � rn;0ðXn; yÞj

� k1=2n

Xkn
j¼1

k bbjn � bjn k1 :

Then, in order to studyDn, we first specify variations of bbjnðyÞ and bjnðyÞ: consider the
intervals Jmn ¼ ½ðm� 1Þ=nn;m=nn½;m ¼ 1; . . . ; nn � 1 and Jnnm ¼ ½ðnn � 1Þ=nn; 1�,
where nn is a positive integer; then, if y; y

0 2 Jmn (with, for example, y < y0), we have

jbbjnðy0Þ � bbjnðyÞj � k1=2n

n

Xn
i¼1

1½y;y0½ðXi�1Þ

� k1=2n

n

Xn
i¼1

1JmnðXi�1Þ :¼ k1=2n Zmn;

similarly

jbjnðy0Þ � bjnðyÞj ¼ jEðejðX0Þ1½y;y0½ðX1ÞÞj
� k1=2n PðX1 2 JmnÞ ¼ k1=2n n�1

n ;

hence

k1=2n sup
y2Jm;n

jbbjnðyÞ � bjnðyÞj � k1=2n ðbbjn � bjnÞððm� 1Þn�1
n Þ

þ knn
�1
n þ knZmn;

therefore

ejn :¼ k1=2n k bbjn � bj k1� k1=2n Bn þ knn
�1
n þ knZn

where

Bn ¼ max
1�m�nn

jðbbjn � bjnÞððm� 1Þn�1
n Þj

and

Zn ¼ max
1�m�nn

Zmn:
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Now, for all dn > 0,

PðDn > dnÞ �
Xkn
j¼1

Pðcjn > dnk
�1
n Þ;

and we have

fcjn > dnk
�1
n g ) Bn >

dn

2k
3=2
n

( )
[ Zn >

dn

2k2n
� 1

nn


 �
:

Now, applying nn times the exponential inequality (3.25) (see Lemma 3.8) one

obtains

P Bn >
dn

2k
3=2
n

 !
� nn 2exp � d2n

32k4n
q

� �
þ 11 1þ 8k2n

dn

� �1=2

qa
n

q

	 �� � !" #
: ð5:9Þ

Similarly, noting that

EðZmnÞ ¼ PðX0 2 JmnÞ ¼ n�1
n

one may use nn times the same inequality, provided gn ¼ dn=ð2k2nÞ � 2=nn > 0 for

obtaining

PðZn > gnÞ � nn 2 exp � g2
n

8
q

� �
þ 11 1þ 4

gn

� �1=2

qa
n

q

	 �� �" #
: ð5:10Þ

Combining (5.9) and (5.10) yields

PðDn > dnÞ � knnn 2 exp � d2n
32k4n

qÞ þ 11ð1þ 8k2n
dn

� �1=2
"

q a0e
�b0

n
q½ �

þ2 exp � g2n
8
q

� �
þ 11 1þ 4

gn

� �1=2

qa0e
�b0

n
q½ �
#

ð5:11Þ

where a0 > 0 and b0 > 0 are such that aðkÞ � a0e
�b0k; k � 1.

Now, choose q ¼ qn ’ ng ; kn ’ nb; nn ’ nn; dn ’ n�d with n > 2bþ d;
1 > a > 4bþ 2d; b > d, then (5.11) implies

X
n

PðDn > n�dÞ < 1
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and, (5.8) gives

Rn ¼ Oðn�bÞ;

hence (5.7) since a may be taken arbitrarily close to 1 and d arbitrarily close to b.

&

Prediction interval

rn;0ðXn; �Þ is a nondecreasing step function such that rn;0ðXn;0Þ ¼ 0. By linear

interpolation (see Figure 5.1) one may slightly modify rn;0 in order to obtain a

continuous distribution function GnðXn; �Þ on ½0; 1�.
Now let a 2 �0; 1½ and yn and zn be such that

GnðynÞ ¼
a

2

and

GnðznÞ ¼ 1� a

2

then using Theorem 5.4 it can be proved that

PðXnþ1 2 ½yn; zn�jXnÞ ! 1� a; 0 < a < 1

thus ½yn; zn� is a prediction interval for Xnþ1 of asymptotic level 1� a.

0

1

1
+

+

+

+

+

+
+

Figure 5.1 Linear interpolation.
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Notes

As indicated in the text, Theorems 5.1 and 5.2 are slight improvements of similar

results in Bosq (1983b). Guilbart spaces were introduced in Guilbart’s Thesis and

developed in Guilbart (1979). See also Berlinet and Thomas-Agnan (2004).

Prediction of the conditional distribution function is a slight improvement of

Bosq (2005b). A partial extension to continuous time is considered in Bosq and

Delecroix (1985).
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Inference by Kernels
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6

Kernel method in discrete time

6.1 Presentation of the method

Let X1; . . . ;Xn be independent and identically distributed (i.i.d.) observed real

random variables with density f , and consider the basic problem of estimating f

from these data. Histograms are quite popular nonparametric density estimators,

indeed their implementation and their interpretation are simple (even for

nonstatisticians). On the other hand, their various drawbacks lead to the develop-

ment of more sophisticated estimators, like the kernel ones. Let us briefly recall that

histograms are obtained when the sample space is divided into disjoint bins and one

considers the proportion of observations falling in each bin (see section 4.1 for its

mathematical definition). As a result, these estimators are discontinuous and

strongly depend on the choice of the end points of the bins. To remove such

dependence, it is more convenient to consider bins which are centred at the point of

estimation x, which leads to the naive kernel estimator:

f 0n ðxÞ ¼
1

nhn

Xn
i¼1

1
x�hn

2
; xþhn

2½ �ðXiÞ ¼
1

nhn

Xn
i¼1

1 �1
2
; 1
2½ �

x� Xi

hn

� �
; x 2 R:

Here ðhnÞ is a given positive sequence called ‘the bandwidth’ (equivalent to the

histogram’s binwidth). The accuracy of f 0n depends strongly on the choice of hn that

must reconcile the smallness of x� hn
2
; xþ hn

2

� �
with a large number of observations

falling in this interval. Since this expected number has the same order as nhnf ðxÞ
(provided f ðxÞ > 0 with x a point of continuity), we obtain the natural conditions:

hn ! 0þ and nhn ! þ1 as n ! þ1.
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Now, to get a smoother density estimate, the indicator function is replaced by a

kernel, that is, a smooth nonnegative function (usually a symmetric probability

density):

fnðxÞ ¼
1

nhn

Xn
i¼1

K
x� Xi

hn

� �
; x 2 R;

leading to the general form of univariate kernel density estimators. In this way, one

may assign a greater weight to observations which are close to x, whereas remote

ones may receive little or no weight.

Finally, the kernel method may be interpreted as a regularization of the

empirical measure:

mn ¼
1

n

Xn
i¼1

dðXiÞ

which is not absolutely continuous with respect to Lebesgue measure. Namely, the

kernel estimator consists in the convolution of mn with the kernel K:

fn ¼ mn �
1

hn
K _

hn

� �
:

Now for the purpose of performing nonparametric prediction, we have to

consider the closely related problem of nonparametric regression estimation. More

precisely, let ðX1; Y1Þ; . . . ; ðXn; YnÞ be i.i.d. bi-dimensional random variables, such

that a specified version r of the regression of Yi on Xi does exist: rðxÞ ¼ EðYijXi ¼ xÞ,
x 2 R. In contrast to the traditional nonlinear regression (where r is explicit but with

finitely many unknown parameters), no functional form (except some kind of

smoothness conditions) is required or imposed on r. In this way, one avoids the

serious drawback of the choice of an inadequate regression model.

Like the histogram, the regressogram is easy to construct and to interpret. The

sample space of the Xi’s is partitioned into bins and the estimator is obtained by

averaging Yi’s with the corresponding Xi’s in the considered bin. A smoother

estimate is the kernel one, obtained with a distance-weighted average of Yi where

weights depend on the distance between Xi and the point of evaluation:

rnðxÞ ¼

Pn
i¼1 YiK

x� Xi

hn

� �
Pn

i¼1 K
x� Xi

hn

� � :¼
Xn
i¼1

W i;nðxÞYi:

Here the W i;nðxÞ’s represent the randomized weights defined by

W i;nðxÞ ¼ K
x� Xi

hn

� � Xn
i¼1

K
x� Xi

hn

� � !�1

:
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This estimator was conjointly introduced by Nadaraja (1964) and Watson (1964).

Note that in the case where
Pn

i¼1 Kððx� XiÞ=hnÞ ¼ 0, commonly used settings for

the weights are given by W i;nðxÞ � n�1 or W i;nðxÞ � 0.

In this chapter, first we recall some basic properties of these estimators in the

i.i.d. case and next, in our viewpoint of prediction, we focus on the properties of

convergence of kernel functional estimators (density, regression) in the case of

correlated sequences of random variables.

6.2 Kernel estimation in the i.i.d. case

For the whole chapter, we consider a d-dimensional kernel satisfying the following

conditions:

K :

K : Rd ! R

K is a bounded symmetric density such that; if u ¼ ðu1; . . . ; udÞ
limkuk!1 k u kd KðuÞ ¼ 0

and
R
Rd jvi kvjjKðvÞdv < 1; i; j ¼ 1; . . . ; d

8>>>>><
>>>>>:

ð6:1Þ

where k _k denotes the euclidian norm over Rd. Typical examples of multivariate

kernels satisfying conditions K are: the naive kernel KðuÞ ¼ 1½�1=2;1=2�d ðuÞ, the
normal kernel KðuÞ ¼ ð2ps2Þ�d=2

expð� k u k2 =ð2s2ÞÞ, the Epanechnikov kernel

KðuÞ ¼ 3
4

ffiffiffi
5

p
Þd
Qd

i¼1ð1� u2i =5Þ1½� ffiffi
5

p
;
ffiffi
5

p
�ðuiÞ

�
.

Suppose that X1; . . . ;Xn are i.i.d. R
d-valued random variables with density f , the

associated multivariate kernel estimator is then defined as:

fnðxÞ ¼
1

nhdn

Xn
i¼1

K
x� Xi

hn

� �
:¼ 1

n

Xn
i¼1

Khðx� XiÞ; x 2 Rd; ð6:2Þ

where KhðuÞ :¼ h�d
n Kðu=hnÞ, u ¼ ðu1; . . . ; udÞ 2 Rd.

Note that more general kernels are considered in the literature. Here, we restrict

our study to positive ones in order to obtain estimators that are probability densities.

In the following, we need an approximation of identity:

Lemma 6.1 (Bochner lemma)

If H 2 L1ðRdÞ \ L1ðRdÞ is such that
R
H ¼ 1 and

k x kd jHðxÞj �!
kxk!1

0;

if g 2 L1ðRdÞ, then for H"ð_Þ :¼ "�dHð_="Þ, one has g � H" ���!
"!0

g at every continuity

point of g.
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PROOF:

The condition H 2 L1ðRdÞ ensures that g � H" is defined everywhere and we set

DðxÞ ¼ ðg � H"ÞðxÞ � gðxÞ. Since
R
H ¼

R
H" ¼ 1, one may write DðxÞ ¼R

½gðx� yÞ � gðxÞ�H" ðyÞdy. First note that if g is a bounded function (not necessa-

rily in L1ðRdÞ!), the Bochner lemma easily follows from the dominated conver-

gence theorem. In the general case, if g is continuous at x, then given h > 0, we

choose dð¼ dxÞ > 0 such that for k y k< d, one has jgðx� yÞ � gðxÞj < h. Next,

jDðxÞj � h

Z
kyk<d

jH"ðyÞjdyþ
Z
kyk�d

jgðx� yÞ � gðxÞjjH"ðyÞjdy

� h k H k1 þ
Z
kyk�d

jgðx� yÞjjH"ðyÞjdyþ jgðxÞj
Z
kyk�d

jH"ðyÞjdy:

Now since H 2 L1 and d=" ! 1 as " ! 0, we have

Z
kyk�d

jH"ðyÞjdy ¼
Z
ktk>d="

jHðtÞjdt�!
"!0

0:

Moreover g 2 L1ðRdÞ and k t kd jHðtÞj ! 0 as k t k! 1 yield:Z
kyk�d

jgðx� yÞjjH"ðyÞjdy � d�d sup
ktk>d

"

k t kd jHðtÞj
Z
kyk>d

jgðx� yÞjdy ! 0;

as " ! 0 concluding the proof. &

Coming back to density estimation, we begin with a necessary and sufficient

condition for the L2-consistency of the estimator (6.2).

Theorem 6.1
The following assertions are equivalent:

(i) hn ! 0, nhdn ! 1.

(ii) 8x 2 Rd, for every density f continuous at x, EðfnðxÞ � f ðxÞÞ2 ������!
n!1 0.

PROOF: (Outline)

(1) ðiÞ ) ðiiÞ

One may always write: EðfnðxÞ � f ðxÞÞ2 ¼ Var fnðxÞ þ ðE fnðxÞ � f ðxÞÞ2. Now the

Bochner lemma and hn ! 0 imply that E fnðxÞ ! f ðxÞ and nhdnVar fnðxÞ !
f ðxÞ k K k22 as n ! 1 at every continuity point of f . This relation, together with

nhdn ! 1, yields Var fnðxÞ ! 0.
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(2) Let us assume (ii), we first show that necessarily hn ! 0. First suppose that

hn ! h > 0, then for a bounded continuous f , one has EfnðxÞ ¼R
KðyÞf ðx� hnyÞdy !

R
KðyÞf ðx� hyÞdy and (ii) implies in particular

that EfnðxÞ ! f ðxÞ. So one has
R
h�dKððx� zÞ=hÞf ðzÞdz ¼ f ðxÞ which is

impossible since K and f are densities. Next if hn ! 1, one has

EfnðxÞ ¼ h�d
n

Z
K

x� z

hn

� �
f ðzÞdz�k K k1 h�d

n ! 0

which is contradictive with EfnðxÞ ! f ðxÞ as soon as f ðxÞ 6¼ 0. Other cases (hn not

bounded, hn bounded but hn 6! 0) may be handled similarly (see Parzen 1962). So

one obtains hn ! 0, implying in turn that nhdnVarfnðxÞ ! f ðxÞ k K k2 with the

Bochner lemma. Since Var fnðxÞ ! 0, one may conclude that nhdn ! 1. &

It is not difficult to get exact rates of convergence for the mean-square error of

kernel estimators: as seen in the previous proof, if x is a continuity point for f ,

nhdnVar fnðxÞ ! f ðxÞ k K k22. The term of bias can be handled with some additional

conditions on the smoothness of f . The exact behaviour of this L2 error will appear

in the next section dealing with the more general case of dependent variables. Even

if the quadratic error is a useful measure of the accuracy of a density estimate, it is

not completely satisfactory since it does note provide information concerning the

shape of the graph of f whereas the similarity between the graph of fn and the one of

f is crucial for the user (especially in the viewpoint of prediction). A good measure

of this similarity should be the uniform distance between fn and f . We first recall a

surprising result obtained by J. Geffroy (personal communication, 1973) and then

generalized by Bertrand–Retali (1974).

Theorem 6.2
Let us denote by F the space of uniformly continuous densities and k fn � f k1¼
supx2R j fnðxÞ � f ðxÞj, d ¼ 1, one has

(i) ð f 2 FÞ, dðfn; f Þ!
p
0 implies nhn=ln n ! þ1.

(ii) If K has bounded variation and nhn=ln n ! þ1 then k fn � f k1 !a:s: 0:

In other words, for common kernels, convergence in probability yields almost sure

convergence! Note that this result was originally established in dimension d, with a

technical condition on kernels K (satisfied by kernels with bounded variations in the

univariate case). Concerning rates of convergence, one has the following result of

Stute (1984): if f is twice continuously differentiable with bounded partial

derivatives of order two, then for all A > 0, f > 0 and hn such that nh4þd
n =

ln h�d
n ! 0 as n ! 1,ffiffiffiffiffiffiffiffiffiffiffiffi

nhdn
ln h�d

n

s
sup
kxk�A

jfnðxÞ � f ðxÞjffiffiffiffiffiffiffiffi
f ðxÞ

p �!
n!1

ffiffiffi
2

p
k K k2; ð6:3Þ
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with probability one. Note that uniformity over Rd has been recently obtained by

Deheuvels (2000, d ¼ 1) and Giné and Guillou (2002, d � 1).

Concerning regression estimation, there also exists an extensive literature for the

Nadaraya–Watson estimator. Our main purpose being prediction, we do not present

here the i.i.d. results, about rates of convergence and their optimality, choices of

bandwidths and kernels. The interested reader may refer to the monographs (with

references therein) of e.g. Devroye (1987); Efromovich (1999); Györfi et al. (2002);

Härdle (1990); Silverman (1986). We now turn to the dependent case.

6.3 Density estimation in the dependent case

6.3.1 Mean-square error and asymptotic normality

Let j ¼ ðjt; t 2 ZÞ be a Rd0 -valued stochastic process. The Kolmogorov theorem

yields that Pj is completely specified by the finite-dimensional distributions Pj1;...;jk ,

k � 1, see Ash and Gardner (1975). Thus, it is natural to estimate the associated

densities if they do exist.

If j1; . . . ; jN are observed, with N � k, one may set X1 ¼ ðj1; . . . ; jkÞ,
X2 ¼ ðj2; . . . ; jkþ1Þ; . . . ;Xn ¼ ðjN�kþ1; . . . ; jNÞ where n ¼ N � k þ 1. This con-

struction yields Rd-valued random variables X1; . . . ;Xn with d ¼ kd0. In all the

following, we will assume that they admit the common density f .

Let us now evaluate the asymptotic quadratic error of fn, see (6.1)–(6.2). We will

show that, under the following mild conditions, this error turns out to be the same as

in the i.i.d. case.

Assumptions 6.1 (A6.1)

(i) f 2 C2
dðbÞ for some positive b where C2

dðbÞ denotes the space of twice conti-
nuously differentiable real-valued functions h, defined on Rd and such that

k hð2Þ k1� b with hð2Þ standing for any partial derivative of order two for h.

(ii) For each couple ðs; tÞ, s 6¼ t the random vector ðXs;XtÞ has density fðXs;XtÞ
such that supjs�tj�1; k gs;t k1< þ1 where gs;t ¼ fðXs;XtÞ � f � f .

(iii) ðXtÞ is assumed to be 2-a-?mixing? with að2ÞðkÞ � gk�b, k � 1 for some

positive constants g and b > 2.

Now we state the result.

Theorem 6.3

(1) If condition A6.1(i) is fulfilled,

h�4
n ðEfnðxÞ � f ðxÞÞ2 ! b22ðxÞ :¼

1

4

X
1�i;j�d

@2f

@xi@xj
ðxÞ
Z
Rd

vivjKðvÞdv
 !2

: ð6:4Þ
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(2) If conditions A6.1(ii)–(iii) are fulfilled with f continuous at x, then

nhdnVar fnðxÞ ! f ðxÞ k K k22 : ð6:5Þ

(3) If Assumptions A6.1 are fulfilled with f ðxÞ > 0, the choice hn ¼ cnn
�1=ðdþ4Þ,

cn ! c > 0, leads to

n4=ðdþ4ÞEðfnðxÞ � f ðxÞÞ2 ! c4b22ðxÞ þ
f ðxÞ
cd

k K k22 :

PROOF:

(1) One has

EfnðxÞ � f ðxÞ ¼
Z
Rd

KðvÞðf ðx� hnvÞ � f ðxÞÞdv:

By using the Taylor formula and the symmetry of K we get

E fnðxÞ � f ðxÞ ¼ h2n
2

Z
Rd

KðvÞ
X

1�i; j�d

vivj
@2f

@xi@xj
ðx� uhnvÞdv

where 0 < u < 1. Thus a simple application of the Lebesgue dominated conver-

gence theorem gives the result.

(2)We have

nhdn Var fnðxÞ ¼ hdn VarKhðx� X1Þ

þ hdn
ðn� 1Þ

Xn
t¼1

Xn
t0¼1
t0 6¼t

CovðKhðx� XtÞ;Khðx� Xt0 ÞÞ:

The Bochner lemma implies that hdn VarKhðx� X1Þ ! f ðxÞ k K k22 whereas covar-
iances may be handled as follows:

CovðKhðx� XtÞ;Khðx� Xt0 ÞÞ

¼
ZZ

Khðx� uÞKhðx� vÞgt;t0 ðu; vÞdudv

� min sup
jt�t0 j�1

k gt;t0 k1k K k21; 4h�2d
n k K k21 að2Þðjt0 � tjÞ

 !
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by condition A6.1(ii) and the ?Billingsley inequality?. Next, splitting the sum of

covariances into fjt � t0j � ½h�2d=b
n �g and fjt � t0j > ½h�2d=b

n �g, one arrives at

hdn
ðn� 1Þ

X
1�jt0�tj�n�1

CovðKhðx� XtÞ;Khðx� Xt0 ÞÞ ¼ O h
dð1�2

bÞ
n

� �
! 0;

with the help of the mixing condition since b > 2.

(3)The mean-square error follows immediately from its classical decomposition

into Bias2 þVariance. &

Note that the i.i.d. case is a special case of Theorem 6.3.

Now, we give the limit in distribution of fn in the univariate case (d ¼ 1), which

is useful for constructing confidence sets for ðf ðx1Þ; . . . ; f ðxnÞÞ.

Theorem 6.4
Suppose that X ¼ ðXk; k 2 ZÞ is a real strictly stationary a-mixing sequence

satisfying conditions A6.1(i)–(ii); in addition if
P

k�1 ak < 1, f is bounded,

hn ¼ c_ln ln n_n
�1=5, c > 0 and K has a compact support, then

ffiffiffiffiffiffiffi
nhn

p fnðxiÞ � f ðxiÞ
fnðxiÞ1=2 k K k2

; 1 � i � m

 !
�!D
n!1

NðmÞ

for any finite collection ðxi; 1 � i � mÞ of distinct real numbers such that f ðxiÞ > 0

and where NðmÞ denotes a random vector with standard normal distribution in Rm.

PROOF:

See Bosq, Merlevède and Peligrad (1999) &

6.3.2 Almost sure convergence

We now turn to almost sure convergence of the kernel estimator. To this end, we

need the following exponential type inequality.

Proposition 6.1
Let ðZt; t 2 ZÞ be a zero-mean real valued process such that, for a positive constant

M, sup1�t�n k Zt k1� M. Then for each integer q 2 ½1; n=2� and each positive k, ",

P j
Xn
i¼1

Zij > n"

 !
� 8M

"k
ð1þ kÞaZ

n

2q

� �� �

þ 4 exp � n2"2=q

8ð1þ kÞ2s2ðqÞ þ 2M

3
ð1þ kÞn2q�2"

0
B@

1
CA ð6:6Þ
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where for p ¼ n=ð2qÞ,

s2ðqÞ ¼ max
j¼0;...;2q�1

X½ p�þ2

‘¼1

Var Z½ jp�þ‘ þ
X½ p�þ2

‘¼1

X½ p�þ2

k¼1
k 6¼‘

jCovðZ½jp�þ‘; Z½jp�þkÞj

0
B@

1
CA: ð6:7Þ

Note that in the stationary case, one has

s2ðqÞ � ð½ p� þ 2Þ Var Z1 þ 2
X½ p�þ1

‘¼1

jCovðZ0; Z‘Þj
 !

:

PROOF:

We consider the auxiliary continuous time process Yt ¼ Z½tþ1�, t 2 R. Clearly

Sn :¼
Pn

i¼1 Zi ¼
R n
0
Yudu. Now define blocks of variables VnðjÞ, j ¼ 1; . . . ; 2q by

setting VnðjÞ ¼
R jp
ð j�1Þp Yudu with p ¼ n=2q for a given integer q.

Clearly, for any positive ",

PðjSnj > n"Þ � P
Xq
j¼1

Vnð2j� 1Þ
					

					 > n"

2

 !
þ P

Xq
j¼1

Vnð2jÞ
					

					 > n"

2

 !
:

The two terms may be handled similarly. Consider e.g. the first one: we use

recursively the Rio (1995) coupling lemma to approximate Vnð1Þ; . . . ;Vnð2q� 1Þ
by independent random variables V�

n ð1Þ; . . . ;V�
n ð2q� 1Þ such that PVnð2 j�1Þ ¼

PV�
n ð2 j�1Þ, j ¼ 1; . . . ; q and

EjV�
n ð2 j� 1Þ � Vnð2 j� 1Þj � 4 k Vnð2 j� 1Þ k1 aZð½p�Þ: ð6:8Þ

Now for any positive k, ", one may write

P
Xq
j¼1

Vnð2j� 1Þ
					

					 > n"

2

 !
� P

Xq
j¼1

V�
n ð2j� 1Þ

					
					 > n"

2ð1þ kÞ

 !

þ P
Xq
j¼1

Vnð2 j� 1Þ � V�
n ð2 j� 1Þ

					
					 > n"k

2ð1þ kÞ

 !
:

Since the V�
n ð2j� 1Þ are independent, the ?Bernstein inequality? implies

P
Xq
j¼1

V�
n ð2j� 1Þ

					
					 > n"

2ð1þ kÞ

 !
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� 2 exp � n2"2

8ð1þ kÞ2
Pq

j¼1 VarV
�
n ð2j� 1Þ þ 4

3
ð1þ kÞ k Vnð2j� 1Þ k1 n"

 !

� 2 exp � n2"2=q

8ð1þ kÞ2s2ðqÞ þ 2M

3
ð1þ kÞðn=qÞ2"

0
B@

1
CA

since VarV�
n ð2j� 1Þ ¼ VarVnð2j� 1Þ ¼ E

R ð2j�1Þp
ð2j�2Þp Z½uþ1�du

� 
2
and

E

Z ð2j�1Þp

ð2j�2Þp
Z½uþ1�du

 !2

� max
j¼0;...;2q�1

Eðð½ jp� þ 1� jpÞZ½ jp�þ1 þ Z½ jp�þ2 þ � � � þ Z½ð jþ1Þp�

þ ððjþ 1Þp� ½ð jþ 1Þp�ÞZ½ð jþ1Þp�þ1Þ2

� max
j¼0;...;2q�1

X½ p�þ2

‘¼1

Var Z½ jp�þ‘ þ
X½ p�þ2

‘¼1

X½ p�þ2

k¼1
k 6¼‘

jCovðZ½ jp�þ‘; Z½ jp�þkÞ

0
BB@

1
CCA

¼: s2ðqÞ:

Next from the Markov inequality and (6.8), one obtains

P
Xq
j¼1

Vnð2j� 1Þ � V�
n ð2j� 1Þ

					
					 > n"k

2ð1þ kÞ

 !

� 2ð1þ kÞ
n"k

E
Xq
j¼1

Vnð2j� 1Þ � V�
n ð2j� 1Þ

					
					 � 4M

"k
ð1þ kÞaZ

n

2q

� �
:

Since the same bound holds for Vnð2jÞ, inequality (6.6) is proved. &

Our following result deals with pointwise almost sure convergence of fn for GSM

processes with

aðuÞ � b0e
�b1 u; u � 1 ðb0 > 0;b1 > 0Þ;

which clearly implies condition A6.1(iii).
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Theorem 6.5
Let ðXt; t 2 ZÞ be a GSM Rd-valued process,

(i) if f is continuous at x and hn such that ðln nÞr=ðnhdnÞ�!n!1
0 with r > 2, then

nhdn
ðln nÞr
� �1=2

j fnðxÞ � EfnðxÞj�!
n!1

0;

almost completely,

(ii) if Assumptions A6.1 hold with f ðxÞ > 0, the choice hn ¼ cnðln n=nÞ1=ðdþ4Þ

where cn ! c > 0 implies that, for all x 2 Rd,

lim
n!1

n

ln n

� 
 2
4þdj fnðxÞ � f ðxÞj � 2c�d=2 k K k2

ffiffiffiffiffiffiffiffi
f ðxÞ

p
þ c2jb2ðxÞj ð6:9Þ

almost surely with b2ðxÞ given by (6.4).

These results may be easily interpreted: for geometrically strong mixing processes,

one obtains a quasi-optimal rate of pointwise convergence for the stochastic term

even if joint densities are not defined. Such a result is particularly useful for

estimation of the finite-dimensional densities of a process (if they do exist), as well

as for the prediction problem (see Section 6.5). Moreover, under the general

Assumptions A6.1, the result is improved with a rate and an asymptotic constant

similar to the one of the i.i.d. case, see (6.3).

PROOF:

We apply inequality (6.6) to the random variables

Zi ¼ Khðx� XiÞ � EKhðx� XiÞ

with the choice: qn ¼ ½n=ð2p0 ln nÞ� (p0 > 0). Note that, for a positive kernel K, one

has M ¼k K k1 h�d
n .

(1) For s2ðqnÞ defined by (6.7), the condition ðln nÞr=ðnhdnÞ ! 0, together with

the Cauchy–Schwarz inequality and Bochner lemma, 6.1, imply that

s2ðqnÞ ¼ Oðp2nh�d
n Þ. Now, the result follows from " ¼ hðln nÞr=2=ðnhdnÞ

1=2

ðr > 2Þ, p0 > 5=ð2b1Þ and Borel–Cantelli lemma.

(2) We have to refine the bound for s2ðqnÞ. Actually, it is easy to infer that

condition A6.1(ii) yields

s2ðqnÞ � ðpn þ 2ÞVarKhðx� X1Þ þ ðpn þ 2Þ2 sup
jt�t0 j�1

k gt;t0 k1

� pnh
�d
n k K k22 f ðxÞð1þ oð1ÞÞ
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since pn ¼ n=ð2qnÞ has a logarithmic order and hn ¼ cnððln nÞ=nÞ1=ð4þdÞ
, cn ! c. In

this way,

P
1

n

Xn
i¼1

Zi;n � EZi;n

					
					 > h

ffiffiffiffiffiffiffi
ln n

nhdn

s !
� 8b0c

d
2

hk
ð1þ kÞ k K k1

n
2þd
4þd

�b1p0

ðln nÞ
2þd
4þd

þ4 exp � h2 ln n

4ð1þ kÞ2 k K k22 f ðxÞð1þ oð1ÞÞ

 !
:

Therefore
P

n Pððn=ðln nÞÞ
2=ð4þdÞj fnðxÞ � EfnðxÞj > hc�d=2

n Þ < 1 for all h > 2

ð1þ kÞ k K k2
ffiffiffiffiffiffiffiffi
f ðxÞ

p
and p0 > 2=b1, so that the Borel–Cantelli lemma implies:

lim
n!1

n

ln n

� 
 2
4þdj fnðxÞ � E fnðxÞj � 2c�d=2ð1þ kÞ k K k2

ffiffiffiffiffiffiffiffi
f ðxÞ

p
a:s:

for all positive k, hence (6.9) from (6.4). &

Now we may state uniform results on a (possibly) increasing sequence of compact

sets of Rd and then over the entire space.

Theorem 6.6
Suppose that X is a GSM process with a bounded density f and that K satisfies a

Lipschitz condition, also let ‘ and cðdÞ be some constants ð‘ � 0; cðdÞ > 0Þ.

(1) If condition A6.1(i) is satisfied then, the choice hn ¼ cnððln nÞ2=nÞ1=ðdþ4Þ
,

with cn ! c > 0 yields

sup
kxk�cðdÞn‘

j fnðxÞ � f ðxÞj ¼ O ðln nÞ2

n

 ! 2
dþ4

;

almost surely.

(2) If Assumptions A6.1 are fulfilled, the choice hn ¼ cnððln nÞ=nÞ1=ðdþ4Þ
with

cn ! c > 0 yields

sup
kxk�cðdÞn‘

j fnðxÞ � f ðxÞj ¼ O ln n

n

� � 2
dþ4

 !

almost surely.

(3) If in addition K has a compact support, f is ultimately decreasing, and

E k X0 k< 1, then, almost surely,

sup
x2Rd

j fnðxÞ � f ðxÞj ¼ O ln n

n

� � 2
dþ4

 !
:
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PROOF:

First, the Taylor formula gives the following uniform bound for the bias:

lim
hn!0

h�2
n sup

x2Rd

jEfnðxÞ � f ðxÞj � b

2

Xd
i;j¼1

Z
juiujjKðuÞdu:

For convenience, we take k_k as the sup norm on Rd, defined by k ðx1; . . . ; xdÞk¼
sup1�i�d jxij. Let Dn :¼ fx : k x k� cðdÞn

‘g; one may cover this compact set by Md
n

hypercubes, Dk;n, centred in xk;n and defined by:

Dk;n ¼ fx : k x� xk;n k� cðdÞn
‘=Mng for 1 � k � Md

n

with D	
k;n \ D	

k0;n ¼ ? , 1 � k 6¼ k0 � Md
n . One has,

sup
kxk�cðdÞn‘

jfnðxÞ � E fnðxÞj

� max
1�k�Md

n

sup
x2Dk;n

j fnðxÞ � fnðxk;nÞj þ max
1�k�Md

n

j fnðxk;nÞ � Efnðxk;nÞj

þ max
1�k�Md

n

sup
x2Dk;n

jE fnðxk;nÞ � E fnðxÞj

¼: A1 þ A2 þ A3:

Since K satisfies a Lipschitz condition, there exists L > 0 such that

j fnðxÞ � fnðxk;nÞj � L
k x� xk;n k

hdþ1
n

; x 2 Dk;n; k ¼ 1; . . . ;Mn:

If cn denotes the rate of convergence, it follows that

cnðA1 þ A3Þ ¼ O n‘cn

Mnhdþ1
n

� �
:

Next, we choose

Mn ¼ ðlogmnÞn‘cnh
�ðdþ1Þ
n ; m � 1; ð6:10Þ

which implies cnðA1 þ A3Þ ¼ oð1Þ. For the term A2, we proceed as follows:

P max
1�k�Md

n

j fnðxk;nÞ � E fnðxk;nÞj > "

� �
�
XMd

n

k¼1

Pj fnðxk;nÞ � E fnðxk;nÞj > "Þ:
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(1) Similar to the proof of Theorem 6.5(1), the choice " ¼ hðln nÞ=ðnhdnÞ
1=2

leads to an upper bound not depending on xk;n, and of order

OðMd
n expð�c1h

2ðln nÞÞÞ þ O Md
nn

2þd
4þd

�b1p0ðln nÞc2
� 


where c1 > 0, c2 are given constants. The result follows from (6.10), with

cn ¼ ðnðln nÞ�2Þ2=ðdþ4Þ
, and the Borel–Cantelli lemma as soon as h is

chosen large enough and p0 > ð‘d þ d þ 3Þ=b1.

(2) We set " ¼ hðln nÞ1=2ðnhdnÞ
�1=2

, h > 0, and we follow the steps of the proof

of Theorem 6.5(2). Using the uniform bound h�d
n k f k1k K k22 for

VarðKhðx� X1ÞÞ, we get:

Pðcnj fnðxk;nÞ � E fnðxk;nÞj > hÞ � 8b0

hk
ð1þ kÞ k K k1

n

ln n

� 
2þd
4þd

n�b1p0

þ 4 exp � h2 ln n

4ð1þ kÞ2 k K k22k f k1 ð1þ oð1ÞÞ

 !

where oð1Þ is uniform with respect to xk;n. For

h > 2ð1þ kÞ k K k2k f k1=21 ð‘dþ d þ 1Þ1=2 and p0 > ð‘d þ d þ 3Þb�1
1 ,

we may deduce, with the choice of Mn given in (6.10) and

cn ¼ ðn= ln nÞ2=ðdþ4Þ
, that

PMd
n

k¼1 Pðcnjfnðxk;nÞ � Efnðxk;nÞj > hÞ � l1n
�l2

with l1 > 0 and l2 > 1 yielding the result.

(3) Finally we turn to uniform behaviour of fn over the entire space. One may

write

sup
kxk2Rd

cnj fnðxÞ � f ðxÞj � sup
kxk�cðdÞn‘

cnj fnðxÞ � f ðxÞj

þ sup
kxk>cðdÞn‘

cnj fnðxÞj þ sup
kxk>cðdÞn‘

cn f ðxÞ:

The first term has been studied just above. Now we have

sup
1�j�n

k Xj k�
cðdÞn

‘

2
; k x k> cðdÞn

‘

( )

 k x� Xj

hn
k�

cðdÞn
‘

2hn

� �
:

Since K has a compact support, say ½�cK ; cK �, Kððx� XjÞ=hnÞ ¼ 0 as soon

as k x�Xj

hn
k> cK . Now let n0 be a positive real number such that for all

n � n0, cðdÞn
‘=ð2hnÞ � cK , we get for all k x k> cðdÞn

‘,

sup
1�j�n

k Xj k�
cðdÞ
2

n‘

( )

 sup

kxk>cðdÞn‘
cnjfnðxÞj ¼ 0

( )
;
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then for all h > 0, n � n0,

P sup
kxk>cðdÞn‘

cnj fnðxÞj > h

 !
� P sup

1�j�n

k Xj k>
cðdÞ
2

n‘

 !
¼ O

1

n‘�1

� �

from Markov inequality.

Now the Borel–Cantelli lemma implies that for all ‘ > 2,

supkxk>cðdÞn‘
cnj fnðxÞj ! 0 almost surely.

On the other hand,

cn sup
kxk>cðdÞn‘

f ðxÞ � cn

cðdÞn‘
sup

kxk>cðdÞn‘
k x k f ðxÞ

where for all ‘ > 2, cnn
�‘ ! 0 as n ! 1. Finally, since f is ultimately

decreasing (and integrable!), one obtains supkxk>cðdÞn‘
k x k f ðxÞ ! 0 as

n ! 1. &

To conclude this section, we consider the case of compactly supported densities

not fulfilling condition A6.1(i). The following result illustrates the bad behaviour of

bias near the edge of the support.

Theorm 6.7
Suppose that X is a GSM process. If f is bounded and f ðxÞ ¼ ~f ðxÞ

Qd
i¼1 1½ai;bi�ðxiÞ

where ~f 2 C2
dðbÞ for some positive b, one obtains for hn ¼ cnððln nÞ2=nÞ1=ðdþ4Þ,

cn ! c > 0, that

sup
x2Pd

i¼1½aiþ"n;bi�"n�
jfnðxÞ � f ðxÞj ¼ O ðln nÞ2

n

 ! 2
dþ4

0
@

1
A

almost surely and as soon as, K ¼ �d
1
~K for a real normal kernel ~K with variance

s2ðs > 0Þ and "n � c0hnðln nÞ1=2 with c0 � ð2sÞ=
ffiffiffi
5

p
.

PROOF:

We have:

sup
x2Pd

i¼1½aiþ"n;bi�"n�
j fnðxÞ � f ðxÞj � sup

x2Pd
i¼1½ai;bi�

j fnðxÞ � E fnðxÞj

þ sup
x2Pd

i¼1½aiþ"n;bi�"n�
jE fnðxÞ � f ðxÞj:
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The stochastic term should be handled as in the proof of Theorem 6.6(1) (with

‘ ¼ 0). Concerning the bias we obtain, for x 2
Qd

i¼1½ai; bi�, that

EfnðxÞ � f ðxÞ ¼
Z
Pd

i¼1½
xi�bi
hn

;
x�ai
hn

�
KðzÞð~f ðx� hnzÞ � ~f ðxÞÞdz

� ~f ðxÞ
Z
RdnPd

i¼1
xi�bi
hn

;
xi�ai
hn

½ �
KðzÞdz:

A Taylor expansion leads toZ
Pd

i¼1
xi�bi
hn

;
xi�ai
hn

½ �
KðzÞð~f ðx� hnzÞ � ~f ðxÞÞdz

¼ �hn
Xd
j¼1

@~f

@xj
ðxÞ
Z
Pd

i¼1
xi�bi
hn

;
xi�ai
hn

½ �
zKðzÞdz

þ h2n
2

Xd
k;‘¼1

Z
Pd

i¼1
xi�bi
hn

;
xi�ai
hn

½ �
zkz‘KðzÞ

@2~f

@x‘@xk
ðx� uzÞdz:

First since K is a product of univariate normal kernels, the choice made for "n
induces that

sup
xi2½aiþ"n;bi�"n�

Z xi�ai
hn

xi�bi
hn

zi ~KðziÞ dzi

					
					 ¼ O e

� "2n

2h2ns
2

 !
¼ oðhnÞ:

As usual, ~f 2 C2
dðbÞ implies that the second term is Oðh2nÞ and the result follows

since

sup
xi2½aiþ"n;bi�"n�

Z xi�bi
hn

�1
~KðtÞdt

and

sup
xi2½aiþ"n;bi�"n�

Z þ1

xi�ai
hn

~KðtÞdt

are of order oðh2nÞ. &

6.4 Regression estimation in the dependent case

6.4.1 Framework and notations

Let Zt ¼ ðXt; YtÞ, t 2 Z, be an Rd � Rd0-valued stochastic process defined on a

probability space ðV;A;PÞ and m be a Borelian function of Rd0 into R such that
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v 7!m2ðYtðvÞÞ is P-integrable for each t 2 Z. Assuming that the Zt’s have the same

distribution with density fZðx; yÞ we wish to estimate the regression parameter

rð_Þ ¼ EðmðY0ÞjX0 ¼ _Þ, given the observations Z1; . . . ; Zn. One may define the

functional parameters

f ðxÞ ¼
Z

fZðx; yÞdy; x 2 Rd ð6:11Þ

’ðxÞ ¼
Z

mðyÞfZðx; yÞdy; x 2 Rd ð6:12Þ

and

rðxÞ ¼
’ðxÞ=f ðxÞ if f ðxÞ > 0;

EmðY0Þ if f ðxÞ ¼ 0:

�
ð6:13Þ

Clearly, rð_Þ is a version of EðmðY0ÞjX0 ¼ _Þ. We call rð_Þ a regression parameter.

Typical examples of regression parameters are

rðxÞ ¼ PðY 2 BjX ¼ xÞ; ðB 2 BRdÞ;
rðxÞ ¼ EðYkjX ¼ xÞ; ðk � 1; d0 ¼ 1Þ;

leading to the conditional variance of Y:

VarðYjX ¼ xÞ ¼ EðY2jX ¼ xÞ � ðEðYjX ¼ xÞÞ2; ðd0 ¼ 1Þ:

We consider a d-dimensional kernel estimator defined as:

rnðxÞ ¼
’nðxÞ=fnðxÞ; if fnðxÞ > 0;

1

n

Pn
i¼1 mðYiÞ; if fnðxÞ ¼ 0;

8<
: ð6:14Þ

where fn is given by (6.2) with K a positive kernel satisfying conditions K given by

(6.1) (so that fnðxÞ > 0) and

’nðxÞ ¼
1

nhdn

Xn
i¼1

mðYiÞK
x� Xi

hn

� �
; x 2 Rd: ð6:15Þ

In some cases, we also use the following variant:

~rnðxÞ ¼
~’nðxÞ=fnðxÞ; if fnðxÞ > 0;

1

n

Pn
i¼1 mðYiÞ; if fnðxÞ ¼ 0;

8<
: ð6:16Þ

where

~’nðxÞ ¼
1

nhdn

Xn
i¼1

mðYiÞ1fjmðYiÞj�bngK
x� Xi

hn

� �
ð6:17Þ
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and ðbnÞ is a positive sequence such that bn ! 1. Note that bn � 1 yields the

classical regression estimator (6.14).

6.4.2 Pointwise convergence

In this context of regression estimation, we begin by an analogue of Theorem 6.5,

i.e. a strong consistency result involving a sharp rate and a specified asymptotic

constant. This constant involves the conditional variance parameter VðxÞ defined by

VðxÞ ¼ VarðmðY0ÞjX0 ¼ xÞ ¼ Em2ðY0ÞjX0 ¼ xÞ � r2ðxÞ: ð6:18Þ

We consider the following assumptions.

Assumptions 6.2 (A6.2)

(i) ’ 2 C2
dðbÞ for some positive b;

(ii) Eðm2ðY0ÞjX0 ¼ _Þ f ð_Þ is both continuous and bounded away from zero at x;

(iii) either EðjmðY0ÞjsjX0 ¼ _Þ f ð_Þ is continuous at x and integrable over Rd for

some s � maxð1þ 5=d; 2þ 1=dÞ, or there exist l > 0 and n > 0 such that

EðexpðljmðY0ÞjnÞÞ < þ1;

(iv) for each s 6¼ t, ðZs; ZtÞ has a density fðZs;ZtÞ such that, if Gs;t :¼ fðZs;ZtÞ� fZfZ ,

one has

sup
js�tj�1

sup
ðx1;x2Þ2R2d

Z
R2d0

jGs;tðx1; y1; x2; y2Þjdy1dy2 < 1;

(v) ðZtÞ is a GSM process with aZðuÞ � b0e
�b1u, u � 1, b0 > 0, b1 > 0.

Note that, in condition A6.2(iii), the integrability is simply equivalent to the

moment assumption EjmðY0Þjs < 1 for some s � maxð1þ 5=d; 2þ 1=dÞ. The

alternative condition involving the existence of an exponential moment for mðY0Þ
is then clearly more restrictive but does not require any continuity assumption. In

particular it is fulfilled in the concrete situations where mð_Þ is a bounded function

(e.g. m ¼ 1B, B 2 B
Rd0 ) or m is any polynomial function and Y0 is Gaussian. Finally,

condition A6.2(iv) is easily satisfied as soon as f and fðXs;XtÞ are taken to be

uniformly bounded (s 6¼ t).

Theorem 6.8

(1) If K satisfies
R
k u k3 KðuÞdu < 1, if

hn ¼ cn
ln n

n

� �1=ðdþ4Þ
; bn ¼ c0nn

2d=ðð4þdÞmaxð5;dþ1ÞÞ
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ðcn ! c > 0, c0n ! c0 > 0Þ, then condition A6.1(i) and Assumptions A6.2 yield

lim
n!1

n

ln n

� 
 2
4þdj~rnðxÞ � rðxÞj � Cðx; c;K;’; f Þ; a:s:

where Cðx; c;K;’; f Þ ¼ ð2c�d=2 k K k2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f ðxÞVðxÞ

p
þ c2jb’;f ðxÞjÞ=f ðxÞ and

b’;f ðxÞ ¼
1

2

Xd
i; j¼1

@2’

@xi@xj
ðxÞ � rðxÞ @2f

@xi@xj
ðxÞ

� �Z
Rd

uiujKðuÞdu:

(2) If mðY0Þ admits some exponential moment, the same result holds for the

estimator rn defined by (6.14).

PROOF:

Let us consider the following decomposition (with x omitted):

cnðrn � rÞ ¼ cnð~rn � rÞ þ cnðrn � ~rnÞ ð6:19Þ

¼ cnð~’n � rfnÞ
fn

þ cnð’n � ~’nÞ
fn

where ~’n is given by (6.17) and cn ¼ ðn= ln nÞ2=ð4þdÞ
. Note that, by Theorem 6.5(1),

one has fnðxÞ ! f ðxÞ 6¼ 0, almost surely.

(1) We begin with the truncated estimator, while indicating, during the proof,

the variants used in the second part of the theorem. One has:

cnj~’n � rfnj � cnj~’n � rfn � Eð~’n � rfnÞj þ cnjEð~’n � rfnÞj :¼ An þ Bn:

(a) Study of An

We consider (6.6) with the choices qn ¼ ½n=ð2p0 ln nÞ�ðp0 > 2=b1Þ, for a

positive h, "n ¼ hðln n


nhdnÞ

½
and variables Zi;n ¼ Wi;n � EWi;n where

Wi;n ¼ Khðx� XiÞ½mðYiÞ1fjmðYiÞj�bng � rðxÞ�:

First, one has jZi;nj � 2 k K k1 h�d
n bnð1þ oð1ÞÞ. Next concerning s2ðqnÞ, defined

in (6.7), we obtain

hdnVar Z1;n � h�d
n EK2 x� X0

hn

� �
ðmðY0Þ � rðxÞÞ2

þ h�d
n EK2 x� X0

hn

� �
mðY0Þð2rðxÞ � mðY0ÞÞ1fjmðY0Þj>bng:
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Note that this last term reduces to zero in the case where m is bounded and

bn �k m k1. On one hand, the Bochner lemma and condition A6.2(ii) yield

h�d
n EK2 x� X0

hn

� �
ðmðY0Þ � rðxÞÞ2 ! f ðxÞVðxÞ k K k22 :

On the other hand, with condition A6.2(iii) and the Bochner lemma, one gets

EK2 x� X0

hn

� �
m2ðY0Þ1fjmðY0Þj�bng

¼
Z

K2 x� t

hn

� �
Eðm2ðY0Þ1fjmðY0Þj�bngjX0 ¼ tÞf ðtÞdt

� EðjmðY0ÞjsjX0 ¼ xÞf ðxÞ k K k22 b2�s
n hdnð1þ oð1ÞÞ ¼ oðhdnÞ

as s > 2. If an exponential moment exists, one applies Cauchy–Schwarz and

Markov inequalities to get a bound of order O exp �l
2
bnn

� �� �
¼ oðhdnÞ if bn ¼

ðd ln nÞ1=n with d > 2=l.
Finally with the help of conditions A6.2(ii), (iv), one arrives at

s2ðqnÞ � pnh
�d
n f ðxÞVðxÞ k K k22 ð1þ oð1ÞÞ þ p2nb

2
nð1þ oð1ÞÞ:

Therefore, since pn has a logarithmic order and bn ¼ c0nn
2d=ðð4þdÞmaxð5;dþ1ÞÞ, condi-

tion A6.2(v) and the Borel–Cantelli lemma entail

lim
n!1

An � 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VðxÞf ðxÞ

p
k K k2; a:s:

(b) Study of Bn

Since rðxÞ ¼
R
mðyÞfðX0;Y0Þðx; yÞdy=f ðxÞ, one may write

E
�
~’nðxÞ � rðxÞfnðxÞÞ ¼

Z
Khðx� tÞf ðtÞðrðtÞ � rðxÞÞdt

� EmðY0Þ1fjmðY0Þj>bngKhðx� X0Þ
¼ B1 � B2:

First, f ;’ 2 C2
dðbÞ,

R
k u k3 KðuÞdu < þ1,

R
uiKðuÞdu ¼ 0 and Taylor formula

imply

cnjB1j !
1

2

Xd
i; j¼1

@2’

@xi@xj
ðxÞ � rðxÞ @2f

@xi@xj
ðxÞ

� �Z
uiujKðuÞdu

					
					

and with condition A6.2(iii), one gets also that cnjB2j ¼ Oðcnb
1�s
n Þ ¼ oð1Þ since

s � maxð1þ 5=d; 2þ 1=dÞ. Finally this last bound turns out to be

Oðcnh
�d
n expð�lbnn=2ÞÞ ¼ oð1Þ in the case of an exponential moment as soon as

bn ¼ ðd ln nÞ1=n with d > 2=l.
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(2) If EeljmðY0Þj
n

< 1 for some positive l and n (and bn ¼ ðd ln nÞ1=n, d > 2=lÞ
or if m is bounded (and bn ¼k m k1), results concerning cnj~’n � rfnj hold
true. In order to conclude, note that, for all positive ",X

n

Pðcnj’nðxÞ � ~’nðxÞj � "Þ �
X
n

nPðjmðY0Þj > bnÞ < þ1

using Markov inequality and previous choices of bn. Details are omitted. &

6.4.3 Uniform convergence

Similar to density estimation, uniform convergence of a regression estimator may

be obtained over compact sets, but in general, not over the whole space, even if

some information about the behaviour of rðxÞ for large k x k is available.

As a simple example, let us consider the case where the Zt’s are i.i.d. bivariate

Gaussian variables with standard margins and CovðXt; YtÞ ¼ r. In this case the

classical estimator of rðxÞ ¼ rx is rnx where rn ¼ n�1
Pn

i¼1 XiYi and clearly

supx2R jrnx� rxj ¼ þ1 almost surely. In fact it is impossible to construct a

regression estimator Rn such that supx2R jRnðxÞ � rxj ! 0 a.s. since such a property

implies that, whatever ðunÞ " 1, unðRnðunÞ=un � rÞ ! 0 a.s. and consequently it

should be possible to obtain an estimator of r with an arbitrary sharp rate of

convergence.

However it is possible to establish uniform convergence over fixed or suitable

increasing sequences of compact sets. We need the following definition.

Definition 6.1
A sequence ðDnÞ of compact sets in Rd is said to be regular (with respect to f ) if

there exists a sequence ðbnÞ of positive real numbers and nonnegative constants ‘, ‘0
such that for each n

inf
x2Dn

f ðxÞ � bn and diamðDnÞ � cðdÞðln nÞ‘
0
n‘ ð6:20Þ

where cðdÞ > 0 and diamðDnÞ denotes the diameter of Dn.

We first consider convergence on a fixed compact set D: as for density estimation,

we obtain a quasi-optimal rate of convergence under the following mild conditions.

Assumptions 6.3 (A6.3)

(i) f 2 C2
dðbÞ, ’ 2 C2

dðbÞ for some positive b;

(ii) f and ’ are bounded functions, infx2D f ðxÞ > 0;

(iii) Eðm2ðY0ÞjX0 ¼ _Þ f ð_Þ is a bounded function over Rd,

(iv) the strong mixing coefficient aZ of ðZtÞ satisfies aZðuÞ � b0e
�b1u, u � 1,

b0 > 0, b1 > 0.
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Theorem 6.9

(1) Suppose that Assumptions A6.3 are satisfied. If hn ¼ cnððln nÞ2=nÞ1=ðdþ4Þ

ðcn ! c > 0Þ, bn ¼ c0nh
�2
n ðc0n ! c0 > 0Þ and K satisfies a Lipschitz condi-

tion, one obtains that:

sup
x2D

j~rnðxÞ � rðxÞj ¼ O ðln nÞ2

n

 ! 2
4þd

0
@

1
A; a:s:

(2) Under Assumptions A6.3(ii)–(iv), suppose moreover that f ðxÞ ¼ ~f ðxÞ1DðxÞ,
’ðxÞ ¼ ~’ðxÞ1DðxÞ where D ¼

Qd
i¼1½ai; bi� and ~f ; ~’ 2 C2

dðbÞ for some posi-

tive b. The previous choices for hn, bn yield

sup
x2D"

j~rnðxÞ � rðxÞj ¼ O ðln nÞ2

n

 ! 2
4þd

0
@

1
A;

almost surely, as soon as K ¼ �d
1
~K for a real normal kernel ~K with vari-

ance s2 (s > 0) and D" ¼
Qd

i¼1½ai þ "n; bi � "n� with "n � c0hnðln nÞ1=2
and c0 � 2s=

ffiffiffi
5

p
.

PROOF: (Sketch)

(1)We start from:

sup
x2D

j~rnðxÞ � rðxÞj �
sup
x2D

j~’nðxÞ � ’ðxÞj

inf
x2D

fnðxÞ
þ
sup
x2D

jrðxÞj sup
x2D

jfnðxÞ � f ðxÞj

inf
x2D

fnðxÞ
:

Note that condition A6.3(ii) implies that rð_Þ is bounded on D.

From Theorem 6.6(1) (with ‘ ¼ 0), one may deduce that, with probability 1,

supx2D cnjfnðxÞ � f ðxÞj ¼ Oðððln nÞ2=nÞ2=ð4þdÞÞ and inf
x2D

fnðxÞ�!
n!1

inf
x2D

f ðxÞ > 0:
Concerning the first term, one has

j~’nðxÞ � ’ðxÞj � jE~’nðxÞ � ’ðxÞj þ j~’nðxÞ � E~’nðxÞj:

Conditions A6.3(i),(iii) allow us to write, uniformly in x,

E~’nðxÞ � ’ðxÞ ¼
Z

Khðx� tÞ½’ðtÞ � ’ðxÞ�dt þ EmðY0Þ1fjmðY0Þj>bngKhðx� X0Þ

¼ Oðh2nÞ þ Oðb�1
n Þ ¼ Oðh2nÞ;

since bn ’ h�2
n . The stochastic term j~’nðxÞ � E~’nðxÞj is handled similarly to the

proof of Theorem 6.6(1) (with ‘ ¼ 0 but additional term bn) by considering a
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suitable covering of D. Uniform bounds are obtained with the help of conditions

A6.3(ii),(iii). Details are left to the reader.

(2) The result is obtained by proceeding similarly to Theorem 6.7 and by noting

that, almost surely,

inf
x2D"

fnðxÞ � inf
x2D

fnðxÞ ¼ inf
x2D

f ðxÞð1þ oð1ÞÞ:
&

Results for the classical estimator rn are straightforward if mðY0Þ admits some

exponential moment. This is the purpose of the following corollary.

Corollary 6.1
Results of Theorem 6.9 hold true with ~rn replaced by rn under the additional

condition: EeljmðY0Þj
n

< þ1 for some positive l and n.

PROOF: (Sketch)

Let us start from (6.19). Uniform convergence of cnð~rn � rÞ is established in

Theorem 6.9(1) with bn of order h�2
n . If mðY0Þ admits some exponential moment

(respectively m is bounded), the same result holds with bn ¼ ðd ln nÞ1=n, d > 2=l
(respectively bn ¼k m k1). The main change is in the bias, but

EmðY0Þ1fjmðY0Þj>bngKhðx� X0Þ ¼ Oðh�d
n e�

l
2
bnnÞ ¼ oðh2nÞ;

by Markov inequality. Note that this last term disappears for bounded m if bn �
k m k1. Concerning supx2D cnjrn � ~rnj, one has infx2D fnðxÞ ! infx2D f ðxÞ almost

surely and,

X
n

P sup
x2D

cnj~’nðxÞ � ’nðxÞj > "

� �
�
X
n

nPðjmðY0Þj > bnÞ < þ1 ð6:21Þ

for all " > 0, so that supx2D cnjrn � ~rnj is negligible. &

Our last result considers the case of varying compact sets.

Theorem 6.10

(1) Under the assumptions of Theorem 6.9(1), if Dn is a regular sequence of

compact sets, the choices hn ¼ cnððln nÞ2=nÞ1=ðdþ4Þðcn ! c > 0Þ,
bn ¼ c0nh

�1
n (c0n ! c0 > 0) lead to

sup
x2Dn

j~rnðxÞ � rðxÞj ¼ O ðln nÞ2

n

 ! 1
dþ4

_ b
�1
n

0
@

1
A;

almost surely, with bn defined in (6.20).
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(2) In addition, if EeljmðY0Þj
n

< þ1 for some positive l and n (respectively if m

is a bounded function),

sup
x2Dn

jrnðxÞ � rðxÞj ¼ O ðln nÞ2

n

 ! 2
dþ4

_
bn

bn

0
@

1
A;

with bn ¼ ðln nÞ1=n (respectively bn �k m k1).

PROOF: (Sketch)

(1) We omit x and write

sup
Dn

j~rn � rj �
sup
Dn

j~rnj

inf
Dn

f
sup
Dn

jfn � f j þ 1

inf
Dn

f
sup
Dn

j~’n � ’j:

First, by using (6.16)–(6.17) we easily get that sup
x2Dn

j~rnðxÞj � bn, next Theorem 6.6(1)

implies that supx2Dn
jfnðxÞ � f ðxÞj ¼ Oðððln nÞ2=nÞ2=ðdþ4ÞÞ almost surely. Next,

following the proof of Theorem 6.9(1) one obtains almost surely that, for

bn ¼ c0nh
�1
n , supx2Dn

j~’nðxÞ � ’ðxÞj ¼ Oðbn_ ððln nÞ
2=nÞ2=dþ4Þ.

(2) Note that,

sup
Dn

jrn � rj � 1

inf
Dn

f
sup
Dn

jrnj sup
Dn

j fn � f j þ sup
Dn

j~’n � ’j þ sup
Dn

j~’n � ’nj
� �

:

The first term is handled with Theorem 6.6(1), noting that

P sup
x2Dn

jrnðxÞj � A

� �
� P sup

i¼1;...;n
jmðYiÞj > A

 !
� nPðjmðY1Þj � AÞ ¼ Oðn�gÞ

with g > 1 if A ¼ ða0 ln nÞ1=n for a0 > 2=l. The second term is derived similarly to

Theorem 6.9(1), Corollary 6.1 while the third one follows from (6.21). &

In conclusion, we give examples of expected rates of convergence in some specific

cases.

Example 6.1 (Case of X0 with density f ðxÞ ’k x k�p, k x k! 1, p > d)

Under the assumptions and choice of hn proposed in Theorem 6.10, one obtains

that,

sup
kxk�n‘

jrnðxÞ � rðxÞj ¼ Oðn�aðln nÞbÞ; a:s:
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where a, b and rn are respectively given by

(1) a ¼ 1=ðd þ 4Þ � ‘p with 0 < ‘ < 1=ðpðd þ 4ÞÞ, b ¼ 2=ðd þ 4Þ, rn � ~rn,

(2) if moreover, EeljmðY0Þj
n

< þ1 for some positive l and n, a ¼ 2=ðd þ 4Þ
�‘p with 0 < ‘ < 2=ðpðd þ 4ÞÞ, b ¼ 4=ðd þ 4Þ þ 1=n, �rn � rn,

(3) if moreover m is a bounded function, a ¼ 2=ðd þ 4Þ � ‘p with 0 < ‘ < 2=
ðpðd þ 4ÞÞ, b ¼ 4=ðd þ 4Þ, �rn � rn.

Example 6.2 (Case of X0 with density f ðxÞ ’ expð�q k x kpÞ, k x k! 1,

q; p > 0)

Under the assumptions and choice of hn proposed in Theorem 6.10, one obtains

that, almost surely,

sup
kxk�ð"q�1 ln nÞ1=p

j�rnðxÞ � rðxÞj ¼ Oðn�aðln nÞbÞ;

where a, b and �rn are respectively given by

(1) a ¼ 1=ðd þ 4Þ � " for each 0 < " < 1=ðd þ 4Þ, b ¼ 2=ðd þ 4Þ, �rn � ~rn,

(2) if moreover EeljmðY0Þj
n

< þ1 for some positive l and n, a ¼ 2=ðd þ 4Þ � "
for each 0 < " < 2=ðd þ 4Þ, b ¼ 4=ðd þ 4Þ þ 1=n, �rn � rn,

(3) if moreover m is a bounded function, a ¼ 2=ðd þ 4Þ � " for each 0 < " <
2=ðd þ 4Þ, b ¼ 4=ðd þ 4Þ, �rn � rn. ^

6.5 Nonparametric prediction by kernel

6.5.1 Prediction for a stationary Markov process of order k

Let ðjt; t 2 ZÞ be a strictly stationary Rd0 -valued Markov process of order k,

namely

Lðjtjjt�s; s � 1Þ ¼ Lðjt
		jt�1; . . . ; jt�kÞ; a:s:

or equivalently

EðFðjtÞjjt�s; s � 1Þ ¼ EðFðjtÞjjt�1; . . . ; jt�kÞ a:s:

for each Borelian real function F such that EðjFðj0ÞjÞ < þ1.

Given the data j1; . . . jn we want to predict the nonobserved square integrable

real random variable mðjnþHÞ where 1 � H � n� k. In the present case, note that

d ¼ kd0 and d0 ¼ d0.
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For that purpose let us construct the associated process

Zt ¼ ðXt; YtÞ ¼ ððjt; . . . ; jtþk�1Þ; jtþk�1þHÞ; t 2 Z;

and consider the kernel regression estimator rN (or ~rN) based on the data

ðZt; 1 � t � NÞ where N ¼ n� k þ 1� H.

From rN (or possibly ~rN) we consider the predictor of mðjnþHÞ defined by

mjjnþH j ¼ rNðjn�kþ1; . . . ; jnÞ

and we set

rðxÞ ¼ Eðmðjk�1þHÞjðj0; . . . ; jk�1Þ ¼ xÞ; x 2 Rkd0 :

The empirical error

jmjjnþH j � rðjn�kþ1; . . . ; jnÞj ¼ jrNðXn�kþ1Þ � rðXn�kþ1Þj

gives a good idea of the predictor’s accuracy. Collecting results in the previous

section, one may obtain various rough estimates for this error in the case

d0 ¼ d0 ¼ 1 and d ¼ k.

Example 6.3 (Case of a fixed compact set D of Rk)

Under the assumptions and choices of hN , bN proposed in Theorem 6.9(1), one

obtains that, almost surely,

j~rNðXn�kþ1Þ � rðXn�kþ1Þj1Xn�kþ12D ¼ O ðln nÞ2

n

 ! 2
4þk

0
@

1
A:

If the assumptions of Corollary 6.1 hold, one may replace ~rNðXn�kþ1Þ by

rNðXn�kþ1Þ. �

Example 6.4 (Case where m is bounded)

A typical example of such a situation is the case of truncated prediction where one

is interested in predicting, for some fixed positive M, the variable jnþH1jjnþH j�M (so

that, mðxÞ ¼ x1jxj�M).

(1) If X0 is a.s. bounded with support ½a; b�k, one may derive that, under the

conditions of Corollary 6.1,

jrNðXn�kþ1Þ � rðXn�kþ1Þj1Xn�kþ12Dn
¼ O ðln nÞ2

n

 ! 2
4þk

0
@

1
A;
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almost surely, and

Dn ¼ ½aþ "n; b� "n�k with "n ¼
2sffiffiffi
5

p ðln nÞ
1
2
þ 2

4þk n�
1

4þk

whereas PðXn�kþ1 62 DnÞ ¼ Oð"nÞ.

(2) If X0 has density f ðxÞ ’ expð�q k x kpÞ, k x k! 1, q; p > 0, one may

derive from Example 6.2(1) that, almost surely,

jrNðXn�kþ1Þ � rðXn�kþ1Þj1Xn�kþ12Dn
¼ O n�

2
kþ4

�"ð Þðln nÞ
4

kþ4

� 

;

with Dn ¼ fx : k x k� ð"q�1 ln nÞ1=pg where 0 < " < 2=ðk þ 4Þ.
Moreover, one has PðXn�kþ1 62 DnÞ ¼ Oððln nÞgn�"Þ for some real

number g.

(3) If X0 has density f ðxÞ ’k x k�p, k x k! 1, p > k, one may derive from

Example 6.1(1) that, almost surely,

jrNðXn�kþ1Þ � rðXn�kþ1Þj1Xn�kþ12Dn
¼ O n�

2
kþ4

�‘pð Þðln nÞ
4

kþ4

� 

;

with Dn ¼ fx : k x k� n‘g where 0 < ‘ < 2=ðpðk þ 4ÞÞ.
In addition, one has PðXn�kþ1 62 DnÞ ¼ Oðn�‘ðp�kÞÞ. ^

Example 6.5 (Case where mðxÞ ¼ x)

(1) If X0 is a.s. bounded with support ½a; b�k, then mðY0Þ admits an exponential

moment. In this case, results obtained in the Example 6.4(1) hold true.

(2) If X0 has density f ðxÞ ’ expð�q k x kpÞ, k x k! 1, q; p > 0, one may

derive from Example 6.2(2), that

jrNðXn�kþ1Þ � rðXn�kþ1Þj1Xn�kþ12Dn
¼ O n�

2
kþ4

�"ð Þðln nÞ
4

kþ4þp�1
� 


;

almost surely with Dn ¼ fx : k x k� ð"q�1 ln nÞ1=pg where

0 < " < 2=ðk þ 4Þ.
Moreover, one has PðXn�kþ1 62 DnÞ ¼ Oððln nÞgn�"Þ for some real

number g.

(3) If X0 has density f ðxÞ ’k x k�p, k x k! 1, p > k, one may derive from

Example 6.1(3) that, almost surely, for bn ’ h�1
n ,

j~rNðXn�kþ1Þ � rðXn�kþ1Þj1Xn�kþ12Dn
¼ O n�

1
kþ4

�‘pð Þðln nÞ
2

kþ4

� 

;

with Dn ¼ fx : k x k� n‘g where 0 < ‘ < 1=ðpðk þ 4ÞÞ.
In addition, one has PðXn�kþ1 62 DnÞ ¼ Oðn�‘ðp�kÞÞ. ^
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As indicated above, there is a loss of rate for prediction in the general case. This is a

consequence of both phenomena: bad behaviour of the bias (if one considers fixed

compact sets) and unpredictable behaviour of rðxÞ for large values of k x k.

6.5.2 Prediction for general processes

The assumptions used in the above section allowed us to obtain some rates for

the prediction error. However these assumptions may be too restrictive for applica-

tions. Actually, most of the stationary processes encountered in practice are not

Markovian even if they can be approached by a kth order Markov process for a

suitable k. In some cases the process is Markovian but k is unknown. Some methods

for choosing k are available in the literature, particularly in the linear case: see

Brockwell and Davis (1991), Gourieroux and Monfort (1983). Finally, in practice,

k appears as a ‘truncation parameter’ which may depend on the number of

observations.

In order to take that fact into account we are induced to consider associated

processes of the form

Zt;n ¼ ðXt;n; Yt;nÞ ¼ ððjt; . . . ; jtþkn�1Þ;mðjtþkn�1þHÞÞ; t 2 Z; n � 1;

where limn!1 kn ¼ 1 and limn!1 n� kn ¼ 1. Here the observed process ðjtÞ is
Rd0 -valued and strictly stationary.

The predictor of mðjnþHÞ is defined as

r�NðXn�knþ1Þ ¼

PN
t¼1

Yt;nK
Xn�knþ1;n � Xt;n

hN

� �
PN
t¼1

K
Xn�knþ1;n � Xt;n

hN

� �

where N ¼ n� kn þ 1� H and K ¼ K�kn
0 with K0 a d0-dimensional kernel.

Now some martingale considerations imply that EðmðjnþHÞjjn; . . . ; jn�knþ1Þ is

close to EðmðjnþHÞjjs; s � nÞ for large n. Then under regularity conditions compar-

able to those of Section 6.5.1, and using similar methods, it may be proved that

r�NðXn�knþ1Þ � EðmðjnþHÞjjs; s � nÞ�!a:s: 0

provided that kn ¼ Oððln nÞdÞ for some d > 0. There is clearly no hope of reaching

a sharp rate in this general case. In fact, it can be proved that a ðln nÞ�d0
rate is

possible. For precise results and details we refer to Rhomari (1994).

Notes

Kernel methods were first described in 1951, in an unpublished report by Fix and

Hodges (see Silverman and Jones 1989). There were early studies by Rosenblatt
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(1956) and Parzen (1962), who established Theorem 6.1. Concerning regression,

the kernel estimator was simultaneously introduced by Nadaraja (1964) and Watson

(1964).

Results of Section 6.3 and 6.4 are improvements of results that appeared in

Bosq (1998). Concerning almost sure convergence, we have deliberately chosen

a quite strong mixing condition (namely an exponential decrease of the coefficient)

to present sharp results (that is with asymptotic constants similar to those of the

i.i.d. case). For weakened dependence conditions, the interested reader may refer to

e.g. the following works (and references therein): Liebscher (2001) for arithmeti-

cally strongly mixing processes; Doukhan and Louhichi (2001) (density); and Ango

Nze et al. (2002) (regression) for a new concept of dependence including processes

that are not mixing in general. For practical choices of hn in the dependent case, we

refer also to: Hall et al. (1995); Hart and Vieu (1990); Kim (1997).

Note that other topics are addressed in Bosq (1998, Chapter 3): especially the

study of the mean-square error of prediction, the nonstationary case as well as

related extensions (interpolation, chaos, regression with errors). Infinite-dimen-

sional extensions appear in Dabo-Niang and Rhomari (2002) and Ferraty and Vieu

(2006). Finally, a systematic comparison between prediction by ARMA models and

nonparametric prediction appears in Carbon and Delecroix (1993).
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7

Kernelmethod incontinuous time

In this chapter we investigate the problem of nonparametric estimation of density

when continuous data are available. This continuous time framework is especially

of interest since many phenomena (in various domains such as physics, medicine,

economics) lead to continuous time observations (possibly interpolated).

We shall see that the situation is somewhat different from Chapter 6. First, under

conditions closely related to the discrete case, one obtains similar rates of

convergence (depending both on dimension and regularity of the unknown density).

Now in the continuous time framework, the crucial point is that regularity of sample

paths may also act on rates of convergence: a quite irrelevant phenomenon in the

discrete case! Actually, one should get a whole collection of optimal rates which are

specific to the regularity of the underlying sample paths. As a by-product, these

results will also be involved in Chapter 8 where only sampled data are at one’s

disposal and the question of an appropriate sampling scheme (well fitted to

regularity of the underlying sample paths) naturally arises.

In Sections 7.1 and 7.2, we give rates of convergence for the kernel density

estimator, while regression estimation is treated in Section 7.3 and applications to

prediction are considered in Section 7.4.

7.1 Optimal and superoptimal rates
for density estimation

Let X ¼ ðXt; t 2 RÞ be an Rd-valued continuous time process defined on a

probability space ðV;A;PÞ. In all the following, we assume that ðXtÞ is measurable

(i.e. ðt;vÞ 7!XtðvÞ is BR �A-BRd measurable).

Inference and Prediction in Large Dimensions          D. Bosq and D. Blanke 
© 2007 John Wiley & Sons, Ltd.  ISBN: 978-0-470-01761-6



Suppose that the Xt’s have a common distribution m. We wish to estimate m

from the data ðXt; t 2 ½0; T �Þ. A primary estimator for m is the empirical measure

mT defined as

mTðBÞ ¼
1

T

Z T

0

1BðXtÞdt; B 2 BRd ; T > 0:

Now if m has a density, say f , one may regularize mT by convolution, leading to the

kernel density estimator:

fTðxÞ ¼
1

T hd
T

Z T

0

K
x � Xt

hT

� �
dt; x 2 Rd ð7:1Þ

where K is a kernel (see Chapter 6) satisfying conditions K given by (6.1) and the

bandwidth hT ! 0þ as T ! 1. We also set

KhðuÞ ¼ h�d
T K

u

hT

� �
; u 2 Rd:

Since the bias has exactly the same expression as in the i.i.d. case, we will now

focus on the variance of the kernel estimator. First we show that this variance has, at

least, the same rate of convergence as in the discrete case: we will refer to this case

as the ‘optimal’ one. Next, under more stringent conditions, we will establish that

this rate can be improved up to a ‘bandwidth-free’ rate, that we will call the

‘superoptimal’ case or ‘parametric’ case.

7.1.1 The optimal framework

The following conditions are natural extensions of Assumptions A6.1 to the

continuous time framework. As in Chapter 6, notice that neither strict nor large

stationarity of X is required.

Assumptions 7.1 (A7.1)

(i) f 2 C2
dðbÞ for some positive b where C2

dðbÞ is the space of twice continuously
differentiable real-valued functions h, defined on Rd, such that k hð2Þ k1 � b

and hð2Þ represents any partial derivative of order 2 for h.

(ii) There exists G, a Borelian set of R2 containing D ¼ fðs; tÞ 2 R2 : s ¼ tg,
such that for ðs; tÞ =2G, the random vector ðXs;XtÞ has a density fðXs;XtÞ and
supðs;tÞ =2G k gs;t k1< 1 where gs;t ¼ fðXs;XtÞ � f � f . Moreover,

lim
T!1

1

T

Z
½0;T �2\G

ds dt ¼ ‘G < þ1:

(iii) ðXtÞ is supposed to be 2-a-?mixing? with að2Þðjt � sjÞ � gjt � sj�b;
ðs; tÞ =2G for some positive constants g and b > 2.
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Note that only condition A7.1(ii) differs from the discrete case: here the Borelian G

is introduced to prevent the explosion of fðXs;XtÞ for small jt � sj; s 6¼ t.

Typical examples of Borelian G are furnished by Figure 7.1.

Theorem 7.1

(1) If conditions A7.1(ii)–(iii) are satisfied with f continuous at x, then

Thd
T ! 1 yields

lim
T!1

Thd
TVar fTðxÞ � ‘Gf ðxÞ k K k22 : ð7:2Þ

(2) If Assumptions A7.1 hold with f ðxÞ > 0, the choice hT ¼ cT T�1=ðdþ4Þ;
cT ! c > 0, leads to

lim
T!1

T4=ðdþ4ÞEðfTðxÞ � f ðxÞÞ2 � c4b2
2ðxÞ þ

f ðxÞ
cd

‘G k K k22

with constant b2ðxÞ defined by ð6:4Þ.

PROOF:

(1)We consider the decomposition

Thd
T Var fTðxÞ ¼

1

Thd
T

Z
½0;T �2\G

Cov K
x � Xs

hT

� �
;K

x � Xt

hT

� �� �
ds dt

þ 1

Thd
T

Z
½0;T �2\Gc

Cov K
x � Xs

hT

� �
;K

x � Xt

hT

� �� �
ds dt

¼ IT þ JT :

ð7:3Þ

The first integral may be bounded above by

IT � h�d
T EK2 x � X0

hT

� �
� 1

T

Z
½0;T �2\G

ds dt ð7:4Þ

Figure 7.1

On the left:G ¼ fðs; tÞ : js � tj � u0g; ‘G ¼ 2u0.

On the right:G ¼
S½T=u0�

n¼0 fðs; tÞ : ½s=u0� ¼ ½t=u0� ¼ ng; ‘G ¼ u0.
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and the Bochner lemma implies that limT!1 IT � ‘G f ðxÞ k K k22. The second

integral may be handled as follows: for ðs; tÞ 2 ½0; T �2 \ Gc,

Cov ðKhðx � XsÞ;Khðx � XtÞÞ

¼
ZZ

Khðx � uÞKhðx � vÞgs;tðu; vÞdu dv

� min sup
ðs;tÞ =2G

k gs;t k1; 4h�2d
T k K k21 að2Þðjt � sjÞ

 !
ð7:5Þ

by condition A7.1(ii) and the ?Billingsley inequality?. Next, splitting the integrals

into fðs; tÞ 2 Gc : js � tj � h
�2d=b
T g and fðs; tÞ 2 Gc : js � tj > h

�2d=b
T g, one arrives

at

JT ¼ hd
T

T

Z
½0;T �2\Gc

Cov Khðx � XsÞ;Khðx � XtÞð Þ ¼ O h
dð1�2

bÞ
T

� �
¼ oð1Þ;

since one has b > 2 in the mixing condition A7.1(iii).

(2)Since the bias has the same expression as in the discrete case, the mean-

square error immediately follows. &

In order to show that the above rate is achieved for some processes, let us consider

the family X 0 of processes X ¼ ðXt; t 2 RÞ with common marginal f and satisfying

Assumptions A7.1(ii)–(iii) uniformly, in the following sense: there exist positive

constants L0, d0, g0, b0 such that, with obvious notation, for each X 2 X 0:

� ð1=TÞ
R
½0;T �2\GX

ds dt � L0ð1þ L0=TÞ,

� supðs;tÞ =2GX
k gs;t k1 � d0,

� g � g0 and b � b0 > 2.

Then we have:

Corollary 7.1
If f is continuous at x, the condition Thd

T ! 1 yields

lim
T!1

max
X2X 0

Thd
TVarX fTðxÞ ¼ L0 f ðxÞ k K k22

where Var X denotes variance if the underlying process is X.

PROOF:

An easy consequence of (7.3)–(7.5) is

lim
T!1

max
X2X 0

Thd
TVarX fTðxÞ � L0f ðxÞ k K k22 :
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It remains to exhibit a process ~X in X0 such that

Thd
TVar~X fTðxÞ ! L0f ðxÞ k K k22 :

To this aim let us consider a sequence ðYn; n 2 ZÞ of i.i.d. Rd-valued random

variables with density f continuous at x and set ~Xt ¼ Y½t=L0�; t 2 R (notice that the

process ~X is not stationary). One has ~X 2 X 0 with G~X ¼ [n2zfðs; tÞ :
½s=L0� ¼ ½t=L0� ¼ ng; supðs;tÞ =2G~X

k gs;t k1¼ 0, and að2Þðjs � tjÞ ¼ 0 if ðs; tÞ =2G~X .

Now for this particular process fT takes a special form, namely

fTðxÞ ¼
½T=L0�
T=L0

f̂ TðxÞ þ
T � L0½T=L0�

Thd
T

K
x � Y½T=L0�

hT

� �

where f̂ T is a kernel estimator of f associated with the i.i.d. sample Y0; . . . ; Y½T=L0��1.

Then, from the Bochner lemma, 6.1, it is easy to deduce that

Thd
T

½T=L0�
T=L0

� �2

Var f̂ TðxÞ ! L0 f ðxÞ k K k22

and

Thd
T

T � L0½T=L0�
Thd

T

� �2

Var K
x � Y½T=L0�

hT

� �
� L2

0

Thd
T

k K k21! 0;

hence the result &

Finally it can be shown (see Bosq 1998, Chapter 4) that the rate T�2r=ð2rþdÞ is

minimax over X 0 for densities belonging to Cr;dð‘Þ ðr ¼ k þ l; 0 < l � 1; k 2 NÞ,
where Cr;dð‘Þ denotes the space of k-times differentiable real-valued functions,

defined on Rd and such that

@f ðkÞ

@x
j1
1 � � � @x

jd
d

ðx0Þ � @f ðkÞ

@x
j1
1 � � � @x

jd
d

ðxÞ
�����

����� � ‘ k x0 � x kl;

x; x0 2 Rd; j1 þ � � � þ jd ¼ k:

Note that C2
dðbÞ is included in C2;dðbÞ with k ¼ l ¼ 1.

7.1.2 The superoptimal case

Castellana and Leadbetter (1986) have pointed out that, in the stationary case, if the

local dependence of X0 and Xu, u > 0, is sufficiently restricted then it is possible to
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obtain a bandwidth-free rate for the variance of smoothed density estimators

(including the kernel one). We present here their result as well as some extensions.

For that purpose we suppose that gs;t ¼ fðXs;XtÞ � f � f exists for s 6¼ t and use the

abbreviated notation gu for g0;u; u > 0.

Theorem 7.2
Let us assume that gs;t ¼ gjt�sj; t 6¼ s.

(1) If ðy; zÞ7!
R
�0;þ1½ jguðy; zÞjdu is defined and bounded on R2d, then

T�Var fTðxÞ � 2 sup
ðy;zÞ2R2d

Z þ1

0

jguðy; zÞjdu;

for any T > 0.

(2) If u 7! k gu k1 is integrable on �0;þ1½ (Castellana and Leadbetter’s

condition) and gu is continuous at ðx; xÞ for each u > 0, then

lim
T!þ1

T�Var fTðxÞ ¼ 2

Z 1

0

guðx; xÞdu:

In addition, if f 2 C2
dðbÞ, the choice hT ¼ oðT�1=4Þ implies

lim
T!þ1

T�EðfTðxÞ � f ðxÞÞ2 ¼ 2

Z 1

0

guðx; xÞdu:

PROOF:

Using the stationarity condition gs;t ¼ gjt�sj, we get

T�Var fTðxÞ ¼
1

T

Z T

0

Z T

0

CovðKhðx � XtÞ;Khðx � XsÞÞdsdt

¼ 2

Z T

0

1� u

T

� �ZZ
R2d

Khðx � yÞKhðx � zÞguðy; zÞdy dz du: ð7:6Þ

Concerning the first part, one easily obtains that

T�Var fTðxÞ � 2

ZZ
R2d

Khðx � yÞKhðx � zÞ
Z þ1

0

jguðy; zÞj du dy dz

� 2 sup
ðy;zÞ2R2d

Z þ1

0

jguðy; zÞj du

from the Fubini theorem.
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For the second part, note that in (7.6), the function

ðu; v; wÞ7! 1� u

T

� �
guðy; zÞKhðx � yÞKhðx � zÞ1½0;T �ðuÞ1R2dðy; zÞ

is integrable since
R1
0

k gu k1 du < þ1. Using again Fubini, one gets

T�Var fTðxÞ ¼ 2

ZZ
R2d

Z T

0

1� u

T

� �
KðvÞKðwÞguðx � hTv; x � hTwÞdu dy dz:

Next, one has

1� u

T

� �
guðx � hTv; x � hTwÞKðvÞKðwÞ1½0;T �ðuÞ1Rd�Rdðv; wÞ

�!
T!1

guðx; xÞKðvÞKðwÞ1Rþ�Rd�Rdðu; v; wÞ

and

1� u

T

� �
guðx � hTv; x � hTwÞKðvÞKðwÞ1½0;T �ðuÞ1Rd�Rd ðv; wÞ

��� ���
�k gu k1 KðvÞKðwÞ 2 L1ðRþ � Rd � RdÞ

so the dominated convergence theorem yields

lim
T!1

T�Var fTðxÞ ¼ 2

Z þ1

0

guðx; xÞdu:

The mean-square error easily follows since the choice hT ¼ oðT�1=4Þ implies that

the squared bias is negligible with respect to the variance. &

Note that this superoptimal mean-square rate of convergence remains valid for less

regular densities: for example if f satisfies a Hölder condition of order l
(0 < l � 1), the choice hT ¼ Oðe�TÞ yields the same result. However, from a

practical point of view, this choice is somewhat unrealistic since it does not balance

variance and squared bias for finite T . On the other hand, it is interesting to note

that a choice of hT which would give asymptotic efficiency for all continuous f is

not possible since the bias depends on the modulus of continuity of f . An estimator

which captures global efficiency will appear in Chapter 9.

We now give some examples of applicability of Theorem 7.2.

Example 7.1
Let ðXt; t 2 RÞ be a Gaussian real stationary process with zero mean and

autocorrelation function rðuÞ ¼ 1� ajuju þ oðuuÞ when u ! 0 for 0 < u < 2. In

this case, it is easy to verify that

jguðx; yÞj � ajrðuÞ1juj>b þ ðc þ djuj�u=2Þ10<juj � b

where a, b, c, d are suitable constants. Consequently, conditions in Theorem 7.2 are

satisfied as soon as r is integrable on �0;þ1½. ^
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Example 7.2
Let ðXt; t � 0Þ be a real diffusion process defined by the stochastic differential

equation

dXt ¼ SðXtÞdt þ sðXtÞdWt; t � 0

where S and s satisfy a Lipschitz condition and the condition

I ¼ IðSÞ ¼
Z
R

s�2ðxÞ exp 2

Z x

0

SðyÞs�2ðyÞdy

� �
dx < þ1

and where ðWt; t � 0Þ is a standard Wiener process.

It may be proved that such a process admits a stationary distribution with

density given by

f ðxÞ ¼ I�1s�2ðxÞ exp 2

Z x

0

SðyÞs�2ðyÞdy

� �
; x 2 R:

Moreover, under some regularity assumptions on S and s, the kernel estimator of f

reaches the superoptimal rate T�1. In particular if X0 has the density f , conditions in

Theorem 7.2 are satisfied, see Kutoyants (1997b); Leblanc (1997) and Veretennikov

(1999). Moreover it can be proven that this estimator is also asymptotically efficient

Kutoyants (1998, 2004). ^

7.2 From optimal to superoptimal rates

7.2.1 Intermediate rates

One may naturally ask about the existence of intermediate rates of convergence

(lying between the optimal and superoptimal cases). We begin by a result

illustrating that conditions in Theorem 7.2 are, in some sense, necessary for

obtaining the bandwidth-free rate 1=T for the variance.

Proposition 7.1
Let ðXt; t 2 RÞ be an Rd-valued process such that

(a) gs;t ¼ gjt�sj exists for s 6¼ t and for u0 > 0,

sup
ðy;zÞ2R2d

Z 1

u0

jguðy; zÞjdu < 1:

(b) f is continuous at x and fðX0;XuÞ is continuous at ðx; xÞ for u > 0.

(c)
R u1
0

fðX0;XuÞðx; xÞdu ¼ þ1 for u0 > u1 > 0.
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Then, if K is a positive kernel,

lim
T!1

T�Var fTðxÞ ¼ þ1:

PROOF:

From (7.6), observe that

2

Z 1

u0

1� u

T

� �ZZ
R2d

Khðx � yÞKhðx � zÞguðy; zÞdy dz du

����
����

� 2 sup
ðy;zÞ2R2d

Z 1

u0

jguðy; zÞjdu ¼ Oð1Þ

with condition (a). On the other hand, condition (b) implies

lim
hT!0

ZZ
R2d

Khðx � yÞKhðx � zÞf ðyÞf ðzÞdy dz ¼ f 2ðxÞ

so that

T�Var fTðxÞ ¼

2

Z u0

0

1� u

T

� �ZZ
R2d

Khðx � yÞKhðx � zÞfðX0;XuÞðy; zÞdy dz du þOð1Þ:

Now for T � 2u0, using the affine transformation ðy; zÞ 7! ðx � hT v; x � hT wÞ and
the image measure theorem (see Rao 1984), one obtains that

T�Var fTðxÞ

� 2

ZZ
R2d

Z u0

0

KðvÞKðwÞfðX0;XuÞðx � hTv; x � hTwÞdv dw du þOð1Þ

and the result follows from the Fatou lemma and conditions (b) and (c). &

The next proposition illustrates, in the real Gaussian case, the link between sample

path regularity and rate of convergence.

Proposition 7.2
Let X ¼ fXt; t 2 Rg be a real zero-mean and stationary Gaussian process. If X is

mean-square continuous with autocorrelation function rð�Þ such that jrðuÞj < 1 for

u > 0 and
R1

u1
jrðuÞjdu < þ1 for some u1 > 0, then if K is a positive kernel, one

obtains for all real x

(a)

Z u1

0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2ðuÞ

p du ¼ þ1 ) T�Var fTðxÞ ! þ1,
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(b)
Z u1

0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2ðuÞ

p du < þ1 ) T�Var fTðxÞ ! ‘ < þ1:

PROOF:

See Blanke and Bosq (2000). &

From proposition 7.2 one gets the following alternative: if 1� rðuÞ 	 cu2a as u # 0

with 0 < a < 1, the bandwidth-free rate 1=T is reached and there exists an equivalent

process with sample functions satisfying a Hölder condition of any order a < a, with

probability one (see Cramér and Leadbetter 1967, p.172). Such a condition is satisfied

by the $Ornstein–Uhlenbeck process$ (cf. Example 1.14). On the other hand, if the

process is mean-square differentiable one has 1� rðuÞ 	 cu2 as u # 0 and Proposi-

tion 7.2(a) implies that the bandwidth-free rate is no longer possible. In the following,

we will establish that the obtained rate is in fact lnð1=hTÞ=T .

7.2.2 Classes of processes and examples

Now we introduce our main assumptions on processes.

Assumptions 7.2 (A7.2)

(i) f is either bounded or continuous at x;

(ii) for s 6¼ t, the joint density fðXs;XtÞ of ðXs;XtÞ does exist and for

t > s; fðXs;XtÞ ¼ fðX0;Xt�sÞ;

(iii) 9u0 > 0 : supðy;zÞ2R2d

Rþ1
u0

jguðy; zÞjdu < þ1, where gu is defined by gu :¼
fðX0;XuÞ � f � f ; u > 0;

(iv) 9g0 > 0 : fðX0;XuÞðy; zÞ � Mðy; zÞu�g0 , for ðy; z; uÞ 2 R2d��0; u0½, where

Mð�; �Þ is either continuous at ðx; xÞ and R2d-integrable or bounded.

Let us give some information about these assumptions. First A7.2(ii) is a weak

stationarity condition whereas A7.2(iii) is a condition of asymptotic independence

discussed in Vertennikov (1999) (for the special case of real diffusion processes)

and Comte and Merlevède (2005). Condition A7.2(iv) is less usual but could be

linked to the regularity of sample paths, in this way it is quite typical in our

continuous time context. More precisely, let us define

Yu :¼ X
ð1Þ
u � X

ð1Þ
0

ug1
; . . . ;

X
ðdÞ
u � X

ðdÞ
0

ugd

 !

where X
ðiÞ
t is the ith component of ðXtÞ ¼ ðXð1Þ

t ; � � � ;XðdÞ
t Þ and g i, 0 < g i � 1,

i ¼ 1; . . . ; d are the respective Hölderian coefficients; one may show that condition

A7.2(iv) is equivalent to

fðX0;YuÞ y;
z � y

ug

� �
� Mðy; zÞ; ðy; z; uÞ 2 R2d��0; u0½ ð7:7Þ
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where ðz � yÞ=ug :¼ ððz1 � y1Þ=ug1 ; . . . ; ðzd � ydÞ=ugdÞ as soon as g0 ¼
Pd

i¼1 g i. In

this way g0 is linked to the ‘total’ sample path regularity and the condition:

g0 2 �0; d� naturally arises.

We now present typical processes satisfying Assumptions A7.2.

Example 7.3 (Multidimensional homogeneous diffusions: g0 ¼ d=2)
Let ðXt; t � 0Þ be an Rd-valued diffusion process defined by the stochastic

differential equation

dXt ¼ SðXtÞdt þ dWt; t � 0

where ðWt; t � 0Þ is a standard d-dimensional Wiener process and S : Rd ! Rd

satisfies a Lipschitz condition, is bounded and such that for M0 � 0, r > 0,

SðxÞ; x

k x k

� �
� � r

k x kp
; 0 � p < 1; k x k� M0: ð7:8Þ

Following thework of Qian et al. (2003), and Klokov and Veretennikov (2005), it may

be shown that Assumptions A7.2 hold with g0 ¼ d=2; (see also Bianchi 2007). ^

Example 7.4 (Case g0 ¼ 1)

This case may be associated with regular real processes satisfying condition (7.7),

(see e.g. Blanke and Bosq 1997; Sköld and Hössjer 1999). Typical examples are:

the Gaussian process defined in Example 7.1 with u ¼ 2; bi-dimensional processes

(d ¼ 2) whose components are independent and with g1 ¼ g2 ¼ 1=2 (see Examples

7.1 and 7.2) and bi-dimensional diffusions processes in Example 7.3. ^

Example 7.5 (Case g0 > 1)

This last case typically arises for dimensions d > 1, by combining the previous

examples, see also Blanke and Bosq (2000); Sköld (2001). ^

7.2.3 Mean-square convergence

We begin by giving upper bounds of convergence for the variance of the kernel

estimator.

Theorem 7.3
Under Assumptions A7.2, one obtains

lim
T!1

CðhT ; T ; g0ÞVar fTðxÞ < þ1;
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where CðhT ; T; g0Þ is given by

CðhT ; T ; g0Þ ¼

T if g0 < 1;

T

lnð1=hTÞ
if g0 ¼ 1;

Th

d
g0
ðg0 � 1Þ

T if g0 > 1:

8>>>>><
>>>>>:

ð7:9Þ

Note that Sköld (2001) obtains the exact behaviour of the variance under more

restrictive conditions on the joint density fðX0;ðXu�X0Þ=uaÞ for a given a. Furthermore

in the case where no local information is available (in other words if one omits

condition A7.2(iv)), one gets back the ‘optimal case’ by letting g0 tend to infinity.

Finally, rates of Theorem 7.3 are preserved if condition A7.2(iii) is replaced by ðXtÞ
GSM (in the case g0 ¼ 1), or ðXtÞ 2-a-$mixing$ with coefficient b � 2g0=ðg0 � 1Þ
(in the case g0 > 1).

PROOF: (Elements)

The stationarity condition A7.2(ii) allows us to decompose T Var fTðxÞ into two

terms involving the function gu with u 2 �0; u0½ and u 2 �u0;þ1½. The Fubini

theorem and condition A7.2(iii) imply that the second term is Oð1Þ. Next, under
condition A7.2(i), the main term, depending on g0, is given by

A ¼ 2

T

Z u0

0

ðT � uÞ
ZZ

R2d

Khðx � yÞKhðx � zÞfðX0;XuÞðy; zÞ dy dz du: ð7:10Þ

First if g0 < 1, condition A7.2(iv) implies, with the Bochner lemma 6.1, that

A ¼ Oð1Þ. Next for g0 � 1, one may bound A by

jAj � 2

Z uT

0

ZZ
R2d

jKðyÞKðzÞj fðX0;XuÞðx � hT y; x � hT zÞdy dz du

þ 2

Z u0

uT

ZZ
R2d

jKðyÞKðzÞj fðX0;XuÞðx � hT y; x � hT zÞdy dz du:

where uT is a positive sequence such that uT ! 0 as T ! 1. The Cauchy–Schwarz

inequality implies that the first term is a OðuT=hd
TÞ. Now, if g0 ¼ 1, condition

A7.2(iv) with the Fubini theorem implies that

2

Z u0

uT

ZZ
R2d

jKðyÞKðzÞjfðX0;XuÞðx � hT y; x � hT zÞdy dz du

� 2ðln u0 � ln uTÞ
ZZ

R2d

jKðyÞKðzÞjMðx � hT y; x � hT zÞdy dz:

Setting uT ¼ hd
T , one obtains with either the Bochner lemma or dominated

convergence theorem (if M is bounded) that A ¼ Oðlnð1=hTÞÞ. For g0 > 1, the
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same methodology yields A ¼ Oðhdð1�g0Þ=g0
T Þ with the choice uT ¼ h

d=g0
T . Finally,

note that for strongly mixing processes not satisfying condition A7.2(iii), a similar

proof as for Theorem 7.1 yields the same rates of convergence as soon as ðXtÞ is
GSM in the case g0 ¼ 1, or ðXtÞ is 2-a-mixing with coefficient b � 2g0=ðg0 � 1Þ if
g0 > 1. &

Now, we turn to lower bounds of estimation. First, note that if one strengthens

condition A7.2(iii) to
Rþ1

u0
k gu k1 du < þ1 and if Mð�; �Þ is a bounded function

in condition A7.2(iv), the case g0 < 1 is included in Theorem 7.2(2) and the

variance has the bandwidth-free rate. If g0 � 1, we obtain the following result.

Theorem 7.4
Assume conditions A7.2(i)–(iii) and moreover that

fðX0;XuÞðy; zÞ � puðy; zÞ
ug0

with g0 � 1; u 2 �0; u0½; ðy; zÞ 2 R2d ð7:11Þ

and

lim
T!1

inf
u2½"d=g0

T
;u0½

puðx � "T y; x � "T zÞ � p0ðx; y; zÞ > 0; x 2 Rd

where "T ! 0 as T ! 1. Then, for a positive kernel K,

(1) if g0 ¼ 1, lim
T!1

ðT=ln h�1
T ÞVar fTðxÞ > 0;

(2) if g0 > 1, lim
T!1

Th
dðg0�1Þ=g0
T Var fTðxÞ > 0:

The additional minorant condition is technical but it holds in particular for Gaussian

processes (see Blanke and Bosq 2000) or d-dimensional homogeneous diffusion

processes such that f ðxÞ > 0 and with either bounded drift (see Bianchi 2007; Qian

et al. 2003, Theorem 2], or drift with at most linear growth (see Qian and Zheng

2004, Theorem 3.1).

PROOF: (Elements)

Again, the main proof concerns the term A, given by (7.10). For all T � 2u0, one

gets by the Fubini theorem

A � 2

ZZ
R2d

Khðx � yÞKhðx � zÞ
Z u0

0

fðX0;XuÞðy; zÞdu dy dz;

where the integral is finite for l2d-almost all ðy; zÞ (with l2d Lebesgue measure on

R2d). Hence

A �
ZZ

R2d

KðvÞKðwÞ
Z u0

�T

fðX0;XuÞðx � hTv; x � hTwÞdu dv dw

for all positive sequences �T ! 0 as T ! 1.
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Now, we set J ¼
R u0
�T

fðX0;XuÞðx � hTv; x � hTwÞ du:
(1) If g0 ¼ 1 and �T ¼ hd

T , then

J � ðln u0 þ ln h�d
T Þ� inf

u2½hd
T
; u0½

puðx � hTv; x � hTwÞ;

and the Fatou lemma gives

lim
T!1

T

ln h�d
T

Var fTðxÞ �
ZZ
R2d

p0ðx; v; wÞKðvÞKðwÞ dv dw > 0:

(2) In the case where g0 > 1, one may choose �T ¼ h
d=g0
T and write:

J � h
d=g0�d
T � u

1�g0
0

g0 � 1
inf

u2½hd=g0
T

; u0½
puðx � hTv; x � hTwÞ;

which yields, again by the Fatou lemma

lim
T!1

Th
d�d=g0
T Var fTðxÞ �

1

g0 � 1

ZZ
R2d

p0ðx; v; wÞKðvÞKðwÞdv dw > 0:

&

With some additional assumptions on f , one may specify the mean-square rates of

convergence.

Corollary 7.2
Under the assumptions of Theorems 7.3 and 7.4 and if f 2 C2

dðbÞ,

(1) for g0 ¼ 1 and hT ¼ c ðln T=TÞ1=4 ðc > 0Þ, one has

0 < lim
T!1

T

ln T
E ðfTðxÞ � f ðxÞÞ2 � lim

T!1

T

ln T
E ðfTðxÞ � f ðxÞÞ2 < þ1;

(2) for g0 > 1 and hT ¼ c T�g0=ð4g0þdðg0�1ÞÞ ðc > 0Þ, one obtains

0< lim
T!1

T
4g0

4g0þdðg0�1Þ Eð fTðxÞ� f ðxÞÞ2� lim
T!1

T
4g0

4g0þdðg0�1Þ E ðfTðxÞ � f ðxÞÞ2<þ1:

As a by-product, we may also show that under the natural condition g0 2 �0; d�,
these rates are minimax in the following specific sense: if one considers the set of
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processes with a given rate of convergence for the kernel estimator, there does not

exist a better estimator over this set (see Blanke and Bosq 2000).

7.2.4 Almost sure convergence

We consider the following exponential type inequality extending the result of

Proposition 6.1 to the continuous case.

Proposition 7.3
Let ðZt; t 2 ZÞ be a zero-mean real valued process such that sup0� t� T k Zt k1
� M; EðZtZsÞ ¼ EðZ0Zt�sÞ; t > s and

R1
0

jEZ0Zujdu < þ1.

Then for each real number pT 2 ½1; T=2� and each positive k, ",

P
1

T

Z T

0

Ztdt

����
���� > "

� �
� 8M

"k
ð1þ kÞaZðpTÞ

þ 4 exp � T"2

8ð1þ kÞ2
R pT

0
jCov ðZ0; ZuÞjdu þ 4M

3
ð1þ kÞpT"

0
B@

1
CA: ð7:12Þ

PROOF:

Similar to the proof of Proposition 6.1 (see also Bosq and Blanke 2004) and

therefore omitted. &

To obtain sharp almost sure results, we consider geometrically strongly mixing

processes. Note that multidimensional diffusions processes of Example 7.3 are

GSM as soon as p ¼ 0 in (7.8) (see Veretennikov 1987).

Now for convenience, we suppose that the process is observed over intervals

½0; Tn� where ðTn; n � 1Þ satisfies Tnþ1 � Tn � t > 0 and Tn " 1: in other words

sampled paths are displayed at increasing instants T1; T2; � � �.

Theorem 7.5
Let ðXt; t 2 ZÞ be a GSM Rd-valued process and suppose that Assumptions A7.2

hold.

(1) If hTn
satisfies

TnhT n
2d

ðln TnÞ3
1f0<g0<1g þ lnð1=hT nÞ1fg0¼1g þ hT n

dð 1
g0
�1Þ

1fg0>1g

� �
�!
Tn"1

þ1; ð7:13Þ
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then for some constant Cg0ðxÞ,

lim
Tn"1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
CðhT n; Tn; g0Þ

ln Tn

s
jfT nðxÞ � EfT nðxÞj � Cg0ðxÞ a:s:;

with Cðh;T ; g0Þ given by (7.9);

(2) if hT n is such that Tnhd
T n=ðln TnÞ2 �!

Tn"1
þ1 but

TnhT
2d
n

ðln TnÞ3
1f0<g0<1g þ lnð1=hT nÞ1fg0¼1g þ hT n

dð 1
g0
�1Þ

1fg0>1g

� �
�!
Tn"1

0;

then we have,

j fT nðxÞ � E fT nðxÞj ¼ O ðln TnÞ2

Tnhd
Tn

 !
a:s:

The proof of this result is similar to that of Theorem 6.5(2) with results of

Proposition 7.3 and Theorem 7.3. The constant Cg0ðxÞ can be made explicit but

it depends on unknown constants such as Mðx; xÞ and supðy;zÞ2R2d

R1
u0

jguðy; zÞjdu.

Remark

Note that A7.2(iii) and the GSM property could be considered as redundant

properties of asymptotic independence. Nevertheless, it may be shown that under

(7.13), and for g0 � 1, one has also

jfT nðxÞ � E fT nðxÞj ¼ O ðln TnÞ1=2C�1=2ðhT n; Tn; g0Þ
� �

a.s. with condition A7.2(iii) replaced by ‘fðX0;XuÞ uniformly bounded for u � u0’

(whereas a logarithmic loss is observed for g0 < 1). This methodology will be used

in the general case of regression estimation (see Section 7.3).

Next if f 2 C2
dðbÞ, and if maxð1; g0Þ > d=2, the choices

hT nðg0Þ ¼

ðlnTnÞ4

Tn

 !1=2

; g0 < 1

T�1=4
n ; g0 ¼ 1

ln Tn

Tn

� � g0
4g0þdðg0�1Þ

; g0 > 1

8>>>>>><
>>>>>>:

ð7:14Þ

give the almost sure rates:

C�1
Tn
ðg0Þ ¼

ln Tn

T

� �1=2

; g0 < 1

ln Tn

T
1=2
n

; g0 ¼ 1

ln Tn

Tn

� � 2g0
4g0þdðg0�1Þ

; g0 > 1:

8>>>>>>>><
>>>>>>>>:

ð7:15Þ
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The technical condition maxð1; g0Þ > d=2 is a consequence of (7.13) and should be

relaxed to maxð1; g0Þ > d=ro if, with obvious notation, f 2 Cro

d ðbÞ. If

maxð1; g0Þ � d=2, one obtains the alternative result

jfT nðxÞ � f ðxÞj ¼ O ðln TnÞ2T�1
n

� � 2
2þd

� �
a:s: ð7:16Þ

for hT n ¼ cððln TnÞ2=TnÞ1=ð2þdÞ; c > 0:
As a by-product, for g0 ¼ d=2 (e.g. for d-dimensional diffusions, d � 2), the choice

hT n ¼ cððln TnÞ2=TnÞ1=2ð1þg0Þ yields

jfT nðxÞ � f ðxÞj ¼ O ðln TnÞ2T�1
n

� � 1
1þg0

� �
a:s:

We now turn to uniform results over increasing compact sets.

Theorem 7.6
Suppose that Assumptions A7.2 hold with f ð�Þ and Mð�; �Þ bounded functions; in

addition if X is GSM with f 2 C2
dðbÞ and K satisfies a Lipschitz condition, then

(1) for maxð1; g0Þ > d=2 and hT nðg0Þ, CTn
ðg0Þ given by ð7:14Þ–ð7:15Þ,

sup
kxk� cðdÞT‘

n

j fT nðxÞ � f ðxÞj ¼ OðC�1
Tn
ðg0ÞÞ a:s:

(2) for maxð1; g0Þ � d=2 and hT n ¼ cððln TnÞ2=TnÞ1=ð2þdÞ; c > 0;

sup
kxk� cðdÞT ‘

n

j fT nðxÞ � f ðxÞj ¼ O ðln TnÞ2T�1
n

� � 2
2þd

� �
a:s:

Details and proofs of these results may be found in Blanke (2004). Under more

stringent conditions and using the continuous-time version of the Borel–Cantelli

lemma established in Bosq (1998), one should replace Tn by T. Moreover uniform

convergence over Rd can also be obtained. Note also that the case g0 < 1 was first

addressed by Bosq (1997). Finally for real ergodic diffusions, van Zanten (2000)

obtains the rate OPð1=
ffiffiffiffi
T

p
Þ and in a multidimensional context, Bianchi (2007)

extends (7.16) and Theorems 7.5–7.6 to diffusions which have a subexponential

mixing rate (i.e. for u > 0, aðuÞ � b0e
�b1 ub2 , b0 > 0, b1 > 0, 0 < b2 < 1).

Diffusions satisfying (7.8) with 0 < p < 1 are subexponential mixing, (see Klokov

and Veretennikov 2005). In this last case, similar almost sure rates of convergence

(up to some additional logarithmic terms) are obtained.
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7.2.5. An adaptive approach

As we have seen before, the choice of the optimal bandwidth depends on the

parameter g0, which is not always known. In this section, we propose an algorithm

providing an adaptive estimator, i.e. an estimator with automatic choice of the

bandwidth. Here we suppose that the regularity of the density, say r0, almost equals

2 and that adaptivity refers to g0 in the case d � 2.

Regarding (7.7), we use the natural condition g0 2 �0; d�. As before, we suppose
that ðTnÞ is such that Tnþ1 � Tn � t > 0 and Tn " 1. Now, we consider a grid GTn

including tested values for g0:

GTn
¼ feg0; 1; g1;Tn

; � � � ; gNT ;Tn
; dg;

where one sets

0 < eg0 < 1; g0;Tn
:¼ 1;

g jþ1;Tn
� g j;Tn

¼ dj;Tn
> 0; j ¼ 0; . . . ;NT � 1:

(

Recall that for g0 < 1, the bandwidth choice does not depend on the exact value of

g0, in this way eg0 symbolizes all values g0 < 1. Moreover, we suppose that ðdj;Tn
Þ,

ðNTÞ are such that

1þ
PNT�1

j¼0 dj;Tn
! d; sup

j¼0;...;NT�1

dj;Tn
! 0;

dj;Tn
� d0

ln ln Tn

ln Tn

; d0 >
4

d
; j ¼ 0; . . . ;NT � 1:

8>><
>>:

Such conditions discriminate the rates CTn
ðgÞ for different g in GTn

. They hold

clearly for

dj;Tn

 dTn

¼ d � 1

NT

with NT ¼ O
ln Tn

ðln ln TnÞ2

 !
:

The candidate g�
0 is obtained by setting, for x 2 Rd,

g�
0 ¼ minfg1 2 GTn

: CTn
ðg2Þj f̂g1ðxÞ � f̂g2ðxÞj � h; 8g2 � g1; g2 2 GTn

g;

where

f̂gðxÞ :¼ f̂Tn;gðxÞ ¼
1

TnhT n
dðgÞ

Z Tn

0

K
x � Xt

hT nðgÞ

� �
dt

with

hT nðgÞ ¼
ððln TnÞ4=TnÞ1=2d

if g < 1;

T�1=4
n if g ¼ 1;

ðln Tn=TnÞ
g

4gþdðg�1Þ if g > 1

8><
>:
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and

CTn
ðgÞ ¼

ðTn= ln TnÞ1=2 if g < 1;

T1=2
n = ln Tn if g ¼ 1;

ðTn= ln TnÞ
2g

4gþdðg�1Þ if g > 1:

8>><
>>:

Finally the adaptive estimator of f ðxÞ is defined by

f̂g�
0
ðxÞ ¼ 1

TnhT
d
nðg�0Þ

Z Tn

0

K
x � Xt

hT nðg�
0Þ

� �
dt:

Theorem 7.7
Under the assumptions of Theorem 7.6, one obtains, for all g0 2 �0; d� with

maxð1; g0Þ > d=2 and large enough h,

jf̂g�
0
ðxÞ � f ðxÞj ¼ O C�1

Tn
ðg0Þ

� �
a:s:

Proof of this result is intricate and appears in Blanke (2004). We see, up to

logarithmic terms, that rates of the previous section are not altered. Finally, in the

special case maxð1; g0Þ � d=2, the same paper establishes that the adaptive

estimator converges also at the alternative rate.

7.3 Regression estimation

Let Zt ¼ ðXt; YtÞ, t 2 R, be an Rd � Rd0
-valued measurable stochastic process

defined on a probability space ðV;A;PÞ. Let m be a Borelian function from Rd0

to R such that ðw; tÞ7!m2ðYtðwÞÞ is P � lT -integrable for each positive T ðlT

stands for Lebesgue measure on ½0; T�).
Assuming that the Zt’s have the same distribution with density fZðx; yÞ, we wish

to estimate the regression parameter EðmðY0ÞjX0 ¼ �Þ given the data

ðZt; 0 � t � TÞ. Functional parameters f , ’, r are unchanged from Chapter 6,

see (6.11)–(6.13).

The kernel regression estimator is defined as

rTðxÞ ¼ ’TðxÞ=fTðxÞ;

where

’TðxÞ ¼
1

Thd
T

Z T

0

mðYtÞK
x � Xt

hT

� �
dt

and fT is given by (7.1) with a positive kernel K, defined on Rd , and satisfying

conditions K given by (6.1).
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In our viewpoint of prediction, we now focus on the almost sure convergence

of this estimator. Note that results concerning mean-square error and limit

in distribution have been obtained by Cheze-Payaud (1994) and Bosq (1998,

Chapter 5) in the optimal and superoptimal cases.

7.3.1 Pointwise almost sure convergence

The pointwise study of rTðxÞ is considered under the following conditions.

Assumption 7.3 (A7.3)

(i) f ;’ 2 C2
dðbÞ for some positive b;

(ii) either ðZtÞ is a strictly stationary process such that for s 6¼ t, ðXs;XtÞ has

density fðXs;XtÞ; or for s 6¼ t, the joint density, fðZs; ZtÞ, of ðZs; ZtÞ exists with

fðZs; ZtÞ ¼ fðZ0; Zt�sÞ for t > s;

(iii) there exists u0 > 0 such that fðX0;XuÞð�; �Þ is uniformly bounded for u � u0;

(iv) there existsg0 > 0 : fðX0; XuÞðy; zÞ � Mðy; zÞu�g0 , for ðy; z; uÞ 2 R2d� �0; u0 ½,
with either Mð�; �Þ bounded or Mð�; �Þ 2 L1ðR2dÞ and continuous at ðx; xÞ;

(v) there exist l > 0 and n > 0 such that EðexpðljmðY0ÞjnÞÞ < þ1;

(vi) the strong mixing coefficient aZ of ðZtÞ satisfies aZðuÞ � b0e
�b1 u, (u > 0,

b0 > 0, b1 > 0).

As noted before, the GSM condition A7.3(vi) allows us to relax A7.2(iii) to

A7.3(iii) (with only a logarithmic loss of rate in the case g0 < 1). Moreover, it

should be noticed that conditions about the regularity of sample paths only involve

the process ðXtÞ but not ðYtÞ. Finally, again we assume that sample paths are

displayed over intervals ½0; Tn� with Tnþ1 � Tn � t > 0 and Tn " 1.

Theorem 7.8
Suppose that Assumptions A7.3 hold with f ðxÞ > 0. Then

(1) if maxð1; g0Þ � d=2 and

hT n ¼ c
ðlnTnÞ2

Tn

 !1=4

1g0 � 1 þ
ðln TnÞ2

Tn

 ! g0
4g0þdðg0�1Þ

1g0>1

0
@

1
A; ðc > 0Þ

ð7:17Þ

one obtains

jrTn
ðxÞ � rðxÞj ¼ O F�1ðTn; g0Þ

	 

a:s:
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where FðTn; g0Þ ¼ Ta
n �ðln TnÞ�b

and

a ¼ 1

2
; b ¼ 1

n
þ 1 if g0 � 1;

a ¼ 2g0

4g0 þ dðg0 � 1Þ ; b ¼ 1

n
þ 4g0

4g0 þ dðg0 � 1Þ if g0 > 1:

8>><
>>: ð7:18Þ

(2) If maxð1; g0Þ < d=2, the choice hT n ¼ cððln TnÞ2=TnÞ1=ð2þdÞ
yields

jrTn
ðxÞ � rðxÞj ¼ O ðln TnÞ

4
2þd

þ 1
nT

� 2
2þd

n

� �
a:s:

Up to logarithmic terms, these rates have similar order as for density estimation

(compare with (7.15)–(7.16)). Note that this logarithmic loss is overtaken if one

strengthens Assumptions A7.3 with conditions that jointly involve the function m

and the density of ðZs; ZtÞ (cf. Bosq 1998, Chapter 5).

PROOF: (Elements)

We start from decomposition (with omitted x):

jrT n � rj � jrT n �erTn
j þ jerTn

j
f

jfT n � f j þ j
je’Tn

� Ee’Tn
j

f
þ
jEe’Tn

� ’j
f

ð7:19Þ

where erTn
¼ e’Tn

=fT n, with fT nðxÞ ! f ðxÞ > 0 a.s. (using (7.15) combined with the

remark following Theorem 7.5), and moreover

e’Tn
ðxÞ ¼ 1

TnhT
d
n

Z Tn

0

mðYtÞ1jmðYtÞj � bTn
K

x � Xt

hT n

� �
dt

with bTn
! 1.

The choice bTn
¼ ðd ln TnÞ1=n, with Markov inequality and condition A7.3(v),

implies that j’Tn
ðxÞ � e’Tn

ðxÞj ¼ oðF�1ðTn; g0ÞÞ (uniformly in x), with probability

one, as soon as d > 4=l where F�1ðTn; g0Þ denotes any rate of convergence

obtained in Theorem 7.8. On the other hand, since jerTn
j � bTn

, the proposed

choices of hT n, bTn
and f ; ’ 2 C2

dðbÞ respectively yield ðjerTn
j=f ÞjEfT n � f j ¼

OðF�1ðTn; g0ÞÞ and jEe’Tn
� ’j ¼ Oðh2

T nÞ þ Oðh�d
Tn e

�lbTn=2Þ ¼ oðF�1ðTn; g0ÞÞ.
For je’Tn

ðxÞ � Ee’Tn
ðxÞj, we apply Proposition 7.3 to the zero-mean process ðWtÞ

where

Wt ¼ mðYtÞ1jmðYtÞj � bTn
Khðx � XtÞ � EmðY0Þ1jmðY0Þj � bTn

Khðx � X0Þ:

A7.3(ii) yields stationarity and supt2½0;Tn� k Wt k1 � MTn
:¼ 2 k K k1 bTn

h�d
Tn
.

Finally, EW2
0 ¼ Oðb2

Tn
hT

�d
n Þ by the Bochner lemma.

The main task consists in the evaluation of
R pTn

0
jEW0Wujdu. Note that one has

jEW0Wuj � b2
Tn
ðEKhT n

ðx � X0ÞKhT n
ðx � XuÞ þ ðEKhðx � X0ÞÞ2Þ: ð7:20Þ
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We split this integral into three parts: the first one (u 2 ½0; uT �) is controlled by the

Cauchy–Schwarz inequality. On the other hand, the bound (7.20), Bochner lemma

and condition A7.3(iv) are used for the second one (u 2 �uT ; u0½) while the third one
(u 2�u0; pT �) follows from (7.20) and condition A7.3(iii). In this way,

Z pTn

0

jEW0Wujdu ¼
Z uTn

0

þ
Z u0

uTn

þ
Z pTn

u0

( )
jEW0Wujdu

¼ b2
Tn
fOðuTn

hT
�d
n Þþ Oðlnðu�1

Tn
Þ1g0 � 1 þ u

�g0þ1
Tn

1g0>1Þþ OðpTn
Þg:

Finally the result follows from (7.12), the choices

uTn
¼ hT

d
n1g0 � 1 þ hT

d=g0
n 1g0>1; pTn

’ p0 lnTn

( p0 a large enough positive constant) and for some positive h,

" ð¼ "Tn
Þ ¼ h

ðlnTnÞ1þ
1
n

T
1=2
n

1g0 � 1; d � 2 þ
ðln TnÞ1þ

1
n

T
1=2
n hT

d
2g0

ðg0�1Þ
n

1g0>1; d � 2g0

 

þðln TnÞ2þ
1
n

TnhT
d
n

1d>2maxð1;g0Þ

!
:

The last term jfT nðxÞ � f ðxÞj is handled similarly by setting, in the definition of

Wt, mð�Þ1jmð�Þj � bTn

 1. Details are left to the reader. &

7.3.2 Uniform almost sure convergence

For the sake of simplicity, we suppose from now on that maxð1; g0Þ � d=2.
Uniform convergence of a regression estimator will be established over fixed or

suitable increasing sequences of compact sets, that are defined similarly to the

discrete time case (see Definition 6.1).

Definition 7.1
A sequence ðDTn

Þ of compact sets in Rd is said to be regular (with respect to f) if

there exists a sequence ðbTn
Þ of positive real numbers and nonnegative constants ‘,

‘0 such that for each n

inf
x2DTn

f ðxÞ � bTn
and diamðDTn

Þ � cðdÞðln TnÞ‘
0
T‘

n

where cðdÞ > 0, diamðDTn
Þ denotes the diameter of DTn

and Tnþ1 � Tn � t > 0 with

Tn " 1.
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Theorem 7.9
Suppose that Assumptions A7.3 hold with maxð1; g0Þ � d=2, f ð�Þ, ’ð�Þ and Mð�; �Þ
bounded functions. In addition if K satisfies a Lipschitz condition, then

sup
x2DTn

jrTn
ðxÞ � rðxÞj ¼ O F�1ðTn; g0Þb�1

Tn

� �
a:s:

if DTn
is regular and such that F�1ðTn; g0Þb�1

Tn
! 0, with hT nðg0Þ, FðTn; g0Þ given

by ð7:17Þ–ð7:18Þ:

PROOF:

Based on decomposition (7.19), with a similar covering to Theorems 6.6 and 6.10,

noting that obtained bounds are uniform in x under our assumptions. The main

change occurs for the term supx2DTn
jrTn

ðxÞ �erTn
ðxÞj ¼ oðF�1ðTn; g0Þb�1

Tn
Þ a.s.

since j infx2DTn
fT nðxÞ � infx2DTn

f ðxÞj ¼ OðF�1ðTn; g0ÞÞ ¼ oðbTn
Þ almost surely.&

Explicit rates of convergence may be deduced from the obvious following

corollaries.

Corollary 7.3
Under the assumptions of Theorem 7.9, if ‘ ¼ ‘0 ¼ 0 and bTn


 b0 > 0, then

sup
x2D

jrTn
ðxÞ � rðxÞj ¼ OðF�1ðTn; g0ÞÞ

a.s., with hT nðg0Þ, FðTn; g0Þ given by ð7:17Þ–ð7:18Þ:

Corollary 7.4
If the assumptions of Theorem 7.9 are satisfied and f ðxÞ ’k x k�p (with p > d) as

k x k! 1, one obtains

sup
kxk� cðdÞðlnTnÞ‘

0
T‘

n

jrTn
ðxÞ � rðxÞj ¼ OðT�a

n ðln TnÞbÞ

a.s. where b is some positive constant depending on n, g0, ‘ and ‘0 and, either

a ¼ 1

2
� ‘p if 0 < ‘ < ð2pÞ�1

and g0 � 1;

or

a ¼ 2g0

4g0 þ dðg0 � 1Þ � ‘p if 0 < ‘ <
2

pð4þ dÞ and g0 > 1:
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Corollary 7.5
If the assumptions of Theorem 7.9 are satisfied and f ðxÞ ’ expð�q k x kpÞ (with

q; p > 0) as kx jj ! 1, the choices ‘ ¼ 0 and ‘0 ¼ p�1 imply

sup
kxk� cðdÞðln TnÞ‘

0
jrTn

ðxÞ � rðxÞj ¼ OðT�a
n ðln TnÞbÞ

a.s. where b is some positive constant depending on n, g0, and, either

a ¼ 1

2
� c

p
ðdÞq for each 0 < cðdÞ < ð2qÞ�1=p

and for g0 � 1;

or

a ¼ 2g0
4g0 þ dðg0 � 1Þ � c

p
ðdÞq for each 0 < cðdÞ <

2

qð4þ dÞ

� �1=p

and for g0 > 1:

7.4 Nonparametric prediction by kernel

Let ðjt; t 2 ZÞ be a strictly stationary and GSM, Rd0 -valued Markov process. Given

the data ðjt; t 2 ½0; T �Þ, we want to predict the real-valued square integrable random
variable zTþH ¼ mðjTþHÞ where the horizon H satisfies 0 < H < T . Particular

interesting cases are obtained with mðxÞ ¼ x and d0 ¼ 1 (usual prediction) or

mðxÞ ¼ 1BðxÞ (B 2 BRd0 ), d0 � 1 (prediction of zone alarms).

Now let us consider the associated process

Zt ¼ ðXt; YtÞ ¼ ðjt;mðjtþHÞÞ; t 2 R

and consider the kernel regression estimator based on the data ðZt; t 2 ½0; S�Þ with
S ¼ T � H (respectively Sn ¼ Tn � H). The nonparametric predictor has the form

bzTþH ¼

R S

0
mðjtþHÞK

jSþH � jt

hS

� �
dt

R S

0
K

jSþH � jt

hS

� �
dt

:

We now study the asymptotic behaviour of bzTþH as T tends to infinity, H

remaining fixed. As usual bzTþH is an approximation of rðjTÞ ¼
EðzTþH jjS; s � TÞ ¼ EðzTþH jjTÞ. Collecting results of the previous section, one

may obtain sharp rates of convergence for this kernel predictor in the two specific

cases:

Case I: mðxÞ ¼ x, d0 ¼ 1, Eðexpðljj0jnÞÞ < þ1 for some positive l and n.

Moreover (jt) satisfies conditions A7.3(i)–(iv) with g0 � 1.
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Case II: mðxÞ ¼ 1BðxÞ (B 2 BRd0 ) and (jt) satisfies conditions A7.3(i)–(iv) with

maxð1; g0Þ � d0=2.

Example 7.6 (Case I)

Suppose that K satisfies a Lipschitz condition and hSn
¼ cððln SnÞ1=2=S1=4

n Þ ðc > 0Þ.

(1) Let D be a fixed compact set such that infx2D f ðxÞ > 0, then

jbzTnþH � rðjTn
Þj1jTn2D ¼ O S�1=2

n ðln SnÞ1þ
1
n

� �
a:s:

(2) If DSn
¼ fx : k x k� cðdÞðln SnÞ1=ng, then

jbzTnþH � rðjTn
Þ1jTn2DSn

¼ OðS�a
n ðln SnÞbÞ

a.s. where b is some positive constant depending on n, g0, and,

a ¼ 1

2
� cnðdÞl if 0 < cðdÞ < ð2lÞ�1=n:

^

Example 7.7 (Case II)

For D a fixed or an increasing compact set, we obtain similar rates, as in Corollary

7.3, 7.4 or 7.5, depending on g0 and ultimate behaviour of f . ^

Notes

Some of the results presented in this chapter are new or extensions of those stated in

Bosq (1998). We have quoted along the way some recent references on relevant

topics. In addition, we mention that first results on density estimation for diffusion

processes appeared in Banon (1978), followed by Banon and Nguyen (1978, 1981);

Nguyen (1979); Nguyen and Pham (1980). The strong mixing case was studied by

Delecroix (1980). Concerning intermediate rates, related results were also inde-

pendently obtained by Sköld and Hössjer (1999), and Sköld (2001) under slightly

different conditions.

We have focused our study on kernel estimators but, of course, other functional

estimators share similar properties. In the optimal and superoptimal cases, we refer

e.g. to results of Leblanc (1997) for wavelet estimators, Comte and Merlevède

(2002) for adaptive projection estimators, Lejeune (2006) for frequency polygons

and Labrador (2006) for a kT -occupation time density estimator. Note that a last

method, based on local time (see Bosq and Davydov 1999; Kutoyants 1997a) is

extensively discussed in Chapter 9.
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8

Kernel method from
sampled data

Concerning functional estimation, a family of optimal rates of convergence is

given in Chapter 7 when observations are delivered in continuous time. Now, we

consider the practical case where the underlying process is in continuous time but

data are collected in discrete time. In this context, several deterministic or

random sampling schemes have been proposed and studied by various authors.

By basing this chapter on results of the previous one, we especially investigate

the case of high rate (deterministic) sampling, where observations are displayed

at high frequency. The advantage of such modelling is, of course, reduction of the

total length of observation but a drawback is that estimators could become

inconsistent, due to the high local correlation between successive variables.

Clearly, in the univariate case, a very irregular path should indicate that

consecutive observed variables are not highly correlated, whereas more local

dependance is involved if the sample path is smoother. In this chapter, we

investigate the minimal spacing time which must be respected between two

consecutive observations and we show that such choice depends both on

dimension and regularity of the underlying continuous-time process. We illus-

trate these theoretical results by some numerical studies concerning the real

Gaussian case for sample paths which are either differentiable or nondifferenti-

able. Analogous results stand for regression estimation and simulations are also

performed in this framework.

Inference and Prediction in Large Dimensions          D. Bosq and D. Blanke 
© 2007 John Wiley & Sons, Ltd.  ISBN: 978-0-470-01761-6



8.1 Density estimation

Let fXt; t 2 Rg be an Rd-valued measurable process, defined on the probability

space ðV; A; PÞ and suppose that the Xt’s have a common distribution m admitting

a density f w.r.t. Lebesgue measure l over Rd. We suppose that ðXtÞ is observed at

equidistant times ti;n, i ¼ 1; . . . ; n with tiþ1;n � ti;n ¼ dn, so that Tn ¼ ndn represents

the total length of observation. We use the standard kernel density estimator defined

as

fnðxÞ ¼
1

nhdn

Xn
i¼1

K
x� Xti;n

hn

� �
ð8:1Þ

where hn is the bandwidth (hn ! 0, nhdn ! 1) and K, the kernel, satisfies

conditions K given in (6.1).

8.1.1 High rate sampling

We begin with a result that illustrates that high rate sampling (dn ! 0) does not

necessarily provide a good approximation of the continuous time framework and,

that estimators (8.1), computed from such a sampling, may have a quite erratic

behaviour.

For that purpose, let us consider the sampling scheme where Tn � T and

dn ¼ T=n. A special case is the dichotomic sampling with n ¼ 2N ;N ¼ 1; 2; . . .
Parametric estimators based on this sampling are known to be consistent in various

cases. A well known example is variance estimation of a Wiener process

ðWt; t � 0Þ, where

ŝ2
n ¼

1

T

Xn�1

j¼1

Wðjþ1ÞT=n �WjT=n

� �2

is clearly consistent in quadratic mean and almost surely.

Now, if ðXt; t 2 RÞ is a process with identically distributed margins, the

associated kernel density estimator is written as

f̂nðxÞ ¼
1

nhdn

Xn
j¼1

K
x� XjT=n

hn

� �
; x 2 Rd:

The next result shows that, in some cases, f̂n can be totally inconsistent!

Proposition 8.1
Let ðXt; t 2 RÞ be a zero-mean real stationary Gaussian process with an auto-

correlation function r satisfying

cua � 1� r2ðuÞ � c0ua; 0 < u � T
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where 0 < c < c0 < 1 and 0 < a � 2=3. Then if hn ¼ n�g ð0 < g < 1Þ and if the

kernel K is positive and satisfies
R
u4KðuÞdu < þ1, we have

lim
n!1

Var f̂nð0Þ �
4ðc0Þ�1=2

pð2� aÞð4� aÞ �
1

2p
> 0:

PROOF:

We may and do suppose that T ¼ 1 and EX2
0 ¼ 1. Now let us consider the

decomposition

Var f̂nð0Þ ¼ Vn þ C1n þ C2n þ C3n

with Vn ¼ ð1=nh2nÞVarKðX0=hnÞ,

C1n ¼
2

n

Xn�1

j¼1

1� j

n

� �
fj=nð0; 0Þ;

where fu :¼ fðX0;XuÞ,

C2n ¼
2

n

Xn�1

j¼1

Z
1� j

n

� �
ðfj=nðhny; hnzÞ � fj=nð0; 0ÞÞKðyÞKðzÞdy dz

and

C3n ¼ �2n�1
Xn�1

j¼1

1� j

n

� �
1

hn

Z
K

u

hn

� �
f ðuÞdu

� �2

:

First, the Bochner lemma 6.1, and nhn ! 1 imply that Vn ! 0 and

C3n ! �f 2ð0Þ. Since fj=nð0; 0Þ ¼ ð2pÞ�1ð1� r2ðj=nÞÞ�1=2
we have

C1n �
1

p
ffiffiffiffi
c0

p 1

n

Xn�1

j¼1

1� j

n

� �
j

n

� ��a=2

consequently

lim
n!1

C1n �
4

p
ffiffiffiffi
c0

p
ð2� aÞð4� aÞ

:

Finally, using 1� r2ðj=nÞ � cðj=nÞa and the inequality je�au � 1j � auð1þ au=2Þ
(a > 0, u > 0), one obtains C2n ! 0 as soon as hn ! 0 and 0 < a � 2=3. &
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Notice that under slightly different hypotheses, it may be established that

lim
n!1

Var f̂nð0Þ ¼
1

pT

Z T

0

1� u

ð1� r2ðuÞÞ1=2
du:

In conclusion it appears that the condition hn ! 0 seems not to be appropriate in

this context. Our next result gives another point of view, namely, considering f̂n as

an approximation of fT , see (7.1), as soon as hn tends to hT . Note that an other kind

of approximation will be derived in Chapter 9 (Theorem 9.9).

Theorem 8.1
If ðXt; 0 � t � TÞ has cadlag sample paths, if K is uniformly continuous and

hn ! hT , then

f̂nðxÞ�!
n!1

fTðxÞ; x 2 Rd:

PROOF:

We have

f̂nðxÞ ¼
Z
R

Khnðx� uÞdmnðuÞ and fTðxÞ ¼
Z
R

KhT ðx� uÞdmTðuÞ

where mn ¼
Pn

i¼1 dXjT=n

� �
=n and mT are empirical measures.

Now let ’ be a continuous real function defined on R, then for all v in V

Z
R

’ dmn ¼
1

T
� T
n

Xn
j¼1

’ðXjT=nÞ�!
n!1

1

T

Z T

0

’ðXtÞdt

since t 7! ’ � XtðvÞ is Riemann integrable over ½0;T �. In particular,

Z
R

KhT ðx� uÞdmnðuÞ�!
n!1

Z T

0

KhT ðx� uÞdmTðuÞ ¼ fTðxÞ:

On the other hand

Z
R

ðKhT ðx� uÞ � Khnðx� uÞÞdmnðuÞ�!
n!1

0

since K is uniformly continuous. Hence the result. &

Note that convergence in Theorem 8.1 is uniform with respect to x.
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8.1.2 Adequate sampling schemes

In this part, we suppose again that tiþ1;n � ti;n ¼ dn ! 0 as n ! 1 but, now, with

Tn ¼ ndn ! 1. Our aim is to give minimal threshold dn (to get minimal time of

observation Tn) such that i.i.d. rates are reached again by kernel estimators, while

the underlying process is in continuous time. Such schemes will be referred in the

following as ‘adequate sampling schemes’. This search is performed with the

results obtained in Chapter 7 in the ideal framework, where the whole sample path

is observed. We reformulate Assumptions 7.2, since a strengthened condition of

asymptotic independence is needed in this case of high rate sampling.

Assumptions 8.1 (A8.1)

(i) f is either bounded or continuous at x;

(ii) for s 6¼ t, the joint density fðXs;XtÞ of Xs;Xtð Þ does exist and for t > s,

fðXs;XtÞ ¼ fðX0;Xt�sÞ;

(iii) let gu :¼ fðX0;XuÞ � f � f , u > 0 : 9u0 > 0: 8u 2 ½u0;þ1½; k gu k1� pðuÞ
for a bounded and ultimately decreasing function p, integrable over

�u0;þ1½;

(iv) 9g0 > 0: fðX0;XuÞðy; zÞ � Mðy; zÞu�g0 , for ðy; z; uÞ 2 R2d	�0; u0½,

where Mð�; �Þ is either continuous at ðx; xÞ and R2d-integrable or bounded.

Mean-square convergence

We focus on the asymptotic variance of the estimator (8.1) since, clearly, the bias

does not depend on choice of the sampling scheme. The next result gives adequate

sampling schemes, according to the value of g0.

Theorem 8.2
Suppose that Assumptions A8.1 are satisfied, and set

d
nðg0Þ ¼ hdn if g0 < 1;

d
nðg0Þ ¼ hdn lnð1=hnÞ if g0 ¼ 1;

d
nðg0Þ ¼ hd=g0n if g0 > 1;

8><
>: ð8:2Þ

then for all hn such that nhdn ! 1, and dn such that dn � knd


nðg0Þ (kn ! k > 0),

one obtains

Var fnðxÞ ¼ Oðn�1h�d
n Þ; ð8:3Þ

more precisely if dn=d


nðg0Þ ! þ1, one has

lim
n!1

nhdn Var fnðxÞ ¼ f ðxÞ k K k22

at all continuity points x of f .
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PROOF:

Recall that pðuÞ is decreasing for u large enough, u > u1ð> u0Þ say. The

stationarity condition A8.1(ii) allows us to decompose nhdnVarfnðxÞ into Vn þ Cn,

with Vn ¼ h�d
n VarKððx� X0Þ=hnÞ, and

Cn ¼ 2h�d
n

Xn�1

k¼1

1� k

n

� �
Cov K

x� X0

hn

� �
;K

x� Xkdn

hn

� �� �
ð8:4Þ

� C1n þ C2n þ C3n þ C4n

with

C1n ¼ 2hdn

XN0

k¼1

ZZ
KðyÞKðzÞfðX0;Xkdn Þðx� hny; x� hnzÞdy dz;

C2n ¼ 2hdnN0

Z
KðyÞf ðyÞdy

� �2

;

C3n ¼ 2hdn

XN1

k¼N0þ1

ZZ
KðyÞKðzÞjgkdnðx� hny; x� hnzÞjdy dz;

C4n ¼ 2hdn

Xþ1

k¼N1þ1

ZZ
KðyÞKðzÞjgkdnðx� hny; x� hnzÞjdy dz

where one has set N0 ¼ ½u0=dn�, N1 ¼ du1=dne, with dae denoting the minimal

integer greater than or equal to a.

Under condition A8.1(i), Vn is either bounded or such that Vn ! f ðxÞ k K k22 by
the Bochner lemma 6.1, at all continuity points of f . Similarly, one obtains

C2n ! 0. C1n is handled with condition A8.1(iv),

C1n � 2hdn

XN0

k¼1

ðkdnÞ�g0

ZZ
KðyÞKðzÞMðx� hny; x� hnzÞdy dz:

If g0 > 1, one obtains that C1n ¼ Oðhdnd�g0
n Þ which is either bounded if

dn � knh
d=g0
n ¼: d
nðg0Þ or negligible if dn=d



nðg0Þ ! þ1.

If g0 ¼ 1, one has C1n ¼ Oðhdnd�1
n lnðd�1

n ÞÞ which is bounded as soon as

dn � knh
d
n lnðh�1

n Þ ¼: d
nðg0Þ or negligible if dn=d


nðg0Þ ! þ1.

If g0 < 1, C1n ¼ Oðhdnd�1
n Þ a bounded term if dn � knh

d
n ¼: d
nðg0Þ or negligible

if dn=d


nðg0Þ ! þ1.

Finally condition A8.1(iv) implies that terms Cn3 and Cn4 have the order hdnd
�1
n

which is either bounded or negligible under previous choices of dn. &

As usual, mean-square convergence can be directly derived from the previous

results with an additional regularity condition on f .
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Corollary 8.1
If f 2 C2

dðbÞ and hn ¼ cnn
�1=ð4þdÞ (cn ! c > 0), then for d
nðg0Þ given by (8.2) and

all dn � knd


nðg0Þ ðkn ! k > 0Þ, one obtains

EðfnðxÞ � f ðxÞÞ2 ¼ O n�
4

4þd

� �

whereas if dn=d


nðg0Þ ! þ1, one gets that

n
4

4þdEðfnðxÞ � f ðxÞÞ2 ! c4b22ðxÞ þ c�df ðxÞ k K k22

with b2ðxÞ defined by (6.4).

Note that the fixed design (dn � d > 0) is self-contained in the second part of

Theorem 8.2. In this framework, and if no local information on sample paths is

available (see, for example, Assumptions A7.1), one can also establish that results

in Chapter 6.3 remain valid with only slight modifications.

For high rate sampling (dn ! 0Þ, a natural consequence of our results is that the
smaller g0, the more observations can be chosen near each other. In the real case

(d ¼ 1), the interpretation is immediate since irregular sample paths (g0 < 1) bring

much more information to the statistician than more regular ones (g0 ¼ 1), where

the correlation between two successive variables is much stronger. Simulations that

we have made (see Section 8.3) well confirm these theoretical results.

The previous sampling schemes are sharp, in the sense that kernel estimators

should no longer reach the i.i.d. rate if one chooses dn ¼ oðd
nðg0ÞÞ with g0 the true

regularity. Actually, if we denote by T

n ¼ nd
nðg0Þ the minimal time of observation,

one may express the rate n�4=ð4þdÞ in terms of T

n . Thereby, for g0 < 1, g0 ¼ 1 and

g0 > 1 the corresponding rates are respectively ðT

n Þ

�1
, ðln T


n ÞðT

n Þ

�1
and

ðT

n Þ

�4g0=ð4g0þdðg0�1ÞÞ
: we recognize the optimal rates established in Chapter 7.2.3

where the whole sample path is observed over ½0; T

n �. Our next theorem refines the

result (8.3) in the superoptimal case (g0 < 1): we establish that the variance error is

exactly of order ðnhdnÞ
�1

for dn ¼ d
nðg0Þ ¼ hdn (so that T

n ¼ nhdn and the obtained

rate is superoptimal in terms of length of observation).

Assumptions (8.2) (A8.2)

(i) f is continuous at x;

(ii) if gs;t ¼ fðXs;XtÞ � f � f for s 6¼ t, then gs;t ¼ g0;js�tj ¼: gjs�tj,

(iii) for all u > 0, guð�; �Þ is continuous at ðx; xÞ, k gu k1� pðuÞ where

ð1þ uÞpðuÞ is integrable over �0;þ1½, and upðuÞ is bounded and

ultimately decreasing;

(iv) supðy;zÞ2R2d

Rþ1
0

guðy; zÞdu�
P

k�1 dngkdnðy; zÞ
�� ���!

dn!0
0:
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Theorem 8.3
Suppose that Assumptions A8.2 are satisfied, then for dn ¼ hdn ! 0 such that

nhdn ! þ1, one obtains

lim
n!1

nhdnVar fnðxÞ ¼ f ðxÞ k K k2 þ2

Z þ1

0

guðx; xÞdu:

PROOF:

One has just to show that Cn ! 2
R1
0

guðx; xÞdu with Cn given by (8.4) and dn ¼ hdn.

For this purpose, write Cn ¼ 2
RR

KðyÞKðzÞ½C1n þ C2n þ C3n�dy dz with

C1nðy; zÞ ¼
Xn�1

k¼1

dn 1� k

n

� �
gkdnðx� hny; x� hnzÞ

�
X1
k¼1

dngkdnðx� hny; x� hnzÞ;

C2nðy; zÞ ¼
X1
k¼1

dngkdnðx� hny; x� hnzÞ �
Z 1

0

guðx� hny; x� hnzÞdu;

C3nðy; zÞ ¼
Z 1

0

guðx� hny; x� hnzÞdu:

First, conditions A8.2(iii)–(iv) clearly imply that
RR

KðyÞKðzÞC2nðy; zÞdy dz ! 0

and
RR

KðyÞKðzÞC3nðy; zÞdy dz !
Rþ1
0

guðx; xÞ (by dominated convergence). Since

upðuÞ is decreasing for u large enough, u > u1 say, and ndn ¼ nhdn ! 1, the term

C1n is uniformly bounded by

X1
k¼n

dnpðkdnÞ þ
1

n

Xdu1=dne
k¼1

dnkpðkdnÞ þ
1

nhdn

Xn�1

k¼du1=dneþ1

d2nkpðkdnÞ:

We have
P1

k¼n dnpðkdnÞ �
R1
ndn

pðuÞdu ! 0 as n ! 1. Since upðuÞ is bounded on

�0; u1�, one has also n�1
Pdu1=dne

k¼1 dnkpðkdnÞ � ðnhdnÞ
�1

supu2�0;u1� pðuÞ ! 0. Finally

the decreasing of upðuÞ over ½u1;þ1½ implies that the last term is bounded by

ðnhdnÞ
�1 Rþ1

u1
upðuÞdu ! 0; this concludes the proof. &

Almost sure convergence

For observations delivered at high rate sampling, we now study the pointwise

behaviour of jfnðxÞ � f ðxÞj.

Theorem 8.4
Let X ¼ ðXt; t 2 RÞ be a GSM process with f 2 C2

dðbÞ.
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(a) Set dn � d and suppose that fðX0;XuÞ is uniformly bounded for u � d. Under

conditions A8.1(i)–(ii), and for hn ¼ cnðln n=nÞ1=4þdðcn ! c > 0Þ, one

obtains

lim
n!þ1

n

ln n

� � 2
4þd jfnðxÞ � f ðxÞj � 2c�d=2 k K k2

ffiffiffiffiffiffiffiffi
f ðxÞ

p
þ c2jb2ðxÞj a:s:

with b2ðxÞ given by (6.4).

(b) Suppose now that conditions A8.1(i)–(ii),(iv) are satisfied with fðX0;XuÞ
uniformly bounded for u � u0. The previous result still holds for all

dn ! 0 such that dn=d
?
nðg0Þ ! 1 with

d?nðg0Þ ¼ hdn ln n if g0 � 1 and d � 2;

d?nðg0Þ ¼ hd=g0n ln n if g0 > 1 and d � 2g0;

d?nðg0Þ ¼ ðln nÞ3=2ðnhdnÞ
�1=2

if d > 2maxð1; g0Þ:

8><
>: ð8:5Þ

Similarly to Chapter 7, the GSM condition allows us to relax condition A8.1(iii) as

soon as fðX0;XuÞ is bounded for u � u0: one observes only a logarithmic loss in the

case g0 < 1. Moreover, we get again the technical condition maxð1; g0Þ � d=2 that

comes from the exponential inequality (6.6). As before, if one expresses the rate in

terms of T?
n ¼ nd?nðg0Þ, we recognize the continuous time almost sure rates given by

(7.15)–(7.16) (up to a logarithmic loss). Note that in the borderline case

dn ’ d?nðg0Þ, Theorem 8.4(b) remains true but with a much more complicated

asymptotic constant.

PROOF: (Sketch)

The proof essentially involves the exponential inequality (6.6): we outline here only

the main parts. We write jfnðxÞ � EfnðxÞj ¼ ð1=nÞ
Pn

i¼1 Zn;i
�� �� with Zn;i ¼

Khðx� XidnÞ � EKhðx� XidnÞ, so that for all i, EðZniÞ ¼ 0 and jZnij �k K k1 h�d
n

(recall that K is a positive kernel).

(a) If dn � d, we apply (6.6) with the choice qn ¼ ½n=ð2p0 ln nÞ� for some

positive p0. Next under the assumptions made, one obtains that

s2ðqnÞ �
n

2qn
h�d
n f ðxÞ k K k22 ð1þ oð1ÞÞ; ð8:6Þ

and the result follows with the Borel–Cantelli lemma under the choices

"n ¼ hððln nÞ=ðnhdnÞÞ
½
, p0 large enough and h > 2ð1þ kÞ k K k2

p
f ðxÞ.

(b) For dn ! 0, the condition A8.1(iv) allows us to keep the bound (8.6) for all

dn such that dn=d
?
nðg0Þ ! 1, under the choice qn ¼ ½ndn=ð2p0 ln nÞ�. &

We conclude this section by giving uniform results over increasing compact sets.
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Theorem 8.5
Suppose that the assumptions of Theorem 8.4 hold with f ð�Þ and Mð�; �Þ bounded

functions, f 2 C2
dðbÞ and K satisfies a Lipschitz condition.

(1) For maxð1; g0Þ � d=2 and dn � d0 d
?
nðg0Þ, with d0 > 0 and d?nðg0Þ given by

(8.5), the choice hn ¼ cnððln nÞ=nÞ1=ðdþ4Þ
with cn ! c > 0 yields

sup
kx�kcðdÞn‘

jfnðxÞ � f ðxÞj ¼ O ln n

n

� � 2
dþ4

 !

almost surely, for positive constants ‘ and cðdÞ.

(2) If maxð1; g0Þ < d=2, the same result holds for all dn ! 0 such that

dn � d0 n
�2=ð4þdÞðln nÞð1þ2=ð4þdÞÞ > 0, d0 > 0.

The proof is similar to those of Theorems 6.6 and 8.4 and therefore omitted. Finally,

since sampling schemes are governed by g0, that may be unknown, an adaptive

estimator is proposed and studied in Blanke (2006) (even in the case where r0, the

regularity of f , is also unknown).

8.2 Regression estimation

Results obtained for density estimation with high rate sampled observations can

naturally be applied to the nonparametric regression framework. As in section 7.3,

ðZt; t 2 RÞ denotes the Rd 	 Rd0-valued measurable stochastic process ðXt; YtÞ
(with common distribution admitting the density fZðx; yÞ), and we consider the

same functional parameters m, ’, f , r.

Now, if ðZtÞ is observed at times ti;n ¼ idn, i ¼ 1; . . . ; n, the associated kernel

estimator of r is given by:

rnðxÞ ¼ ’nðxÞ=fnðxÞ;

where

’nðxÞ ¼
1

nhdn

Xn
i¼1

mðYti;nÞK
x� Xti;n

hn

� �

and fn is defined as in (8.1) with a positive kernel K (so that rnðxÞ is well defined).
As in the previous chapters, we focus on almost sure convergence of this

estimator and consider the following set of conditions.

Assumptions 8.3 (A8.3)

(i) f ;’ 2 C2
dðbÞ for some positive b;

198 KERNEL METHOD FROM SAMPLED DATA



(ii) for s 6¼ t, the joint density fðXs;XtÞ of ðXs;XtÞ does exist and for t > s,

fðXs;XtÞ ¼ fðX0;Xt�sÞ. In addition, there exists u0 > 0 such that fðX0;XuÞð�; �Þ is

uniformly bounded for u � u0;

(iii) there exists g0 > 0 such that fðX0;XuÞðy; zÞ � Mðy; zÞu�g0 , for

ðy; z; uÞ 2 R2d	�0; u0½, with either Mð�; �Þ bounded or Mð�; �Þ 2 L1ðR2dÞ
and continuous at ðx; xÞ;

(iv) there exist l > 0 and n > 0 such that EðexpðljmðY0ÞjnÞÞ < þ1;

(v) the strong mixing coefficient aZ of ðZtÞ satisfies aZðuÞ � b0e
�b1 u, (u > 0,

b0 > 0, b1 > 0).

Theorem 8.6

(a) Set dn � d, under conditions A8.3(i)–(ii) (with u0 ¼ d), (iv)–(v) and for

hn ¼ cnððln nÞ=nÞ1=ðdþ4Þ
(cn ! c > 0), one obtains

jrnðxÞ � rðxÞj ¼ O ln n

n

� � 2
dþ4

ðln nÞ
1
n

 !
a:s:

for all x such that f ðxÞ > 0.

(b) Suppose now that Assumptions A8.3 are satisfied. The choice dn ! 0 such

that dn � d0 d
?
nðg0Þ, with d?nðg0Þ given by (8.5) and d0 > 0, leads to the

previous result with unchanged hn.

PROOF: (Elements)

Since f ðxÞ > 0, we start from the decomposition:

jrnðxÞ � rðxÞj � jrnðxÞj
f ðxÞ j fnðxÞ � f ðxÞj þ j’nðxÞ � ~’nðxÞj

f ðxÞ þ j~’nðxÞ � ’ðxÞj
f ðxÞ ð8:7Þ

¼: A1 þ A2 þ A3

where

~’nðxÞ ¼ n�1
Xn
i¼1

mðYti;nÞ1jmðYti;n Þj�bnKhðx� Xti;nÞ

with bn ¼ ðb0 ln nÞ1=n, for b0 > 2l�1 (l, n defined in condition A8.3(iv)).

For A1, one has for h > 0,

PðjrnðxÞj > bnÞ � P sup
i¼1;...;n

jmðYti;nÞj > ðb0 ln nÞ1=n
 !

¼ Oðn1�lb0Þ;

so that a.s. rnðxÞ ¼ OðbnÞ (uniformly in x) since b0 > 2l�1.
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Next if cn ¼ ðn= ln nÞ2=ðdþ4Þ
, one easily verifies that, under condition A8.3(i),

jE fnðxÞ � f ðxÞj ¼ Oðc�1
n b�1

n Þ as well as for jfnðxÞ � EfnðxÞj by using the expo-

nential inequality established in (6.6), the upper bound (8.6) and proposed choices

of hn, dn.
For A2, one easily gets that

Pðcnbnj’nðxÞ � ~’nðxÞj > hÞ � nPðjmðY0Þj � bnÞ ¼ Oðn�ðlb0�1ÞÞ;

which implies cnbnj’nðxÞ � ~’nðxÞj ! 0 a.s. as soon as b0 > 2l�1.

For the last term A3, one has

jE~’nðxÞ � ’ðxÞj � jE~’nðxÞ � E’nðxÞj þ jE’nðxÞ � ’ðxÞj

¼ O h�d
n e�

l
2
bnn

� �
þOðh2nÞ;

so that cnjE~’nðxÞ � ’ðxÞj ! 0, under the proposed choices of hn, bn. On the other

hand, the exponential inequality (6.6) applied to the variables

mðYti;nÞ1jmðYti;n Þj�bnKhðx� Xti;nÞ � EmðYti;nÞ1jmðYti;n Þj�bnKhðx� Xti;nÞ

yields the result j~’nðxÞ � E~’nðxÞj ¼ Oðc�1
n b�1

n Þ with probability 1. &

Concerning uniform convergence and following the remark of Section 6.4.3 we

restrict our study to regular compact sets Dn, so that

inf
x2Dn

f ðxÞ � bn and diamðDnÞ � cðdÞðln nÞ‘
0
n‘;

see Definition 6.1.

Theorem 8.7
Suppose that Assumptions A8.3 hold with f ð�Þ, ’ð�Þ and Mð�; �Þ bounded functions.

In addition if K satisfies a Lipschitz condition, hn ¼ cnððln nÞ=nÞ1=ðdþ4Þ

(cn ! c > 0Þ and dn � d0 d
?
nðg0Þ, (d0 > 0) with d?nðg0Þ given by (8.5), one obtains

sup
x2Dn

jrnðxÞ � rðxÞj ¼ O ln n

n

� � 2
dþ4

� ðln nÞ
1=n

bn

 !
a:s:

PROOF: (Sketch)

Based on the decomposition (8.7), using results of Theorem 8.6 and technical steps

in the proof of Theorems 6.6 and 6.10. &

Explicit rates of convergence may be deduced from the obvious following corollary.
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Corollary 8.2
Suppose that the assumptions of Theorem 8.7 are satisfied, the previous choices of

dn, hn yield, almost surely,

(1) if ‘ ¼ ‘0 ¼ 0 and bn � b0 > 0:

sup
x2D

jrnðxÞ � rðxÞj ¼ O ln n

n

� � 2
dþ4

ðln nÞ1=n
 !

;

(2) if f ðxÞ ’k x k�p (with p > d) as k x k! 1,

sup
kxk�n‘

jrnðxÞ � rðxÞj ¼ Oðn�aðln nÞbÞ

where a ¼ 2=ðd þ 4Þ � ‘p with 0 < ‘ < 2=ðpðd þ 4ÞÞ and b ¼ 2=ðd þ 4Þþ
1=n;

(3) if f ðxÞ ’ expð�q k x kpÞ, (with q; p > 0) as k x k! 1,

sup
kxk�ð"q�1 ln nÞ1=p

jrnðxÞ � rðxÞj ¼ Oðn�aðln nÞbÞ;

where a ¼ 2=ðd þ 4Þ � " for each 0 < " < 2=ðd þ 4Þ and with b ¼
2=ðd þ 4Þ þ 1=n.

Using Corollary 8.2, results concerning prediction for strictly stationary GSM Rd0 -

valued Markov processes (d0 � 1) are then straightforward (see Sections 6.5.1 and

7.4). In this way, given n observations, one obtains sharp rates of convergence for

the nonparametric predictor (with horizon Hdn, 1 � H � n� 1), built with

N ¼ n� H observations over ½0;Nd?Nðg0Þ�.

8.3 Numerical studies

We present some simulations performed with R, a software package actually

developed by the R Development Core Team (2006). First, to illustrate our previous

results on density estimation, we consider the real Gaussian case for two stationary

processes: Ornstein–Uhlenbeck (nondifferentiable, g0 ¼ 0:5) and CAR(2) (differ-

entiable, g0 ¼ 1). Figure 8.1 illustrates how much the two processes differ:

typically estimation will be easier for the ‘irregular’ OU process than for the

‘regular’ CAR(2) process.

Ornstein–Uhlenbeck process

The ?Ornstein–Uhlenbeck (OU) process? is the stationary solution of:

dXt ¼ �aXtdt þ b dWt; a > 0; b > 0:
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In the following, we choose b ¼ p
2 and a ¼ 1 so that the Xt’s have common density

Nð0; 1Þ. We simulate this process using its (exact) autoregressive discrete form:

Xðiþ1Þtn ¼ e�tnXitn þ Zðiþ1Þtn ; X0 � Nð0; 1Þ

where Zitn are i.i.d. zero-mean Gaussian variables with variance s2ð1� e�2tnÞ=2.
From a simulated sample path (with tn ¼ 10�2), we construct the estimator

using the normal kernel KðxÞ ¼ 2pð Þ�1=2
exp �x2=2ð Þ, n ¼ 1000 observations and

the bandwidth hn equal to 0:3. We deliberately select a high sampling size to get a

somewhat robust estimation, that allows us to show the effect of the sampling rate

dn. We test the maximal sampling rate dn ¼ 0:01 (Tn ¼ 10) and one close to the

threshold d
nðg0Þ) with dn ¼ 0:35 (Tn ¼ 350). Figure 8.2 shows that estimation is not
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Figure 8.1 Simulated sample paths of (left) OU and (right) CAR(2) processes.
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Figure 8.2 OU process: Nð0; 1Þ density (solid) and estimated density (dash). On the left:

dn ¼ 0:01, on the right: dn ¼ 0:35.
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consistent in the first case, but that approximation turns out to be good for dn equal

to 0.35.

CAR(2) process

A CAR( p) processes is a continuous-time AR process, see e.g. Brockwell (1993);

Brockwell and Stramer (1995) and also the earlier reference of Ash and Gardner

(1975). For p ¼ 2, this process is the solution of the 2nd order differential equation:

dX0
t ¼ �ða1Xt þ a2X

0
tÞdt þ bdWt

where X0
t represents the mean-square derivative of Xt. Note that the OU process is

no more than a CAR(1) process (with a2 ¼ 0 and dX0
t replaced by dXt) and that

CAR(k) processes are discussed in Example 10.10. The choices a1 ¼ 1=2, a2 ¼ 2

and b ¼
ffiffiffi
2

p
lead to a Gaussian process which is stationary, mean-square

differentiable (g0 ¼ 1) and with marginal distribution Nð0; 1Þ. Furthermore,

sample paths can be simulated from the (exact) discrete form:

Xðiþ1Þtn
X0
ðiþ1Þtn

� �
¼ eAtn

Xitn

X0
itn

� �
þ

Z
ð1Þ
ðiþ1Þtn

Z
ð2Þ
ðiþ1Þtn

 !
; X0 � Nð0; 1Þ; X0

0 � N 0;
1

2

� �
;

where X0 is independent from X0
0. Here A, a 2	 2 matrix, and S the covariance

matrix of
Z
ð1Þ
itn

Z
ð2Þ
itn

 !
have rather complicated expressions that can be calculated from

e.g. Tsai and Chan (2000).
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Figure 8.3 CAR(2): Estimated density (dash) and the N (0,1) one (solid), dn ¼ 0:35 (left)

and dn ¼ 0:75 (right).
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Using the same parameters as before (n ¼ 1000, hn ¼ 0:3) we see, in Figure 8.3,
estimations obtained respectively for dn ¼ 0:35 and dn ¼ 0:75 (on the same

replication). It should be noted that dn ¼ 0:35 (corresponding to a good choice in

the OU case) is not suitable for this smooth process whereas dn ¼ 0:75 (Tn ¼ 750)

furnishes a much better approximation of the Nð0; 1Þ density.
Finally, we study the effect of various d upon efficiency of estimation. We

simulate N ¼ 100 replications of OU and CAR(2) processes and compute an

approximation of ISEðdÞ, a measure of accuracy defined by:

ISEðdÞ ¼ 1

N

XN
j¼1

Z
ðf̂n;d;jðxÞ � f ðxÞÞ2dx
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Figure 8.4 ISEðdÞ for OU (circles) and CAR(2) (stars).
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Figure 8.6 True regression (bottom), estimates for g0 ¼ 1 (upper), g0 ¼ 2 (middle). On the

left: dn ¼ 0:75. On the right: dn ¼ 1:1.
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where f is the Nð0; 1Þ density, hn ¼ 0:3 and f̂n;d;j is the (normal) kernel estimator,

associated with the jth simulated sampled path and based on 1000 d-equidistant

observations. For both processes, Figure 8.4 clearly establishes that choices of over-

small d yield to inconsistent estimation. This phenomenon is intensified for the

regular process CAR(2). Finally, we note that for larger d, a stabilization occurs

around the ISE obtained with 1000 i.i.d. observations (bottom dotted line on the

figure).

To conclude this numerical part, we now turn to regression estimation for

processes we have defined before. We consider the regression model

Yti;n ¼ sinðXð1Þ
ti;n � Xð2Þ

ti;n Þ þ "ti;n where ðXð1Þ
t Þ, ðXð2Þ

t Þ and ð"tÞ are independent OU

and/or CAR(2) processes. From simulated sample paths of ðYt;XtÞ, we construct

the regression estimator using a tensorial product of normal kernels

KðxÞ ¼ ð
ffiffiffiffiffiffi
2p

p
Þ�1

e�x2=2, n ¼ 3000 observations and the bandwidth hn equal to

0:25. For 100 replications, we compute an approximation of the ISEðdÞ error, when
ðXtÞ has components either OU|OU, OU|CAR(2) or CAR(2)|CAR(2). We calculate

this error on ½�1; 1� 	 ½�1; 1� to avoid the boundary effect, which is quite important

in this multidimensional regression framework. In Figure 8.5, it is seen that the

error clearly decreases as d increases, it is more important for larger g0 and seems to

stabilize to the bottom dotted line that represents the error obtained for 3000 i.i.d

observations. Finally, in Figure 8.6, we present estimations in cases where ð"tÞ is
OU and for i ¼ 1; 2, ðXðiÞ

t Þ are either both OU (with g0 ¼ 1) or CAR(2) (with

g0 ¼ 2).

Notes

In the past, various deterministic or randomized sampling schemes have been pro-

posed and studied, we refer e.g. to the works of Masry (1983); Prakasa Rao (1990);

Wu (1997) and references therein. They do not take into account, the sample path

properties of underlying processes.

Concerning the high sampling rate, the first results appeared in Bosq (1995,

1998) for processes with g0 < 1. Extensions to regression estimation, and wavelet

estimators, were studied respectively by Bosq and Cheze-Payaud (1999); and

Leblanc (1995). For general values of g0, adequate sampling schemes are given

in Blanke and Pumo (2003) for the mean-square error of kernel estimators (as well

as in the case of errors-in-variables). Finally, note that simulations are also

performed in this last cited paper, with a comparison between Ornstein–Uhlenbeck

and Wong (see Example 2.3) processes.
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Local Time
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9

The empirical density

9.1 Introduction

Let X1; . . . ;Xn be observed real random variables with the same distribution m. If m

possesses a density f with respect to Lebesgue measure l, we have seen that an

estimator of f may be obtained by regularizing the empirical measure

mn ¼
Pn

i¼1 dðXiÞ
� �

=n by projection (Chapter 3) or by convolution (Chapter 6).

Such a regularization is necessary since mn is not ?absolutely continuous?.

In continuous time the situation is somewhat different: under reasonable

conditions the empirical density does exist!

In this chapter we study this estimator and show that the projection estimator

and the kernel estimator are approximations of it.

The most amazing property of empirical density is unbiasedness, since it is well

known that, in general, no unbiased estimator of density may exist. Its asymptotic

properties are similar to these of the kernel estimator, in particular it reaches the

so-called superoptimal rate.

9.2 Occupation density

Let X ¼ ðXt; t 2 RÞ be a real measurable continuous time process, defined on the

probability space ðV;A;PÞ.
Consider the occupation measure on ½0; T � defined as

nTðBÞ ¼
Z T

0

1BðXtÞdt; B 2 BR:

nTðBÞ is the time spent by X in B in the time interval ½0; T �.
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If nT is absolutely continuous with respect to l, (a version of) its density is

denoted by ‘Tðx;vÞ, x 2 R, v 2 V and is called occupation density on ½0; T�. In the

following we often write ‘TðxÞ instead of ‘Tðx;vÞ.
By definition we have

Z T

0

1BðXtÞdt ¼
Z
B

‘TðxÞdx; B 2 BR; ð9:1Þ

then, by using linearity and monotone convergence one obtains

Z T

0

’ðXtÞdt ¼
Z þ1

�1
’ðxÞ‘TðxÞdx; ’ 2 Mþ; ð9:2Þ

where Mþ is the class of positive Borelian functions.

The following statements are classical criteria for existence of occupation

density.

Theorem 9.1
Let ðXt; 0 � t � TÞ be a measurable real process.

(1) If ðXtÞ has absolutely continuous sample paths, existence of ‘T is equivalent

to

PðX0ðtÞ ¼ 0Þ ¼ 0 l a:e: on ½0; T �: ð9:3Þ

Under this condition one has

‘TðxÞ ¼
X

ft:Xt¼xg

1

jX0ðtÞj :

(2) ðXtÞ admits an occupation density ‘T 2 L2ðl� PÞ if and only if

lim inf
h#0

1

h

Z
½0;T �2

PðjXt � Xsj � hÞds dt < 1: ð9:4Þ

PROOF:

See Geman and Horowitz (1973, 1980). &

If ðXtÞ is a Gaussian process, (9.4) can be replaced byZ
½0;T �2

½EðXt � XsÞ2��1=2
ds dt < 1;
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if, in addition, it is stationary, a sufficient condition for existence of an occupation

density is Z T

0

½1� rðuÞ��1=2
du < 1

where r is the autocorrelation of ðXtÞ.
Now, under more precise conditions, ‘T has some regularity properties. Con-

sider the following assumptions:

Assumptions 9.1 (A9.1)

(i) The density fs;tðy; zÞ of ðXs;XtÞ exists and is measurable over

ðDc\ ½0; T �2Þ�U where U is an open neighbourhood of D ¼ fðx; xÞ;
x 2 Rg,

(ii) The function FTðy; zÞ ¼
R
½0;T �2 fs;tðy; zÞds dt is defined in a neighbourhood

of D and is continuous at each point of D.

Let us set

K1 ¼ fK : R ! R;K is a bounded density; a:e: continuous;

with compact support SKg;

and

Z
ðKÞ
h ðxÞ ¼ 1

h

Z T

0

K
x� Xt

h

� �
dt; x 2 R; h > 0;K 2 K1;

then we have the following existence theorem for ‘T.

Theorem 9.2
If Assumptions A9.1 hold, then ðXtÞ has an occupation density ‘T such that

sup
a�x�b

E Z
ðKÞ
h ðxÞ � ‘TðxÞ

��� ���2�!
h!0

0 ð9:5Þ

a; b 2 R; a � b;K 2 K1:

Moreover x 7! ‘TðxÞ is continuous in mean square.

PROOF:

See Bosq and Davydov (1999). &

Example 9.1
The process

Xt ¼ U sin t þ V cos t; 0 � t � T ;
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where U and V are independent absolutely continuous random variables, admits an

occupation density since

PðX0ðtÞ ¼ 0Þ ¼ PðU cos t � V sin t ¼ 0Þ ¼ 0; t 2 ½0; T�:
^

Example 9.2
The ?Ornstein–Uhlenbeck process? has a square integrable occupation density,

thanks to

Z T

0

½1� rðuÞ��1=2
du ¼

Z T

0

ð1� e�uuÞ�1=2
du < 1;

moreover (9.5) holds since Assumptions A9.1 are satisfied. ^

Example 9.3
Consider the process X defined by

Xt ¼ cðYt þ ZÞ; t 2 R

where c is a measurable deterministic function, periodic with period d (d > 0), Y

and Z are independent random variables such that PðY 6¼ 0Þ ¼ 1 and Z has a

uniform distribution over ½0; d�. Then X is strictly stationary with d=Y periodic

sample paths. The case where cðxÞ ¼ cos x is particularly interesting since

a suitable choice of PY leads to a process X with arbitrary ?autocovariance?

(Wentzel 1975).

Now, if c is absolutely continuous, (9.3) holds iff c0 6¼ 0 almost everywhere. In

particular, if Y � 1 and d ¼ 1 then ‘1 exists, does not depend on v, and is nothing

but the density of lc�1. Given a density q it is always possible to find c such that

dlc�1=dl ¼ q. Thus it is possible to construct a process with ‘1 ¼ q. In particular,

there exists X satisfying (9.3) and such that ‘1 2 L2ðl� PÞ. ^

9.3 The empirical density estimator

The occupation density generates a density estimator. The following lemma is

simple but crucial.

Lemma 9.1
Let ðXt; 0 � t � TÞ be a real measurable process such that PXt

¼ m, 0 � t � T, and

which admits a measurable occupation density ‘T.
Then m is absolutely continuous with density f and E ‘T=Tð Þ is a version of

f .
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PROOF:

From (9.1) it follows that

1

T

Z T

0

1BðXtÞdt ¼
Z
B

‘TðxÞ
T

dx; B 2 BR: ð9:6Þ

Taking expectations in both sides of (9.6) and applying the Fubini theorem one

obtains

mðBÞ ¼
Z
B

E
‘TðxÞ
T

dx; B 2 BR;

thus, m is absolutely continuous with density Eð‘T=TÞ. &

Since the empirical measure associated with the data ðXt; 0 � t � TÞ is defined as

mTðBÞ ¼
1

T

Z T

0

1BðXtÞdt; B 2 BR

it is natural to say that fT ;0 ¼ ‘T=T is the empirical density (ED). Lemma 9.1 shows

that fT ;0 is an unbiased estimator of f .

Note that, if Assumptions A9.1 hold, Theorem 9.2 implies that x 7! E ‘TðxÞ=Tð Þ
is the continuous version of f .

Now, other interesting properties of this empirical density estimator (EDE) are

recursivity and invariance.

9.3.1 Recursivity

The occupation density is clearly an additive functional, that is

‘TðxÞ ¼
Xm
i¼1

‘½ti�1;ti�ðxÞ ða:s:Þ ð9:7Þ

where 0 ¼ t0 < t1 < � � � < tm ¼ T and ‘½ti�1;ti� is density occupation on ½ti�1; ti�.
From (9.7) one deduces the recursion formula

fnþ1;0ðxÞ ¼
n

nþ 1
fn;0ðxÞ þ

1

n
‘½n;nþ1�ðxÞ; n 2 N�ða:s:Þ;

that may be useful for computations.

9.3.2 Invariance

Definition 9.1
Let gXT be an estimator of the marginal density based on the data ðXt; 0 � t � TÞ.
Let ’ be a measurable real function. gT is said to be ’-invariant if
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Yt ¼ ’ðXtÞ; 0 � t � T implies

gYT ¼ dðgXT’�1Þ
dl

ð9:8Þ

where gX
T is the measure of density gXT.

The next statement gives invariance for ‘T.

Theorem 9.3
Let ðXt; 0 � t � TÞ be a real measurable process with PXt

¼ m, 0 � t � T and

admitting the occupation density ‘T. Then, if ’ is a strictly increasing derivable

function, fT ;0 is ’-invariant.

PROOF:

Let mX
T and mY

T be the empirical measures associated with ðXtÞ and ðYtÞ. Then

mY
TðBÞ ¼

1

T

Z T

0

1BðYtÞdt ¼
1

T

Z T

0

1’�1ðBÞðXtÞdt ¼ mX
T ½’�1ðBÞ�;

B 2 BR, thus m
Y
T ¼ mX

T’
�1 which is equivalent to (9.8) with gT ¼ fT ;0. &

An interesting consequence of Theorem 9.3 is invariance of fT ;0 with respect to

translations and dilatations of time.

Of course, unbiasedness, recursivity and invariance are not satisfied by kernel

and projection estimators.

9.4 Empirical density estimator consistency

Under mild conditions fT ;0 is a consistent estimator. The main reason is additivity: if

T ¼ n (an integer) then

fn;0 ¼
1

n

Xn
i¼1

‘½i�1;i�; ð9:9Þ

thus, if X is a strictly stationary process, fn;0 is nothing but the empirical mean of the

strictly stationary discrete time process ð‘½i�1;i�; i 2 ZÞ. It follows that asymptotic

properties of fT ;0 are consequences of various limit theorems for stationary

processes.

Note also that, contrary to the cases of kernel or projection estimators, no

smoothing or truncating parameter is needed for constructing the EDE.

Theorem 9.4
Let X ¼ ðXt; t 2 RÞ be a strictly stationary real ergodic process with occupation

density ‘T. Then, as T ! 1,
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(1) for almost all x

fT ;0ðxÞ ! f ðxÞ a:s:; ð9:10Þ

(2) with probability 1

k fT ;0 � f kL1ðlÞ! 0; ð9:11Þ

hence

E k fT ;0 � f kL1ðlÞ! 0; ð9:12Þ

and

sup
B2BR

jmTðBÞ � mðBÞj ! 0 a:s:; ð9:13Þ

(3) if ‘T 2 L2ðl� PÞ, then, for almost all x,

Eð fT ;0ðxÞ � f ðxÞÞ2 ! 0: ð9:14Þ

PROOF:

Without loss of generality we may suppose that

Xt ¼ UtX0; t 2 R

where UtjðvÞ ¼ jTtðvÞ, v 2 V and ðTt; t 2 RÞ is a measurable group of transfor-

mations on ðV;A;PÞ which preserves P (see Doob 1953).

On the other hand, since ‘T is increasing with T , we may and do suppose that T

is an integer (T ¼ n).

Now, let us set gkðxÞ ¼ Uk‘1ðxÞ; k 2 Z; x 2 R where ‘1 is a fixed version of the

occupation density over ½0; 1�. For all x, the sequence ðgkðxÞ; k 2 ZÞ is stationary,
and

fn;0ðxÞ ¼
1

n

Xn�1

k¼0

gkðxÞ;

then, the Birkhoff–Khinchine ergodic theorem (see Billingsley 1968) yields

fn;0ðxÞ ! gðxÞ a:s:; x 2 R ð9:15Þ

where gðxÞ ¼ EIg0ðxÞ and I is the s-algebra of invariant sets with respect to

T1.
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Since ergodicity of X does not mean triviality of I we have to show that

gðxÞ ¼ f ðxÞ; l� P a:e:

For this purpose we apply a variant of the Fubini theorem: g being nonnegative we

may write Z
R

gðxÞdx ¼
Z
R

EIg0ðxÞdx ¼ EI
Z
R

g0ðxÞdx ¼ 1 ða:s:Þ;

thus, for almost all v, g is a density.

Applying the Scheffé lemma (Billingsley 1968) and (9.15) we obtain

k fn;0 � g kL1ðlÞ! 0; a:s:;

and

sup
B2BR

jmnðBÞ � nðBÞj ! 0 a:s:;

where n is the measure with density g.

But, the ergodic theorem entails

mnðBÞ ¼
1

n

Z n

0

1BðXtÞdt ! E1BðX0Þ ¼ mðBÞ; a:s:; ð9:16Þ

B 2 BR:

From (9.16) we deduce that, if ðBjÞ is a sequence of Borel sets which generates

BR, there exists V0, such that PðV0Þ ¼ 1, and

mv
n ðBjÞ ! mðBjÞ; j 	 0; v 2 V0;

hence, with probability 1, n ¼ m, that is f ¼ g; l� P a.e., and (9.15) gives (9.10).

(9.11) and (9.13) are consequences of (9.10) and the Scheffé lemma. (9.12)

follows from the dominated convergence theorem since k fn;0 � f kL1ðlÞ� 2.

Finally, if ‘T is square integrable, Ejg0ðxÞj2 < 1 a.e., thus

Ej fn;0ðxÞ � gðxÞj2 ! 0;

hence (9.14) since g ¼ f ; l� P a.e. &

Note that, in discrete time, the analogue of (9.13) does not hold. Davydov (2001)

has shown that (9.13) is satisfied if and only if X has an occupation density.

With some additional assumptions it is possible to establish that the a.s.

convergence is uniform over compact sets (see Bosq and Davydov 1999).
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9.5 Rates of convergence

The main purpose of this section is to derive the parametric rate of the EDE.

Lemma 9.2
If Assumptions A9.1 hold, and PXt

¼ m, t 2 R, then

Var fT ;0ðxÞ ¼
1

T2

Z
½0;T �2

gs;tðx; xÞds dt; x 2 R; ð9:17Þ

where gs;t ¼ fs;t � f � f .

If, in addition, gs;t ¼ gjt�sj;0 :¼ gjt�sj, we have

Var fT ;0ðxÞ ¼
2

T

Z T

0

1� u

T

� �
guðx; xÞdu; x 2 R: ð9:18Þ

PROOF: (Sketch)

Let K 2 K1, Theorem 9.2 yields EðZðKÞ
h ðxÞÞ2 �!

h!0
E‘2TðxÞ; it follows that

E‘2TðxÞ ¼ FTðx; xÞ ¼
Z
½0;T �2

fs;tðx; xÞds dt:

On the other hand,

ðEZðKÞ
h ðxÞÞ2 ! ðE‘TðxÞÞ2 ¼ T2f ðxÞ ¼

Z
½0;T �2

f 2ðxÞds dt;

hence (9.17).

(9.18) is an easy consequence of gs;t ¼ gjt�sj and (9.17). &

Theorem 9.5
Suppose that Assumptions A9.1 hold, and PXt

does not depend on t.

(1) If

GðxÞ :¼ lim
T!1

1

T

Z
½0;T �2

gs;tðx; xÞds dt < 1;

then

lim
T!1

T � Var fT ;0ðxÞ � GðxÞ:

(2) If gs;t ¼ gjt�sj and Z 1

0

jguðx; xÞjdu < 1 ð9:19Þ
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then

T � Var fT ;0ðxÞ !
Z 1

�1
guðx; xÞdu: ð9:20Þ

PROOF:

It suffices to take lim in (9.17) and lim in (9.18). &

(9.20) shows that fT ;0 has the same asymptotic behaviour as the kernel estimator

f
ðKÞ
T (see Theorem 7.2, Chapter 7). Note however that the parametric rate is obtained

for a larger class of densities. In fact, whatever the choice of hT ! 0, it is possible

to construct a continuous density f0 associated with a suitable process X for which

T � Eðf ðKÞT ðxÞ � f0ðxÞÞ2 ! 1
while

T � EðfT ;0ðxÞ � f0ðxÞÞ2 !
Z þ1

�1
guðx; xÞdu:

Finally note that (9.19) is close to Castellana and Leadbetter’s condition (see

Theorem 7.2). It also implies condition A9.1(ii). Actually, under some mild

additional conditions, it may be proved that the kernel estimator and the EDE

converge at rate 1=T if and only if (9.19) holds. For details we refer to Bosq (1998),

Chapter 6.

We now turn to uniform convergence. We need the following family of

assumptions:

Assumptions 9.2 (A9.2)

(i) X is a strictly stationary GSM process,

(ii) X admits an occupation density ‘1 such that E½exp c‘1ðxÞ� < 1,

x 2 R ðc > 0Þ,

(iii) inf
a�x�b

Ej‘1ðxÞ � f ðxÞj2 > 0, a < b,

(iv) supa�x;y�b;jx�yj<d j‘1ðyÞ � ‘1ðxÞj � V1d
d, d > 0, (d > 0), with V1 2 L1ðpÞ

(v) E‘Tð�Þ is continuous.

The Ornstein–Uhlenbeck process satisfies these conditions. The next statement

furnishes a uniform rate.

Theorem 9.6
Under Assumptions A9.2, we have

sup
a�x�b

jfT ;0ðxÞ � f ðxÞj ¼ O lnTffiffiffiffi
T

p
� �

a:s:
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PROOF: (Sketch)

Again we may assume that T is an integer. Then, using (9.9) and an exponential

type inequality under Cramér’s conditions (see e.g. Bosq 1998, Theorem 1.4), one

easily obtains

jfn;0ðxÞ � f ðxÞj ¼ O ln nffiffiffi
n

p
� �

a:s:;

a � x � b:

Similarly to Theorem 6.6, one deduces uniformity from A9.2(iv).

Note that regularity of f is hidden in A9.2(iv) since

jf ðyÞ � f ðxÞj ¼ jE‘1ðyÞ � E‘1ðxÞj � Ej‘1ðyÞ � ‘1ðxÞj: &

We finally state a result concerning limit in distribution.

Theorem 9.7
Suppose that

ðaÞ X is strictly stationary and a-mixing with aðuÞ ¼ Oðu�bÞ, b > 1,

ðbÞ gu exists for u 6¼ 0, is continuous over D, and
Rþ1
�1 k gu k1 du < 1,

ðcÞ there exists d > 2b=ð2b� 1Þ such that E‘d1ðxÞ < 1, x 2 R;

then

ffiffiffiffi
T

p
ðfT ;0ðx1Þ � f ðx1Þ; . . . ; fT ;0ðxkÞ � f ðxkÞÞ0 !

D
Nk 
 Nð0;GÞ; ð9:21Þ

x1; . . . ; xk 2 R; k 	 1;where G ¼
Z þ1

�1
guðxi; xjÞdu

� �
1�i;j�k

:

PROOF: (Sketch)

It suffices to prove (9.21) for T ¼ n and k ¼ 1, since for k > 1 we can use the

Cramér–Wold device (Billingsley 1968).

Then we have

ffiffiffi
n

p
ðfn;0ðxÞ � f ðxÞÞ ¼ 1ffiffiffi

n
p
Xn
i¼1

ð‘½i�1;i�ðxÞ � f ðxÞÞ;

x 2 R, and the central limit theorem for a-mixing processes (Rio 2000) gives the

desired result. &
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Under the same conditions one may derive a functional law of the iterated

logarithm (cf. Bosq 1998).

9.6 Approximation of empirical density by common
density estimators

The EDE has many interesting properties: it is unbiased, recursive, invariant and

asymptotically efficient. However, due to its implicit form, it is difficult to compute,

thus approximation is needed.

It is noteworthy that the usual nonparametric density estimators are good

approximations of the EDE.

Concerning the kernel estimator (see Chapter 7), (9.2) yields

f
ðKÞ
T ;hT

ðxÞ ¼ 1

ThT

Z T

0

K
x� Xt

hT

� �
dt ¼

Z þ1

�1

1

hT
K

x� y

hT

� �
‘TðyÞ
T

dy; x 2 R;

that is f
ðKÞ
T ;hT

¼ KhT � fT ;0, where KhT ¼ h�1
T Kð�=hTÞ, and K is a bounded density such

that limjxj!1 xKðxÞ ¼ 0.

Suppose that T is fixed and write h instead of hT . Then, if ‘T is continuous at x,

the Bochner lemma 6.1, gives limh!0 f
ðKÞ
T ;h ðxÞ ¼ fT ;0ðxÞ. If Assumptions A9.1 hold,

(9.5) implies

lim
h!0

sup
a�x�b

E f
ðKÞ
T ;h ðxÞ � fT ;0ðxÞ

��� ���2¼ 0:

Now, if ‘T 2 L2ðl� PÞ, let ðej; j 	 0Þ be an orthonormal basis of L2ðlÞ. For
almost all v 2 V we have ‘Tð�;vÞ 2 L2ðlÞ, hence

fT ;0 ¼
X1
j¼0

h fT ;0; ejiL2ðlÞej ða:s:Þ

where convergence takes place in L2ðlÞ. Then (9.2) entails

hfT ;0; ejiL2ðlÞ ¼
1

T

Z þ1

�1
‘TðxÞejðxÞdx ¼

1

T

Z T

0

ejðXtÞdt ¼ âjT ;

j 	 0, thus fT ;0 ¼
P1

j¼0 âjTej (a.s.). Note that this implies the nontrivial propertyX1
j¼0

â2jT < 1 ða:s:Þ: ð9:22Þ

Note also that (9.22) is, in general, not satisfied in the discrete case.

Now, the projection estimator f
ðeÞ
T ;kT

associated with ðejÞ is defined by

f
ðeÞ
T ;kT

¼
XkT
j¼0

âjTej
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(cf. Chapter 3) thus

f
ðeÞ
T ;kT

¼ PkT ðfT ;0Þ ð9:23Þ

where PkT is the ?orthogonal projector? of spðej; 0 � j � kTÞ.
If T is fixed, and writing k for kT , it follows that

lim
k!1

k f
ðeÞ
T ;k � fT ;0 k¼ 0 ða:s:Þ

where k � k is the L2ðlÞ-norm.

As stated in Chapter 3, approximation of EDE by the projection estimator

allows us to obtain a parametric rate for the latter. The starting point is asymptotic

behaviour of the mean integrated square error (MISE) of fT ;0:

Theorem 9.8
If X is strictly stationary, with an occupation density ‘T 2 L2ðl� PÞ and such that

the series

L ¼
X
k2Z

Z þ1

�1
Covð‘1ðxÞ; ‘½k�1;k�ðxÞÞdx ð9:24Þ

is absolutely convergent, then

lim
T!1

T � E k fT ;0 � f k2¼ L: ð9:25Þ

PROOF:

Note first that f exists (Lemma 9.1) and is in L2ðlÞ since

Z þ1

�1
f 2ðxÞdx ¼

Z þ1

�1
ðE‘1ðxÞÞ2dx �

Z þ1

�1
E‘21ðxÞdx < 1:

Now take T ¼ n and write

nE k fn;0 � f k2¼
Xn�1

k¼�ðn�1Þ
1� jkj

n

� �Z þ1

�1
Covð‘1ðxÞ; ‘½k�1;k�ðxÞÞdx;

then (9.25) follows by dominated convergence with respect to the counting measure

on Z. &
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Applying the Davydov inequality, one sees that (9.24) holds providedR
R
½E‘rðxÞ�2=rdx < 1, ðr > 2Þ, and X is a-mixing with

P
k½aðkÞ�

ðr�2Þ=r < 1. Also

note that, if in addition,
R
R2 jguðx; xÞjdu dx < 1 then

T � E k fT ;0 � f k2!
Z
R2

guðx; xÞdu dx;

thus L ¼
R
R2 guðx; xÞdu dx.

The parametric rate for f
ðeÞ
T ;kT

follows from Theorem 9.8.

Corollary 9.1
If conditions in Theorem 9.8 hold and ðkTÞ is such that

X
j>kT

Z þ1

�1
f ðxÞejðxÞdx

� �2

¼ o
1

T

� �
ð9:26Þ

then

limT!1T � E k f
ðeÞ
T ;kT

� f k2� L:

PROOF:

Write

E k f
ðeÞ
T ;kT

� f k2 ¼ E k f
ðeÞ
T ;kT

�PkT f k2 þ k PkT f � f k2;

from (9.23) it follows that

E k f
ðeÞ
T ;kT

� f k2 ¼ E k PkT ðfT ;0 � f Þ k2 þo
1

T

� �

� E k fT ;0 � f k2 þo
1

T

� �

and (9.25) gives the conclusion. &

A practical choice of kT is possible if one has some knowledge concerning the

Fourier coefficients of f . For example, if j
R
fejj ¼ Oðj�bÞ ðb > 1=2Þ the choice

kT ’ Td, where d > 1=ð2b� 1Þ, entails (9.26). Note that, in such a situation,

construction of an adaptive estimator f
ðeÞ
T ;k̂T

(cf. Chapter 3) is not necessary since the

nonadaptive estimator reaches the superoptimal rate even on F 1.

However f̂T ¼ f
ðeÞ
T ;k̂T

(see Section 3.7) has an interesting property if f 2 F 0: under

the assumptions in Theorem 3.12 we have

lim
T!1

T � E k f̂T � f k2¼ 2
XKðf Þ
j¼0

Z 1

0

CovðejðX0Þ; ejðXuÞÞdu: ð9:27Þ
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Now

T � E k fT ;0 � f k2 ¼ T
X1
j¼0

Var âjT

¼
X1
j¼0

2

Z T

0

1� u

T

� �
CovðejðX0Þ; ejðXuÞÞdu ð9:28Þ

and, since
R1
0

jCovðejðX0Þ; ejðXuÞÞjdu < 1, the dominated convergence theorem

yields

T � Var âjT ! 2

Z 1

0

CovðejðX0Þ; ejðXuÞÞdu; j 	 0:

Applying the Fatou lemma for the counting measure, one finds

lim inf
T!1

T � E k fT ;0 � f k2	 2
X1
j¼0

CovðejðX0Þ; ejðXuÞÞdu:

Since it is easy to construct examples where
R1
0

CovðejðX0Þ; ejðXuÞÞdu > 0 for

some j > Kðf Þ, (9.27) and (9.28) show that f̂T is asymptotically strictly better than

fT ;0 for f 2 F 0, with respect to the MISE.

Discrete time data

Another type of approximation appears if only discrete time data are available.

Suppose that the observations are ðXit=n; 1 � i � nÞ and consider the kernel

estimator

�f
ðKÞ
n;hn

ðxÞ ¼ 1

n

Xn
i¼1

Khnðx� Xit=nÞ; x 2 R:

We have the following approximation result.

Theorem 9.9
Let X ¼ ðXt; t 2 RÞ be a real measurable strictly stationary process with a local

time ‘T and such that

ðaÞ Eðsupjx�yj<d j‘TðyÞ � ‘TðxÞjÞ � cTd
l, d > 0, ðl > 0Þ,

and

ðbÞ EjXt � Xsj � dT jt � sjg; ðs; tÞ 2 ½0; T�2ðg > 0Þ,
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then, if K is a density with bounded derivative and such that
R
R
jujlKðuÞdu < 1,

we have

E k �f ðKÞn;hn
� fT ;0 k1� dT k K 0 k1

g þ 1

Tg

ngh2n
þ cT

Z
R

jujlKðuÞdu � h
l
n

T
;

consequently, for T fixed, if n ! 1 and hn ’ n�g=ð2þlÞ it follows that

E k �f ðKÞn;hn
� fT ;0 k1¼ Oðn�gl=ð2þlÞÞ:

PROOF:

See Bosq (1998). &

Notes

Nguyen and Pham (1980) and Doukhan and León (1994) have noticed the role

played by the occupation density in density estimation. The fact that the projection

estimator is the projection of EDE has been noticed by Frenay (2001).

Most of the results in this chapter come from Bosq and Davydov (1999) and

Bosq and Blanke (2004).

In the context of diffusion processes, Kutoyants (1997a) has defined and studied

an unbiased density estimator f �T based on local time.

The local time LT is the occupation density associated with the quadratic

variation of the process (see Chung and Williams 1990). In particular, if X is a

stationary diffusion satisfying the stochastic differential equation

dWt ¼ SðXtÞdt þ sðXtÞdWt ðsð�Þ > 0Þ;

we have

LTðxÞ ¼ ‘TðxÞs2ðxÞ; x 2 R

and it can be shown that

Eðf �T ðxÞ � fT ;0ðxÞÞ2 ¼ O 1

T2

� �

thus, fT ;0 and f �T have the same asymptotic behaviour in mean-square.

Kutoyants (1998) has shown that the rate 1=T is minimax and that the constantRþ1
�1 guðx; xÞdu is minimax. An estimation of this quantity appears in Blanke and

Merlevède (2000).
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Extensions

Extension to multidimensional processes is not possible in general since existence

of occupation density in Rdðd > 1Þ means that X has very exotic sample paths.

Regression estimation

Serot (2002) has defined a conditional occupation density and used it for the

construction of a regression estimator.
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Linear Processes in High
Dimensions
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10

Functional linear processes

10.1 Modelling in large dimensions

Let j ¼ ðjt; t 2 RÞ be a real continuous time process. In order to study the

behaviour of j over time intervals of length d, one may set

XnðsÞ ¼ jndþs; 0 � s � d; n 2 Z: ð10:1Þ

This construction generates a sequence ðXn; n 2 ZÞ of random variables with

values in a suitable function space, say F.

For example, if one observes temperature in continuous time during N days, and

wants to predict evolution of temperature during the ðN þ 1Þth day, the problem

becomes: predict XNþ1 from the data X1; . . . ;XN . Here one may choose F ¼ C½0; d�,
where d is length of one day.

Another example of modelling in large dimensions is the following: consider an

economic variable associated with individuals. At instant n, the variable associated

with the individual i is Xn;i. In order to study global evolution of that variable for a

large number of individuals, and during a long time, it is convenient to set

Xn ¼ ðXn;i; i � 1Þ; n 2 Z;

which defines a process X ¼ ðXn; n 2 ZÞ with values in some sequence space F.

These examples show that infinite-dimensional modelling is interesting in

various situations. Clearly the model is useful for applications, especially if the

Xn’s are correlated.

In this chapter we study functional linear processes (FLP), a model which is

rather simple and general enough for various applications.
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We begin with a presentation of linear prediction and Wold decomposition in

Hilbert spaces. This allows us to give a general definition of FLP in such spaces.

Concerning properties of FLP we focus on autoregressive and moving average

processes in Hilbert spaces, two simple models that have been used in practice.

Some extensions to Banach spaces are indicated.

10.2 Projection over linearly closed spaces

Let H be a real separable Hilbert space with its norm k � k and its scalar product

h�; �i. L denotes the space of continuous linear operators from H to H; it is equipped

with its usual norm

k ‘ kL ¼ sup
kxk�1

k ‘ðxÞ k; ‘ 2 L:

Consider the space L2H :¼ L2HðV;A;PÞ of (classes of) random variables X,

defined on the probability space ðV;A;PÞ, with values in H, and such that

E k X k2 < 1. The scalar product

hX; YiL2
H
¼ EhX; Yi; X; Y 2 L2H

provides a structure of Hilbert space to L2H .

If X and Y are in L2H , the cross-covariance operator of X and Y is defined as

CX;YðxÞ ¼ E ½hX � EX; xiðY � E YÞ�; x 2 H;

where EX and E Y are expectations of X and Y (i.e. EX is the unique element of H

such that hEX; ai ¼ EhX; ai for all a in H).

The covariance operator CX;X of X is denoted by CX. In the following we

consider zero-mean H-valued random variables, except where otherwise stated.

Now, a linear subspace G of L2H is said to be linearly closed (LCS) if:

(a) G is closed in L2H ,

and

(b) X 2 G, ‘ 2 L implies ‘ðXÞ 2 G.

ξ t

0 tδ 2δ 3δ 4δ
X0 X1 X2 X3

Figure 10.1 Representation of a process as a sequence of F-random variables.
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Finally, X and Y in L2H are said to be

� weakly orthogonal ðX ? YÞ if EhX; Yi ¼ 0,

� strongly orthogonal ðX YÞ if CX;Y ¼ 0.

Stochastic independence implies strong orthogonality, which in turn implies weak

orthogonality. Weak orthogonality does not imply strong orthogonality, except if H

is one-dimensional. However, if G is an LCS, Y ? G yields Y G.
We now point out some properties of the orthogonal projector PX of the LCS GX

generated by X 2 L2H :

GX ¼ spf‘ðXÞ; ‘ 2 Lg:

Note that GX is, in general, infinite-dimensional and that elements of GX are not

necessarily of the form ‘ðXÞ, ‘ 2 L. The following statement summarizes some

useful properties of PX .

Proposition 10.1

(a) For each Y in L2H, there exists a measurable mapping l from H to H such

that

PXðYÞ ¼ lðXÞ:

(b) There exists a sequence ð‘kÞ in L and a linear subspace V of H such that

PxðVÞ ¼ 1 and

‘kðxÞ ! lðxÞ; x 2 V: ð10:2Þ

Moreover one may set

lðxÞ ¼ 0; x 62 V; ð10:3Þ

then (10.2) and (10.3) guarantee uniqueness of l ðPX a:s:Þ.

(c) l is linear over V, and such that

lðEXÞ ¼ EðlðXÞÞ; ðeven if EX 6¼ 0Þ;
CZ;lðXÞ ¼ lCZ;X ; Z 2 L2H ;

CX;Y ¼ CX;lðXÞ ¼ lCX ; ð10:4Þ
ClðXÞðyÞ ¼ ðlCXl

�ÞðyÞ; provided l�ðyÞ 2 H;

where l� is the adjoint of l.
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PROOF:

See Bosq (2007). &

Notice that (10.4) entails uniqueness of l on CXðHÞ. However, this property turns

out to be trivial if PxðCXðHÞÞ ¼ 0 which may be the case if X is Gaussian (see

Fortet 1995). Proposition 10.1 shows that, despite l 62 L (in general), it possesses

some properties of elements in L. For explicit l 62 L we refer to examples 10.2,

10.3 and 10.4 below.

Now it is of interest to give conditions that yield existence of ‘ 2 L such that

‘ðXÞ ¼ lðXÞ a:s:

For this purpose we need a lemma concerning continuous linear operators. First

we give a definition of dominance: let A and B be in L; A is said to be dominated by

B ðA � BÞ if and only if

ð9a � 0Þ : k AðxÞ k� a k BðxÞ k; x 2 H: ð10:5Þ

Lemma 10.1
A � B if and only if there exists R 2 L such that

A ¼ RB: ð10:6Þ

Moreover, by putting R ¼ 0 on BðHÞ? one ensures uniqueness of R.

PROOF:

Suppose that A � B and put

fsðBðxÞÞ ¼ hs;AðxÞi; s; x 2 H; ð10:7Þ

then, from (10.5), it follows that

j fsðBðxÞÞj � k s kk AðxÞ k� a k s kk BðxÞ k: ð10:8Þ

Thus, y 7! fsðyÞ is a continuous linear functional on BðHÞ that can be extended by

continuity on BðHÞ.
Now, by using the Riesz theorem on BðHÞ (see Vakhania et al. 1987) one may

claim existence (and uniqueness) of zs 2 BðHÞ such that

fsðBðxÞÞ ¼ hzs;BðxÞi

and (10.8) yields

k zs k� a k s k: ð10:9Þ
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This allows us to define a continuous linear mapping from H to BðHÞ by setting

R�ðsÞ ¼ zs, and (10.9) implies k R� kL � a.

Now, for every ðs; xÞ 2 H2, we have

fsðBðxÞÞ ¼ hzs;BðxÞi ¼ hR�ðsÞ;BðxÞi ¼ hðB�R�ÞðsÞ; xi;

and, from (10.7), it follows that hA�ðsÞ; xi ¼ hðB�R�ÞðsÞ; xi, which implies A ¼ RB

with R : BðHÞ ! H defined by

hRðxÞ; yi ¼ hx;R�ðyÞi; x 2 BðHÞ; y 2 H:

R can be extended to H by putting

RðxÞ ¼ 0; x 2 BðHÞ?:

Since AðxÞ ¼ RðBðxÞÞ with BðxÞ 2 BðHÞ, we obtain

AðxÞ ¼ ðRBÞðxÞ; x 2 H:

Concerning uniqueness, if A ¼ R0B where R0 2 ‘ and R0 ¼ 0 over BðHÞ?, then
R0B ¼ RB, that is R0 ¼ R over BðHÞ. By continuity it follows that R0 ¼ R over BðHÞ
and finally R0 ¼ R over H.

Conversely, if (10.6) holds, we have

k AðxÞ k¼ k ðRBÞðxÞ k� k R kL k BðxÞ k; x 2 H;

which gives (10.5) with a ¼k R kL. &

As an application we have the desired property:

Theorem 10.1
The following conditions are equivalent

CX;Y � CX ð10:10Þ

and

ð9‘ 2 LÞ : PXðYÞ ¼ ‘ðXÞ ða:s:Þ: ð10:11Þ

PROOF:

If (10.10) is valid, Lemma 10.1 implies existence of ‘ 2 L such that CX;Y ¼ ‘CX ,

and since CX;‘ðXÞ ¼ ‘CX , one obtains CX;Y�‘ðXÞ ¼ 0 which means that

Y � ‘ðXÞ GX , hence (10.11).
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Conversely (10.11) entails CX;Y�‘ðXÞ ¼ CX;Y�PXðYÞ ¼ 0, therefore CX;Y ¼
CX;‘ðXÞ ¼ ‘CX and (10.10) follows from Lemma 10.1. &

Note that (10.10) may be written under the form CX;PXðYÞ � CX .

If H is infinite-dimensional, (10.10) is, in general, not satisfied, as shown by the

following example.

Example 10.1
Let ðXj; j � 1Þ be a sequence of real independent, not degenerate, random variables

such that X1
j¼1

EX2
j �maxð1;a2

j Þ < 1

where ðaj; j � 1Þ is a sequence of real coefficients.

Set X ¼
P1

j¼1 Xjvj and Y ¼
P1

j¼1 ajXjvj where ðvj ; j � 1Þ is an orthonormal

system in H. Then

CXðvjÞ ¼ ðEX2
j Þvj and CX ;Y ðvjÞ ¼ CY ;XðvjÞ ¼ ajðEX2

j Þvj :

It is easy to see that (10.10) holds if and only if supj�1 jajj < 1. In that case

a ¼ supj�1 jajj: ^
Note that CY ;X � C

1=2
X is satisfied (cf. Baker 1973). We now extend Proposition 10.1

and Theorem 10.1 to more general LCS.

Corollary 10.1
Let ðZnÞ be a sequence of strongly orthogonal H-random variables and Y 2 L2H,

then

(a) there exists a sequence ðlnÞ of measurable mappings from H to H such that

PðZnÞðYÞ ¼
X
n�1

lnðZnÞ ð10:12Þ

where PðZnÞ denotes the orthogonal projector of the LCS GðZnÞ generated by
ðZnÞ. The series converges in L2H.

(b) Each ln satisfies

lnðEZnÞ ¼ E ½lnðZnÞ� ðeven if E Zn 6¼ 0Þ;

CZn;Y ¼ CZn;lnðZnÞ ¼ lCZn ;

ClnðZnÞðyÞ ¼ ðlnCZnl
�
nÞðyÞ;

provided l�nðyÞ 2 H.
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(c) The following conditions are equivalent:

CZn;Y � CZn ; n � 1

PðZnÞðYÞ ¼
X
n�1

‘nðZnÞ

where ‘n 2 L, n � 1.

PROOF:

It is easy to verify that

GðZn; n�1Þ ¼ GZ1 	 GZ2 � � � 	 GZn 	 � � � ;

consequently PðZn; n�1Þ ¼
P

n�1 P
Zn. Then it suffices to apply Proposition 10.1 and

Theorem 10.1 to obtain the claimed results. &

If ðZnÞ is not strongly orthogonal, more intricate results may be obtained but we do

not need them in the following.

10.3 Wold decomposition and linear processes
in Hilbert spaces

An H-valued (zero-mean) process X ¼ ðXn; n 2 ZÞ is said to be weakly stationary

(WSH) if E k Xn k2 < 1, n 2 Z and

CXnþh;Xmþh
¼ CXn;Xm

; h; n; m 2 Z:

Let X be weakly stationary and let Mn be the LCS generated by ðXs; s � nÞ.
Set

"n ¼ Xn �PMn�1ðXnÞ; n 2 Z ð10:13Þ

where PMn�1 is the orthogonal projector of Mn�1. Then X is said to be regular

if

s2 :¼ E k "n k2 > 0:

In that case ð"nÞ is an H-white noise (i.e. C"n ¼ C"0 6¼ 0, E"n ¼ 0, "n "m, n 6¼ m;

n;m 2 Z). Moreover "n 2 Mn and "n Mn�1: ð"nÞ is the innovation process

of X.
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Now, if J n is the LCS generated by ð"s; s � nÞ, the Wold decomposition of X is

defined by

Xn ¼ PJ nðXnÞ þPJ?
n ðXnÞ

¼: Yn þ Zn; n 2 Z:

Properties of this decomposition are similar to those in the real case (see, for

example Brockwell and Davis 1991). In particular one has

Zn "s; n; s 2 Z and Zn 2
\1
j¼0

Mn�j; n 2 Z:

We are know in a position to define linear process in H (LPH).

Definition 10.1
A WSH regular process X is an LPH if one of the three following equivalent

conditions is satisfied:

Xn ¼ PJ nðXnÞ; n 2 Z ð10:14Þ

Mn ¼ J n; n 2 Z ð10:15Þ

PMn�1ðXnÞ ¼ PJ n�1ðXnÞ; n 2 Z: ð10:16Þ

Let us show that these conditions are equivalent. First, since "n Mn�1, we

have

P"nðXnÞ ¼ "n þP"nPMn�1ðXnÞ ¼ "n;

thus Corollary 10.1 gives

PJ nðXnÞ ¼ "n þ
X1
j¼1

P"n�jðXnÞ

¼ "n þPJ n�1ðXnÞ:

Now, if (10.14) holds, it follows that

Xn ¼ "n þPJ n�1ðXnÞ:

Comparing with (10.13) one obtains (10.16).

If (10.16) takes place we may write

PJ n�1ðXnÞ ¼ PMn�1ðXnÞ ¼ Xn � "n;
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thus

Xn ¼ "n þPJ n�1ðXnÞ ¼ PJ nðXnÞ

which is (10.14).

Obviously (10.15) yields (10.16). Now, assume (10.16); since (10.13) entails

"s ¼ Xs �PMn�1ðXsÞ; s � n� 1

we have J n�1 
 Mn�1.

On the other hand, since (10.16) implies (10.14) one has

Xs ¼ PJ sðXsÞ 2 J n�1; s � n� 1;

then Mn�1 
 J n�1 and, finally, (10.15) holds. &

By using (10.12) one may write (10.14) under the form

Xn ¼ "n þ
X1
j¼1

lj;nð"n�jÞ; n 2 Z: ð10:17Þ

Now, if ð"nÞ is a strong H-white noise (i.e. the "n’s are i.i.d.) it is clearly possible
to choose versions of the lj;n’s that do not depend on n; then

Xn ¼ "n þ
X1
j¼1

ljð"n�jÞ; n 2 Z:

In the general case, one has

Xn ¼ "n þ
X1
j¼1

P"n�jðXnÞ; n 2 Z

and P"n�jðXnÞ only depends on C"0 , C"0;Xj
and Xn.

On the other hand, if C"n�j;Xn
� C"n�j

, j � 1, then Corollary 10.1(c) and

stationarity of X yield

Xn ¼ "n þ
X1
j¼1

‘jð"n�jÞ; n 2 Z

where ‘j 2 Lj, j � 1, which means that X is an H-linear process in the ‘classical

sense’ (see Bosq 2000, and references therein).
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Finally, if no prediction property is involved, we will say that X is a linear

process in the wide sense (LPHWS) if there exists an H-white noise ð"nÞ such that

(10.17) holds.

We now give a simple example of an H-linear process.

Example 10.2
Consider a sequence of real linear processes defined as

Xn;k ¼ "n;k þ
X1
j¼1

aj;k"n�j;k; n 2 Z; k � 1

where ð"n;k; n 2 ZÞ is a white noise, E "2n;k ¼ s2
k and A2

k ¼ 1þ
P1

j¼1 a
2
j;k < 1,

k � 1. Suppose that ð"n;k; n 2 Z; k � 1Þ is a family of independent random

variables and

X1
k¼1

s2
kA

2
k < 1: ð10:18Þ

Now set

Xn ¼ ðXn;k; k � 1Þ; "n ¼ ð"n;k; k � 1Þ; n 2 Z:

From (10.18) it follows that

X1
k¼1

X2
n;k < 1 and

X1
k¼1

"2n;k < 1 ða:s:Þ:

So, ðXnÞ and ð"nÞ are sequences of ‘2-valued random variables where, as usual,

‘2 ¼ fðxkÞ;
P1

k¼1 x
2
k < 1g.

Now we have

Xn ¼ "n þ
X1
j¼1

ljð"n�jÞ; n 2 Z

where lj is defined by

ljððxkÞÞ ¼ ðaj;kxkÞ

as soon as X1
k¼1

a2j;kx
2
k < 1;

thus, from (10.18), ljð"n�jÞ is well defined.
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Note that lj is bounded if and only if supk�1 jaj;kj < 1. Thus if, for example,

s2
k ¼ k�4 and aj;k ¼ k=j, k � 1, j � 1, (10.18) is satisfied but lj is unbounded for

every j.

Finally, note that, if ð"n;kÞ is the innovation of ðXn;kÞ for all k, one may verify

that ð"nÞ is the innovation of ðXnÞ. ^

10.4 Moving average processes in Hilbert spaces

We now particularize our model by considering moving averages. From a statistical

point of view these processes are more tractable than general linear processes since

they only depend on a finite number of parameters.

A moving average of order q in H (MAHðqÞ) is a linear process such that

PMn�1ðXnÞ ¼ Pf"n�j; 1�j�qgðXnÞ; n 2 Z ð10:19Þ

and

E k P"n�qðXnÞ k> 0; n 2 Z: ð10:20Þ

More generally ðXnÞ is a moving average in the wide sense if there exists an

H-white noise ð"nÞ such that (10.19) holds for some q (thus (10.20) may not

hold).

Clearly results and discussions in Section 10.3 remain valid here. We now give a

special criterion for a process to be MAH.

Proposition 10.2
Let X be a regular WSH, then it is an MAHðqÞ if and only if

Cq 6¼ 0; Ch ¼ 0; h > q: ð10:21Þ

PROOF:

If ðXnÞ is an MAHðqÞ, (10.13) and (10.19) give

Xn ¼ "n þPf"n�j; 1�j�qgðXnÞ; n 2 Z;

from (10.15) it follows that

Xn J n�h ¼ Mn�h; h > q;

which implies

Ch ¼ CXn;Xn�h
¼ 0; h > q:

MOVING AVERAGE PROCESSES IN HILBERT SPACES 239



Moreover Cq 6¼ 0; if not, one has Xn Xn�q, but

Xn�q ¼ "n�q þPf"n�q�j; 1�j�qgðXn�qÞ;

and, since Xn "n�q�j, 1 � j � q, this implies Xn "n�q, thus P
"n�qðXnÞ ¼ 0 which

contradicts (10.20).

Conversely, suppose that (10.21) holds. Since

J n�1 ¼ Gð"n�1;...; "n�qÞ 	 J n�q�1;

(10.15) yields

Mn�1 ¼ Gð"n�1;...; "n�qÞ 	Mn�q�1;

therefore

PMn�1ðXnÞ ¼ Pf"n�j; 1�j�qgðXnÞ þPMn�q�1ðXnÞ;

and since Ch ¼ 0, h > q entails Xn Xn�h, h > q, we have PMn�q�1ðXnÞ ¼ 0, hence

(10.19).

On the other hand

C"n�q;Xn
¼ CXn�q;Xn

þ C
P

Mn�q�1 ðXn�qÞ;Xn

¼ Cq 6¼ 0

and C"n�q;Xn
¼ C"n�q;P

"n�q ðXnÞ, thus (10.20) holds and the proof is now complete. &

The next statement connects MAH with real moving averages.

Proposition 10.3
Let ðXnÞ be an MAHðqÞ defined by

Xn ¼ "n þ
Xq
j¼1

ljð"n�jÞ; n 2 Z:

Suppose that there exists v 2 H such that

l�j ðvÞ ¼ ajv; ðaq 6¼ 0Þ; 1 � j � q

then ðhXn; vi; n 2 ZÞ is an MAðqÞ in the wide sense provided E ðh"n; vi2Þ 6¼ 0.
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PROOF:

We have the relation

hXn; vi ¼ h"n; vi þ
Xq
j¼1

ajh"n�j; vi; n 2 Z;

and ðh"n; vi; n 2 ZÞ is clearly a real white noise. &

Note that, if 1þ
Pq

j¼1 aj z
j 6¼ 0 for jzj � 1, ðhXn; vi; n 2 ZÞ becomes an MAðqÞ in

the strict sense (see Brockwell and Davis 1991).

We now point out two examples of MAH.

Example 10.3
Consider the Hilbert space H ¼ L2ðRþ;BRþ ;mÞ where BRþ is the Borel s-field of

Rþ and m is the standard exponential probability measure with density e�t, t � 0.

Let C be the subspace of elements of H that admit a version ’ with a uniformly

continuous derivative over Rþ (here ’0ð0Þ ¼ limh!0ðþÞð’ðhÞ � ’ð0ÞÞ=h. Then, the
mappingT : ’ 7!’0 is not continuous on C. However the family ofmappings defined as

Thð’Þð�Þ ¼
’ð� þ hÞ � ’ð�Þ

h
; ’ 2 H; h > 0

is a well defined subfamily of L such that

E k Thð"nÞ � Tð"nÞ k2 �!
h!0

0; n 2 Z ð10:22Þ

where ð"nÞ is any H-white noise with sample paths in C. Now set

XnðtÞ ¼ "nðtÞ þ c "0n�1ðtÞ; t � 0; n 2 Z; ðc 2 RÞ;

then ðXnÞ is an MAH(1) in the wide sense since

Xn ¼ "n þ lð"n�1Þ; n 2 Z

where l : ’ 7! c’0 is unbounded, but (10.22) implies lð"n�1Þ 2 G"n�1
, thus

lð"n�1Þ ¼ P"n�1ðXnÞ. ^

Example 10.4 (Truncated Ornstein–Uhlenbeck process)

Consider the real continuous time process

jt ¼
Z t

ftg�q

e�uðt�sÞdWðsÞ; t 2 R ðu > 0Þ
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where W is a bilateral Wiener process, q � 1, an integer, and ftg the smallest

integer � t � 1. ðjt; t 2 RÞ is a fixed continuous version of the stochastic integral.

Let us set

XnðtÞ ¼ jnþt; 0 � t � 1; n 2 Z;

then ðXnðtÞ; 0 < t < 1Þ has continuous sample paths.

Now let ðej; j � 0Þ be an orthonormal basis of H ¼ L2ðmþ dð1ÞÞ where m is

Lebesgue measure on ½0; 1�. For convenience we take e0 ¼ 1f1g and ðej; j � 1Þ a

version of an orthonormal basis of L2ðmÞ satisfying ejð1Þ ¼ 0, j � 1.

Then one may identify Xn with an L2ðmþ dð1ÞÞ-valued random variable by

putting

Xnð�Þ ¼ Xnð1Þ1f1gð�Þ þ
X
j�1

Z 1

0

XnðsÞejðsÞ ds
� �

ejð�Þ:

We now introduce the operator ‘u defined by

‘uðxÞðtÞ ¼ e�utxð1Þ; x 2 H:

We have

k ‘ j
u kL ¼

1� e�2u þ 2ue�2u

2u

� �1=2

e�uðj�1Þ; j � 1;

and ðXnÞ has decomposition

Xn ¼
Xq
j¼0

‘ j
uð"n�jÞ; n 2 Z; ð10:23Þ

where

"nðtÞ ¼
Z nþt

n

e�uðnþt�sÞdWðsÞ; 0 � t � 1:

Thus, ðXnÞ is MAHðqÞ and one can show that ð"nÞ is the innovation of ðXnÞ.
Note that, since

‘�uð1f1gÞ ¼ e�u1f1g;

it follows that Xnð1Þ ¼ hXn; 1f1gi, n 2 Z is a real MAðqÞ such that

Xnð1Þ ¼
Xq
j¼0

e�uj"n�jð1Þ; n 2 Z;
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(Proposition 10.3).

If q ¼ 1, (10.23) takes the form

Xn ¼ "n þ ‘uð"n�1Þ; n 2 Z;

and, despite the fact that we may have k ‘u k� 1, it follows that

"n ¼
X1
j¼0

ð�1Þ j‘ j
uðXn�jÞ; n 2 Z

where convergence takes place in L2H . ^

10.5 Autoregressive processes in Hilbert spaces

Let X ¼ ðXn; n 2 ZÞ be a regular WSH process, set

Mk
n ¼ GðXn;...;Xn�kÞ; n 2 Z; k � 0

where, as above, GðXn;...;Xn�kÞ is the LCS generated by Xn; . . . ;Xn�k.

Then X is said to be an autoregressive Hilbertian process of order p (ARHðpÞ)
if

PMn�1ðXnÞ ¼ PMp

n�1ðXnÞ

and, if p > 1,

E PMp

n�1ðXnÞ �PMp�1

n�1ðXnÞ
��� ��� > 0:

From now on we suppose that p ¼ 1. Actually, it is easy to verify that, if X is

ARHðpÞ, then ððXn; . . . ;Xn�pþ1Þ; n 2 ZÞ is ARHp(1), where Hp ¼ H � � � � � H.

Applying Proposition 10.1, one may characterize an ARH(1) by a relation of the

form

Xn ¼ lnðXn�1Þ þ "n; n 2 Z:

If X is strictly stationary, it is possible to choose ln ¼ l not depending on n. Now, if

CXn�1;Xn
� CXn�1

;

Theorem 10.1 yields existence of an element in L, say r, such that

Xn ¼ rðXn�1Þ þ "n; n 2 Z: ð10:24Þ
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We will say that r is the autocorrelation operator of X, even if different definitions

may be considered (cf. Baker 1973). Note that r is unique over

S ¼ sp
[
n2Z

fSXn
[ S"ng

where SZ denotes support of PZ .

Conversely, given a white noise ð"nÞ and r 2 L, one wants to show existence of

ðXnÞ satisfying (10.24). For this purpose we introduce the following conditions

c0: There exists an integer j0 � 1 such that k rj0 kL < 1;

and

c1: There exist a > 0; 0 < b < 1 such that k r j0 kL � abj; j � 0:

The next lemma is simple but somewhat surprising.

Lemma 10.2
ðc0Þ and ðc1Þ are equivalent.

PROOF:

Obviously ðc1Þ entails ðc0Þ. If ðc0Þ holds, in order to establish ðc1Þ we may and do

suppose that j > j0 and 0 < k rj0 kL < 1. Dividing such a j by j0, one obtains

j ¼ j0qþ r

where q � 1 and r 2 ½0; j0½ are integers.

Now, since

k rj kL �k r j0 k q
L kr

r kL;

q > jj�1
0 � 1 and 0 < k rj0 kL < 1, it follows that

k ‘j kL � ab j; j > j0

where a ¼k ‘ j0 k�1
L max0�r<j0 k ‘r kL and b ¼k ‘ j0 k1=j0L < 1. &

This elementary lemma shows that the ‘natural’ condition
P1

j¼0 k r j kL < 1 for

constructing Xn (see Proposition 10.4 below) is satisfied as soon as k r j0 kL < 1 for

some j0 � 1. Finally, observe that ðc0Þ (or ðc1Þ) does not imply k r kL < 1, contrary

to the one-dimensional case (see Example 10.5).

The next statement gives existence and uniqueness of ðXnÞ.
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Proposition 10.4
If ðc0Þ holds, ð10:24Þ has a unique stationary solution given by

Xn ¼
X1
j¼0

rjð"n�jÞ; n 2 Z ð10:25Þ

where the series converges almost surely and in L2H. Moreover ð"nÞ is the innovation
of ðXnÞ.

PROOF:

Put s2 ¼ E k "n k2 > 0, n 2 Z; we have

X1
j¼0

k r jð"n�jÞ kL2
H
� s

X1
j¼0

k rj kL

and Lemma 10.2 gives convergence in L2H .

Now, since

E
X1
j¼0

k rj kL k "n�j k
 !

< 1

it follows that

X1
j¼0

k rj kLk "n�j k< 1 a:s:

hence the series in (10.25) converges almost surely.

Finally ðXnÞ is clearly a stationary solution of (10.24).

Conversely, if ðYnÞ denotes a stationary solution of (10.24) a straightforward

induction gives

Yn ¼
Xk
j¼0

r jð"n�jÞ þ rkþ1ðYn�k�1Þ; k � 1;

therefore

E Yn �
Xk
j¼0

rjð"n�jÞ
�����

�����
2

�k rkþ1 k2L E k Yn�k�1 k2 :
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By stationarity E k Yn�k�1 k2 remains constant and Lemma 10.2 yields

k rkþ1 k2L! 0 as k ! 1. Consequently

Yn ¼
X1
j¼0

rjð"n�jÞ; n 2 Z ða:s:Þ

which proves uniqueness (a.s.).

Now, concerning ð"nÞ, we have

"n ¼ Xn � rðXn�1Þ 2 Mn

and, since "n r jð"m�jÞ, j � 0, m < n, then "n Xm ¼
P1

j¼0 r
jð"m�jÞ, m < n,

which implies "n Mm, m < n, thus ð"nÞ is the innovation of ðXnÞ. &

A simple example of ARH(1) process is the following.

Example 10.5 (Ornstein–Uhlenbeck process)

Let j ¼ ðjt; t 2 RÞ be a measurable version of the Ornstein–Uhlenbeck process:

jt ¼
Z t

�1
e�uðt�sÞdWðsÞ; t 2 R; ðu > 0Þ;

where W is a standard bilateral Wiener process. Setting

XnðtÞ ¼ jnþt; 0 � t � 1; n 2 Z

one defines a sequence of random variables with values in the Hilbert space

H ¼ L2ð½0; 1�; B½0;1�; mþ dð1ÞÞ where m is Lebesgue measure on [0,1] (Example

10.4).

Now define ru : H ! H by putting

ruðxÞðtÞ ¼ e�utxð1Þ; t 2 ½0; 1�; x 2 H;

and define the H-white noise

"nðtÞ ¼
Z nþt

n

e�uðnþt�sÞdWðsÞ; t 2 ½0; 1½; n 2 Z

and "nð1Þ ¼ Xnð1Þ � e�uXn�1ð1Þ, n 2 Z. Then we have

XnðtÞ ¼
Z nþt

�1
e�uðnþt�sÞdWðsÞ

¼ e�ut

Z ðn�1Þþ1

�1
e�uððn�1Þþt�sÞdWðsÞ þ

Z nþt

n

e�uðnþt�sÞdWðsÞ;
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0 � t � 1, consequently Xn ¼ ruðXn�1Þ þ "n, n 2 Z.

Now

k ru k2L ¼
Z 1

0

e�2utdðmþ dð1ÞÞðtÞ ¼
1� e�2u

2u
þ e�2u ¼: nðuÞ;

and, more generally,

k r
j
u k2L¼ e�2uðj�1ÞnðuÞ; j � 1;

then condition ðc0Þ holds and ðXnÞ is ARH(1) with innovation ð"nÞ. Note that, if

0 < u � 1=2, one has k ru kL � 1, hence j0 > 1.

Also note that this autoregressive process is somewhat degenerate since the

range of ru is one-dimensional. This suggests that the ARH(1) model has a good

amount of generality.

We will see later that j can also be associated with an AR process in some

suitable Banach space. ^

In some special cases, ðc0Þ is not necessary for obtaining (10.25). We give an

example.

Example 10.6
Let r be defined as

rðxÞ ¼ ahx; e1ie1 þ bhx; e3ie2; x 2 H

where fe1; e2; e3g is an orthonormal system in H and 0 < b < 1 � a.

Here we have

X1
j¼0

k r j k2L ¼
X1
j¼0

a2j ¼ 1:

However, if ð"nÞ is a strong white noise such that

Pðh"n; e1i ¼ 0Þ ¼ 1; n 2 Z;

one obtains rð"nÞ ¼ bh"n; e3ie2 (a.s.) and rjð"nÞ ¼ 0, j � 2; thus (10.24) has a

stationary solution given by Xn ¼ "n þ rð"n�1Þ, n 2 Z and ð"nÞ is the innovation of

ðXnÞ.
Here ðXnÞ is at the same time ARH(1) and MAH(1). This kind of phenomenon

cannot occur in a univariate context.

Clearly the above example can be extended by taking r nilpotent (i.e. there

exists j � 2 such that r j ¼ 0). ^
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An ARH(1) that satisfies ðc0Þ will be said to be standard. The next result is a

characterization of standard ARH(1).

Proposition 10.5
Let X be a zero-mean, not degenerate WSH such that Ch ¼ rhC0, h � 0 where

r 2 L and k r j0 kL < 1 for some j0 � 1.

Then X is a standard ARH(1) with autocorrelation operator r.

PROOF:

Set "n ¼ Xn � rðXn�1Þ, n 2 Z, then, if h � 1 and x 2 H, we have

E ðh"n; xi"nþhÞ ¼ E ðhXn � rðXn�1Þ; xiðXnþh � rðXnþh�1ÞÞÞ

¼ ðrhC0 � r rh�1C0 � rhþ1C0r
� þ r rhC0r

�ÞðxÞ ¼ 0

and

E ðh"n; xi"nÞ ¼ ðC0 � rC0r
�ÞðxÞ:

So, ð"nÞ is a white noise, provided C0 6¼ rC0r
�. But, C0 ¼ rC0r

� yields "n ¼ 0 a.s.,

hence Xn ¼ rðXn�1Þ, n 2 Z; consequently Xn ¼ rnðX0Þ, n � 0 and

k Xn k�krn kLk X0 k which implies E k Xn k2 ! 0 as n ! 1 and, since

E k Xn k2 is fixed, one obtains Xn ¼ 0 a.s., a contradiction.

Finally ð"nÞ is a white noise and ðXnÞ is an ARH(1) with innovation ð"nÞ and

autocorrelation operator r. &

The next statement is similar to Proposition 10.3.

Proposition 10.6
Let ðXnÞ be a standard ARH(1). Then, if there exists v 2 H such that

r�ðvÞ ¼ av ð0 < jaj < 1Þ;

ðhXn; vi; n 2 ZÞ is degenerate or is AR(1).

PROOF:

From (10.24) it follows that

hXn; vi ¼ ahXn�1; vi þ h"n; vi; n 2 Z: ð10:26Þ

If h"n; vi ¼ 0 (a.s.) we have

EhXn; vi2 ¼ a2nE ðhX0 ; vi2Þ

and by stationarity, hXn; vi ¼ 0, n 2 Z (a.s.).
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If not, ðh"n; viÞ is a real white noise and (10.26) shows that ðhXn; viÞ is

AR(1). &

Applying Proposition 10.6 to Example 10.5 one obtains that ðXnð1ÞÞ is an AR(1)

since

Xnð1Þ ¼ hXn; 1f1gi and r�uð1f1gÞ ¼ e�u1f1g:

Thus

Xnð1Þ ¼ e�uXn�1ð1Þ þ "nð1Þ; n 2 Z:

We now specify the Markovian character of ARH(1). We first introduce Markov

processes by using LCS.

Definition 10.2
Let ðXnÞ be a second order H-process. It is said to be Markovian in thewide sense

(MWS) if

PfXr1
;...;Xrk

;XsgðXtÞ ¼ PXsðXtÞ; ð10:27Þ

k � 1, r1 < � � � < rk < s < t.

In order to extend a well known characterization theorem (see Rao 1984), we set

ls;t ¼ lXs

Xt
; s < t

where lXs

Xt
is a measurable mapping l such that

lðXsÞ ¼ PXsðXtÞ:

Proposition 10.7

(1) ðXnÞ is MWS if and only if

lr;t ¼ ls;tlr;s over CXr
ðHÞ; r < s < t:

(2) Let ðXnÞ be a strictly stationary second order H-process. Then, it is MWS if

and only if

lk ¼ lk1 over CX0
ðHÞ; k � 1

where lk ¼ ls;sþk, s 2 Z, k � 1.
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For a proof we refer to Bosq (2007).

The following statement connects MWS and ARH.

Proposition 10.8

(a) A regular strictly stationary MWS is ARH(1).

(b) A strictly stationary ARH(1) is MWS.

(c) A standard ARH(1) is MWS.

PROOF:

(a) Let ðXnÞ be a regular strictly stationary MWS. Using Fortet (1995, p. 67)

and (10.27) it is easy to verify that

PMn�1ðXnÞ ¼ PXn�1ðXnÞ

which means that ðXnÞ is ARH(1).
(b) If ðXnÞ is a strictly stationary ARH(1), and r1 < � � � < rk < t � 1, we have

GXt�1

 GðXt�1;Xrk

;...;Xr1
Þ 
 Mt�1

and PXt�1ðXtÞ ¼ PMt�1ðXtÞ; it follows that PXt�1ðXtÞ ¼ PðXt�1;Xrk
;...;Xr1

ÞðXtÞ
which is (10.27) for s ¼ t � 1.

In order to establish a similar result for s < t � 1 we first note that, if G is

an LCS and ‘ 2 L then

PG‘ðYÞ ¼ ‘PGðYÞ; Y 2 L2H

since Y �PGY G implies ‘ðYÞ � ‘PGðYÞ G, thus ‘PGðYÞ is the ortho-
gonal projection of ‘ðYÞ on G. Now we take s ¼ t � 2. By strict stationarity

one may choose l and ð‘kÞ 
 G such that

PXn�1ðXnÞ ¼ lðXn�1Þ; n 2 Z;

and

‘kðXn�1Þ !a:s:L2
H

lðXn�1Þ; n 2 Z: ð10:28Þ

From (10.28) we infer that

PMt�2‘kðXt�1Þ !a:s:L2
H

PMt�2lðXt�1Þ; ð10:29Þ
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which means that PMt�2ðXt�1Þ 2 V (a.s.) (see Proposition 10.1(b)), therefore

‘k½PMt�2 � !
a:s:

l½PMt�2ðXt�1Þ�: ð10:30Þ

Comparing (10.29) and (10.30) we get

PMt�2 ½lðXt�1Þ� ¼ l½PMt�2ðXt�1Þ�:

Now, since ðXnÞ is ARH(1),

PMt�2ðXtÞ ¼ PMt�2ðlðXt�1Þ þ "tÞ ¼ PMt�2 ½lðXt�1Þ�;

on the other hand

PMt�2ðXt�1Þ ¼ PXt�2ðXt�1Þ ¼ lðXt�2Þ;

then

PMt�2ðXtÞ ¼ l2ðXt�2Þ;

and the same reasoning as above shows that

PfXt�2;Xrk
;...;Xr1

gðXtÞ ¼ PXt�2ðXtÞ;

k � 1, r1 < � � � < rk < t � 2.

Finally an easy induction gives (10.27) for every s < t.

(c) If ðXnÞ is standard, one has

Xn ¼ "n þ rð"n�1Þ þ � � � þ rm�1ð"n�mþ1Þ þ rmðXn�mÞ; m � 1:

It follows that

PMn�mðXnÞ ¼ rmðXn�mÞ ¼ PXn�mðXnÞ;

and

PfXr1
;...;Xrk

;Xsg ¼ rt�sðXsÞ; r1 < � � � < rk < s < t: &

The next proposition is useful for estimation and prediction.
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Proposition 10.9
If ðXnÞ is a standard ARH(1), we have

C ¼ rCr� þ C"0 ¼
X1
j¼0

r jC"0r�j

where the series converges in the space N of ?nuclear operators? on H, and

CXn;Xm
¼ rðn�mÞC; m > n;

in particular D ¼ rC where D ¼ CX0;X1
.

PROOF:

Straightforward and therefore omitted. &

We now consider the special case where r is symmetric and compact. This means

that

hrðxÞ; yi ¼ hx; rðyÞi; x; y 2 H

and that there exist ðejÞ, an orthonormal basis of H and jajj & 0 such that

rðxÞ ¼
X1
j¼1

ajhx; ejiej; x 2 H;

or equivalently r ¼
P1

j¼1 ajej � ej.

For convenience we will suppose that ajE ðh"0; eji2Þ 6¼ 0, j � 1. Then we have:

Proposition 10.10
Let ð"nÞ be an H-white noise and r be a symmetric compact operator. Then the

equation

Xn ¼ rðXn�1Þ þ "n; n 2 Z ð10:31Þ

has a stationary solution with innovation ð"nÞ if and only if

k r kL < 1: ð10:32Þ

PROOF:

We have k r j kL ¼k r kjL ¼ ja1jj, j � 1 thus, ðc0Þ is satisfied iff (10.32) holds.

Now, if k r kL < 1, Proposition 10.4 entails existence of a unique stationary

solution of (10.31) with innovation ð"nÞ.
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Conversely, if ðXnÞ is a stationary solution of (10.31) with innovation ð"nÞ, it
follows that

E ðhXn; e1i2Þ ¼ a2
1E ðhXn�1; e1i2Þ þ Eðh"n; e1i2Þ;

thus

ð1� a2
1ÞEðhXn; e1i2Þ ¼ Eðh"n; e1i2Þ > 0;

therefore

k r kL ¼ ja1j < 1:
&

The next statement shows that, if ðXnÞ is associated with a symmetric compact

operator, it may be interpreted as a sequence of real autoregressive processes.

Proposition 10.11
If r ¼

P1
1 ajej � ej is symmetric compact, then ðXnÞ is an ARH(1) associated with

ðr; ð"nÞÞ, iff ðhXn; eji; n 2 ZÞ is an AR(1) associated with ðaj; ðh"n; ejiÞÞ for each
j � 1.

PROOF:

If ðXnÞ is ARH(1) the result follows from Proposition 10.6 applied to v ¼ ej , j � 1.

Conversely, if hXn; eji ¼ ajhXn�1; eji þ h"n; eji, n 2 Z where jajj < 1 and

E ðh"n; eji2Þ > 0, we may write

hXn; xi ¼
X1
j¼1

hXn; ejihx; eji

¼
X1
j¼1

ajhXn�1; ejihx; eji þ
X1
j¼1

h"n; ejihx; eji

¼ hrðXn�1Þ; xi þ h"n; xi; x 2 H; n 2 Z

thus Xn ¼ rðXn�1Þ þ "n, n 2 Z with k r kL ¼ ja1j < 1, hence

Xn ¼
X1
j¼0

r jð"n�jÞ;

which shows that ð"nÞ is the innovation of ðXnÞ. &
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Example 10.7
Let ðXn; j; n 2 ZÞ be a countable family of independent AR(1) processes defined

by

Xn; j ¼ ajXn�1; j þ "n; j; n 2 Z; j � 1;

where jajj < 1, j � 1, jajj # 0 as j " 1 and

E ð"2n; jÞ ¼ s2
j > 0 with

X1
j¼1

s2
j < 1:

Owing to the relations

E
X1
j¼1

X2
n;j

 !
¼
X1
j¼1

E
X1
k¼0

ak
j "n�k; j

 !2

¼
X1
j¼1

s2
j

1� a2
j

<
1

1� ja1j2
X1
j¼1

s2
j < 1

we may claim that Xn ¼ ðXn; j; j � 1Þ, n 2 Z defines a sequence of ‘2-valued
random variables. Moreover, Proposition 10.11 yields

Xn ¼ rðXn�1Þ þ "n; n 2 Z

where ð"nÞ is the ‘2-white noise defined as "n ¼ ð"n; j; j � 1Þ, n 2 Z and r the

symmetric compact operator on ‘2 given by

r ¼
X1
j¼1

ajej � ej

where ðejÞ is the standard orthonormal basis of ‘2:

e1 ¼ ð1; 0; 0; . . .Þ; e2 ¼ ð0; 1; 0; . . .Þ; . . .
^

10.6 Autoregressive processes in Banach spaces

Let B be a separable Banach space, with its norm k � k and its topological dual

space B�. The natural uniform norm on B� is defined as

k x� kB�¼ sup
kxk�1

jx�ðxÞj; x� 2 B�:
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We again denote by L the space of bounded linear operators from B to B, equipped

with its classical norm k � kL.
A strong white noise on B (SBWN) is a sequence " ¼ ð"n; n 2 ZÞ of i.i.d.

B-valued random variables such that 0 < E k "n k2< 1 and E "n ¼ 0.

Example 10.8
Take B ¼ C½0; 1�, consider a bilateral Wiener process W and set

"ð’Þn ðtÞ ¼
Z nþt

n

’ðnþ t � sÞ dWðsÞ; 0 � t � 1; n 2 Z

where ’ is a square integrable real function on [0,1] with
R 1
0
’2ðuÞdu > 0.

Then a continuous version of ð"ð’Þn Þ defines an SBWN. This is an easy

consequence of the fact that W has stationary independent increments. ^

We now define ARB processes.

Definition 10.3
Let X ¼ ðXn; n 2 ZÞ be a strictly stationary sequence of B-random variables such

that

Xn ¼ rðXn�1Þ þ "n; n 2 Z ð10:33Þ

where r 2 L and " ¼ ð"nÞ is an SBWN.

Then ðXnÞ is said to be a (strong) autoregressive process of order 1 in B (ARB(1))

associated with ðr; "Þ.
The next statement deals with existence and uniqueness of X.

Proposition 10.12
If r satisfies ðc0Þ, (10.33) has a unique strictly stationary solution given by

Xn ¼
X1
j¼0

r jð"n�jÞ; n 2 Z

where the series converges in L2BðV;A;PÞ and with probability one.

PROOF:

Similar to the proof of Proposition 10.4 and therefore omitted. &
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The following properties of a standard ARB(1) (i.e. an ARB(1) with r satisfying

ðc0ÞÞ are easy to derive:

(a) Define the covariance operator of X0 by putting

Cðx�Þ ¼ Eðx�ðX0ÞX0Þ; x� 2 B�;

and the cross-covariance operator of ðX0;X1Þ by

Dðx�Þ ¼ E ðx�ðX0ÞX1Þ; x� 2 B�;

then D ¼ rC.

(b) Let Bn ¼ sðXi; i � nÞ ¼ sð"i; i � nÞ then the conditional expectation

given Bn�1 is EBn�1ðXnÞ ¼ rðXn�1Þ, so "n ¼ Xn � EBn�1ðXnÞ, n 2 Z and

ð"nÞ may be called the innovation process of ðXnÞ.

(c) If there exists v� 2 B� and a 2 � � 1;þ1½ such that

r�ðv�Þ ¼ av� ð10:34Þ

then ðv�ðXnÞ; n 2 ZÞ is an AR(1), possibly degenerate.

Example 10.9 (Ornstein–Uhlenbeck process)

We consider again Example 10.5, but in a Banach space context. Taking

B ¼ Cð½0; h�Þ ðh > 0Þ, one may set

XnðtÞ ¼ jnhþt; 0 � t � h; n 2 Z;

and

"nðtÞ ¼
Z nhþt

nh

e�uðnhþt�sÞdWðsÞ; t 2 ½0; h�; n 2 Z;

where t 7! "nðtÞ is a continuous version of the stochastic integral.

Now, consider the operator ru : B ! B defined by

ruðxÞðtÞ ¼ e�utxðhÞ; 0 � t � h; x 2 Cð½0; h�Þ;

then k ru kL ¼ 1 and, more generally

k r
j
u kL ¼ e�uðj�1Þh; j � 1:

256 FUNCTIONAL LINEAR PROCESSES



Then, ðXnÞ is an ARB(1) process such that

Xn ¼ ruðXn�1Þ þ "n; n 2 Z;

therefore

EBn�1ðXnÞðtÞ ¼ e�utXn�1ðhÞ ¼ e�utjnh;

0 � t � k.

Observe that the adjoint r�u of ru is given by

r�uðmÞðxÞ ¼ xðhÞ
Z h

0

e�utdmðtÞ; m 2 B�; x 2 Cð½0; h�Þ;

(recall that B� is the space of bounded signed measure over ½0; h�Þ.
Then, the Dirac measure dðhÞ is the one and only eigenvector of r�u and the

corresponding eigenvalue is e�uh.

From property (c), it follows that ðXnðhÞ; n 2 ZÞ is an AR(1) process such that

XnðhÞ ¼ e�uhXn�1ðhÞ þ
Z ðnþ1Þh

nh

e�uððnþ1Þh�sÞdWðsÞ; n 2 Z: ^

Example 10.10 (CAR processes)

Consider the following stochastic differential equation of order k � 2:

Xk
j¼0

ajdj
ðjÞðtÞ ¼ dWt ð10:35Þ

where a0; . . . ; ak are real ðak 6¼ 0Þ and W is a bilateral Wiener process.

In (10.35), differentiation up to order k � 1 is ordinary, whereas the order k

derivative is taken in �Ito� sense.

Suppose that the roots �r1; . . . ;�rk of the polynomial equation
Pk

j¼0 ajr
j ¼ 0

are real and such that �rk < � � � < �r1 < 0.

Then it can be established that the only stationary solution of (10.34) is the

Gaussian process

jt ¼
Z þ1

�1
gðt � sÞ dWðsÞ; t 2 R;

where g is a Green function associated with (10.35), that is gðtÞ ¼ 0 for t < 0 and,

for t � 0, g is the unique solution of the problem

Xk
j¼0

ajx
ðjÞðtÞ ¼ 0; xð0Þ ¼ � � � ¼ xðk�2Þð0Þ ¼ 0; xðk�1Þð0Þ ¼ a�1

k :
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By choosing a version of ðjtÞ such that every sample path possesses k � 1

continuous derivatives, one may define a sequence ðXnÞ of random variables with

values in B ¼ Ck�1ð½0; h�Þ, that is, the space of real functions on ½0; h� with k � 1

continuous derivatives, equipped with the norm

k x kk�1¼
Xk�1

j¼0

sup
0�t�h

jxðjÞðtÞj:

This space is complete, and each element y� of B� is uniquely representable

under the form

y�ðxÞ ¼
Xk�2

j¼0

ajx
ðjÞð0Þ þ

Z h

0

xðk�1ÞðtÞ dmðtÞ;

when a0; . . . ;ak�2 2 R and m is a bounded signed measure on ½0; h� (see, for

example Dunford and Schwartz 1958).

Now, noting that

E ðjnhþtjjs; s � nhÞ ¼
Xk�1

j¼0

jðjÞðnhÞ’jðtÞ;

0 � t � h, n 2 Z, where ’j is the unique solution of
Pk

j¼0 ajx
ðjÞðtÞ ¼ 0 satisfying

the conditions ’
ð‘Þ
j ð0Þ ¼ dj‘; ‘ ¼ 0; . . . ; k � 1 we are led to define r by

rðxÞðtÞ ¼
Xk�1

j¼0

xðjÞðhÞ’jðtÞ; 0 � t � h; x 2 B;

and ðXnð�Þ ¼ jnhþ�; n 2 ZÞ becomes an ARB(1). Since the only eigenelements

of r are the functions t 7! e�rit associated with the eigenvalues e�rih, 1 � i � k,

we have

k r j kL¼ Oðe�r1ðj�1ÞhÞ; j � 1:

Concerning innovation, it is defined as

"nðtÞ ¼
Z nhþt

nh

gðnhþ t � uÞ dWðuÞ; 0 � t � h; n 2 Z:

Finally, it is noteworthy that ðjtÞ is not Markovian while ðXnÞ is a Markov

process. ^
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Notes

The idea of representation (10.1) and the associated modelling by autoregressive

processes appears in Bosq (1991).

Linearly closed subspaces and dominance come from Fortet (1995). Our

definition of dominance is slightly different from the original one.

Content of Sections 10.2, 10.3 and 10.4 is taken from Bosq (2007). Properties of

autoregressive processes in Banach and Hilbert spaces are studied in Bosq (2000).

The ARH(1) and MAH(1) models are rich enough to explain many time-

dependent random experiments: we refer e.g. to works of Antoniadis and Sapatinas

(2003); Bernard (1997); Besse and Cardot (1996); Besse et al. (2000); Cavallini

et al. (1994); Marion and Pumo (2004) among others. Other results and applications

appear in Ferraty and Vieu (2006). However more sophisticated models appear as

useful in various situations. We now briefly indicate some of them.

Mourid (1995) has developed the theory of standard ARHðpÞ processes, and

Merlevéde (1996) has studied standard linear processes.

Marion and Pumo (2004) have introduced the ARHD process for modelling

processes with regular sample paths. Further study of this model appears in Mas

and Pumo (2007).

Damon and Guillas (2005) have studied ARH with exogenous variables.
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11

Estimation and prediction of
functional linear processes

11.1 Introduction

Prediction for FLP contains various stages. First, in general, these processes are not

centred, then it is necessary to estimate the mean of Xn. For this purpose we study

asymptotic behaviour of the empirical mean. We shall see that classical limit

theorems hold.

The second step is estimation of autocovariance operators by the correspond-

ing empirical operators. Using representation of these empirical operators by

empirical mean of FLP with values in spaces of operators, one derives asymptotic

results.

Finally, the best linear predictor depends on the autocovariance operators. This

dependance is rather delicate to handle due to the role of the inverse of the

covariance operator which is not bounded in general. A possible solution consists

of projecting the problem over a finite-dimensional space that varies with size of

data. Then, under some regularity conditions, one may construct a statistical

predictor which converges at a good rate. Applications show that this rate is not

only a theoretical one. Proofs are not detailed, or are omitted, since most of them

are rather technical. For complete proofs and further results we refer to Bosq

(2000).

Inference and Prediction in Large Dimensions          D. Bosq and D. Blanke 
© 2007 John Wiley & Sons, Ltd.  ISBN: 978-0-470-01761-6



11.2 Estimation of the mean of a functional
linear process

Consider a standard linear Hilbertian process (SLHP) defined as

Xn ¼ m þ "n þ
X1
j¼1

‘jð"n�jÞ; n 2 Z ð11:1Þ

where m 2 H,
P

j�1 k ‘j kL< 1 and " ¼ ð"nÞ is a H-white noise. For convenience

we suppose that " is strong, but some results below remain valid for a weak white

noise. Clearly the series in (11.1) converges in L2
H and almost surely.

One says that X ¼ ðXn; n 2 ZÞ is invertible if there exists ð�j; j � 1Þ � L such

that
P

j�1 k �j kL< 1 and

Xn � m ¼
X
j�1

�jðXn�j � mÞ þ "n; n 2 Z:

Now, given the data X1; . . . ;Xn, a natural estimator of m ¼ EXn is the empirical

mean

�Xn ¼ Sn

n
¼ X1 þ � � � þ Xn

n
:

The next statement summarizes its principal asymptotic properties.

Theorem 11.1
Let X ¼ ðXn; n 2 ZÞ be an invertible SLHP.

(1) One has

nE k �Xn � m k2!
X
k2Z

EðhX0 � m;Xk � miÞ; ð11:2Þ

�Xn ! m a:s:;

and

ffiffiffi
n

p
ð�Xn � mÞ!D N ð11:3Þ

where N is a zero-mean Gaussian random variable and D denotes

convergence in distribution in H.

(2) Moreover, if Eðexp � k X0 kÞ < 1 ð� > 0Þ, then

Pðk �Xn � m k� �Þ � 4 exp � n�2

�þ ��

� �
; � > 0 ð11:4Þ
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where � > 0 and � > 0 only depend on PX, and

k Xn � m k¼ O ln ln n

n

� �1=2
 !

a:s: ð11:5Þ

PROOF: (Sketch)

First, one may establish that the sequence ðXn;Xn�1; . . .Þ, n 2 Z of H1-valued

random variables is an ARH1 (1) provided H1 is equipped with a suitable

Hilbertian norm. Moreover one may take m ¼ 0 without loss of generality. Then,

it suffices to prove Theorem 11.1 for a standard ARH(1):

Xn ¼ �ðXn�1Þ þ "n; n 2 Z ð11:6Þ

where k �j0 kL< 1 for some j0 � 1, and ð"nÞ is a strong white noise.

Now, (11.6) and an easy induction give

jEhX0;Xkij �k �k kL E k X0 k2; k � 0;

hence (11.2) by a direct calculation of limn!1 n � E k Xn k2.
Concerning pointwise convergence one may use a Hilbertian variant of a Doob

lemma (see Bosq 2000, Corollary 2.3).

Next, the central limit theorem comes from the decompositionffiffiffi
n

p
Xn ¼ ðI � �Þ�1 ffiffiffi

n
p

�"n þ
ffiffiffi
n

p
�n: ð11:7Þ

On one hand
ffiffiffi
n

p
�n !

p
0, on the other hand, the central limit theorem for H-valued

i.i.d. random variables yields

ffiffiffi
n

p
�"n !

D
N;

hence (11.3) by using a common property of $weak convergence$.

Now the exponential type inequality (11.4) is a consequence of (11.7) and

Pinelis–Sakhanenko inequality (see Lemma 4.2, p.106).

Finally, a classical method allows us to establish an exponential inequality for

max1�i�n k Si k and (11.5) follows. &

Notice that (11.5) is also a consequence of the law of the iterated logarithm for

ARH(1) processes (cf. Bosq 2000).

11.3 Estimation of autocovariance operators

Let X ¼ ðXn; n 2 ZÞ be a centred SLHP. The best linear predictor of Xnþh, given

Xn;Xn�1; . . . depends on the sequence of autocovariance operators defined as

Ck ¼ CX0;Xk
; k � 0:

Estimation of these operators is then crucial for constructing statistical predictors.

ESTIMATION OF AUTOCOVARIANCE OPERATORS 263



Since the estimators of Ck are S-valued, where S is the space of Hilbert–

Schmidt operators on H, we begin with some facts concerning S.

11.3.1 The space S
An element s of L is said to be a Hilbert–Schmidt operator if it admits a

decomposition of the form

sðxÞ ¼
X1
j¼1

�jhx; ejifj; x 2 H ð11:8Þ

where ðejÞ and ðfjÞ are orthonormal bases of H and ð�jÞ is a real sequence such thatP1
j¼1 �

2
j < 1. We may and do suppose that j�1j � j�2j � � � �.

Now the space S of Hilbert–Schmidt operators becomes a Hilbert space if it is

equipped with the scalar product

hs1; s2iS ¼
X

1�i;j<1
hs1ðgiÞ; hjihs2ðgiÞ; hji; s1; s2 2 S

where ðgiÞ and ðhjÞ are orthonormal bases of H. This scalar product does not

depend on the choice of these orthonormal bases. Thus, we have

k s kS ¼
X1
j¼1

�2
j

 !1=2

where ð�jÞ appears in (11.8), and k s kS�k s kL.
In particular, note that if s 2 S is symmetric, (11.8) becomes

sðxÞ ¼
X1
j¼1

�jhx; ejiej; x 2 H;

therefore sðejÞ ¼ �jej, j � 1; that is to say that ð�j; ejÞ, j � 1 are the eigenelements

of s.

Finally ‘ 2 L, s 2 S ) ‘ � s 2 S and s � ‘ 2 S.
Cross-covariance operators are elements of S and covariance operators are

symmetric elements of S. Finally if a linear operator in H has a finite-dimensional

range, it is in S.

11.3.2 Estimation of C0

A natural estimator of C0 is the empirical covariance operator

C0;nðxÞ ¼
1

n

Xn

i¼1

hXi; xiXi; x 2 H

Note that C0;n is an S-valued random variable.
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In order to study C0;n we introduce some notation and assumptions: a � b will

denote the application x 7!ha; xib; x 2 H ða; b 2 HÞ, k � kðSÞL denotes the usual

uniform norm on the bounded linear operators over S. Finally we only consider

the case where X is an ARH(1) by making the following assumption:

Assumptions 11.1 (A11.1)
X ¼ ðXn; n 2 ZÞ is an ARH(1)

Xn ¼ �ðXn�1Þ þ "n; n 2 Z;

such that � satisfies ðc0Þ (see Chapter 10, p. 244), ð"nÞ is a strong white noise and

E k X0 k4< 1.

Now we set Zn ¼ Xn � Xn � C0; n 2 Z. The next lemma shows that ðZnÞ has an
ARS autoregressive representation.

Lemma 11.1
If A11.1 holds, the S-process ðZnÞ is an ARSð1Þ:

Zn ¼ RðZn�1Þ þ En; n 2 Z ð11:9Þ

where R is the linear bounded operator on S defined by

RðsÞ ¼ �s��; s 2 S ð11:10Þ

and ðEnÞ is an S-white noise and is the innovation of ðZnÞ.
Moreover, R is such that

k Rj kðSÞL �k �j k2L; j � 1; ð11:11Þ

and En 2 L2
Sð�;Bn;PÞ, where Bn ¼ �ðXj; j � nÞ, and

EBn�1ðEnÞ ¼ 0; n 2 Z ð11:12Þ

i.e. ðEnÞ is a martingale difference.

PROOF: (Sketch)

From the basic relation Xn ¼ �ðXn�1Þ þ "n, it follows that

Zn ¼ ð�ðXn�1Þ þ "nÞ � ð�ðXn�1Þ þ "nÞ � C0;

then, noting that C"0 ¼ C0 � �C0�
�, one obtains (11.9), with R given by (11.10)

and

En ¼ ðXn�1 � "nÞ�� þ �ð"n � Xn�1Þ þ ð"n � "n � C"Þ:
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Now, boundedness of R follows from

k RðsÞ kS¼k �s�� kS�k � k2Lk s kS

and an easy induction entails RjðsÞ ¼ �js��j, s 2 S, j � 1, hence

k Rj kðSÞL �k �j k2L; j � 1;

thus, R satisfies ðc0Þ.
Finally, since �ð"j; j � nÞ ¼ �ðXj; j � nÞ it is easy to verify that ðEnÞ is a

martingale difference with respect to ðBnÞ. Then, it is a white noise, and Proposition
10.4 shows that ðEnÞ is the innovation of ðZnÞ: &

In the particular case where H ¼ R, Lemma l1.1 means that ðX2
n � EX2

nÞ is an

AR(1) process.

Note that regularity properties of � induce similar properties of R. For example,

if � is a symmetric compact operator with spectral decomposition

� ¼
X
j�1

�jej � ej;

then R is symmetric compact on S with decomposition

R ¼
X

i;j

�i�jsij � sij

where sij ¼ ei � ej.

Now, the representation Lemma 11.1 allows us to derive asymptotic results

concerning

Zn ¼ C0;n � C0;

we cannot directly apply Theorem 11.1 since ðEnÞ is not a strong white noise but

almost similar properties can be obtained:

Theorem 11.2

(1) If A11.1 holds then

nE k C0;n � C0 k2S!
X
j2Z

EhZ0; ZjiS; ð11:13Þ

k C0;n � C0 kS ! 0 a:s:; ð11:14Þ
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and

ffiffiffi
n

p
ðC0;n � C0Þ!

D
N1

where N1 is an S-valued centred Gaussian random operator and D is

convergence in distribution on S.

(2) If in addition k X0 k is bounded, then

Pðk C0;n � C0 kS� �Þ � 4 exp � n�2

�1 þ �1�

� �
; � > 0

where �1 > 0 and �1 > 0 only depends on PX, and

k C0;n � C0 kS¼ O ln ln n

n

� �1=2
 !

a:s: ð11:15Þ

PROOF:

Similar to the proof of Theorem 11.1. In particular one applies the central limit

theorem for H-martingales and the Pinelis–Sakhanenko exponential inequality

(1985) for bounded ?martingales?. &

From Chapter 3, Example 3.4, it is known that the best ‘linear’ rate for estimating

C0 is n�1; (11.13) shows that C0;n reaches this rate.

11.3.3 Estimation of the eigenelements of C0

Since C0 is a symmetric Hilbert–Schmidt operator it can be written under the form

C0 ¼
X1
j¼1

ljvj � vj; ðl1 � l2 � � � � 0Þ ð11:16Þ

where ðvjÞ is an orthonormal basis of H and lj ¼ EðhX0; vji2Þ, j � 1, therefore

X1
j¼1

lj ¼ E k X0 k2< 1:

The empirical eigenelements are defined by the relations

C0;nðvjnÞ ¼ ljnvjn; j � 1 ð11:17Þ
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with l1n � l2n � � � � � lnn � 0 ¼ lnþ1;n ¼ lnþ2;n ¼ � � �, and where ðvjnÞ is a ran-

dom orthonormal basis of H.

Consistency and rates for ljn are directly derived from the following crucial

lemma which is an application of a lemma concerning ?symmetric operators?.

Lemma 11.2

sup
j�1

jljn � ljj �k C0;n � C kL :

Now the asymptotic behaviour of supj�1 jljn � ljj is an obvious consequence of

(11.10)–(11.11) and (11.13)–(11.14); statements are left to the reader.

Concerning eigenvectors the situation is a little more intricate. First, identifia-

bility of vj is not ensured since, for example, �vj is also an eigenvector associated

with lj. Actually the unknown parameter is the subspace Vj associated with lj.

If dimVj ¼ 1, we set v0jn ¼ sgnhvjn;vjivj, j � 1 where sgn u ¼ 1u�0 � 1u<0, u 2 R.

Then, we have the following inequalities.

Lemma 11.3
If l1 > l2 > � � � > lj > � � � > 0, then

k vjn � v0jn k� aj k C0;n � C0 kL; j � 1;

where

a1 ¼ 2
ffiffiffi
2

p
ðl1 � l2Þ�1

aj ¼ 2
ffiffiffi
2

p
max½ðlj�1 � ljÞ�1; ðlj � ljþ1Þ�1	; j � 2:

(
ð11:18Þ

Again, the asymptotic behaviour of k vjn � v0jn k is then an obvious consequence of

(11.10)–(11.11), (11.12), (11.14) and statements are left to the reader.

Now, if dim Vj > 1 the same rates may be obtained for k vjn � �VjðvjnÞ k.
Finally Mas (2002) has established asymptotic normality for

ffiffiffi
n

p
ðljn � ljÞ andffiffiffi

n
p

ðvjn � v0jnÞ.

11.3.4 Estimation of cross-autocovariance operators

The natural estimator of Ck ðk � 1Þ is

Ck;n ¼ 1

n � k

Xn�k

i¼1

Xi � Xiþk; n > k:

The study of Ck;n is based on the following extension of Lemma 11.1.
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Lemma 11.4
If A11.1 holds, the S-valued process Z

ðkÞ
n ¼ Xn�k � Xn � Ck, n 2 Z, admits the

pseudo-autoregressive representation

ZðkÞ
n ¼ RðZðkÞ

n�1Þ þ EðkÞ
n ; n 2 Z

where RðsÞ ¼ �s�� and E
ðkÞ
n 2 L2

Sð�;Bn;PÞ is such that

EBjðEðkÞ
i Þ ¼ 0; i; j 2 Z; j � i � k � 1: ð11:19Þ

Relation (11.19) means that ðEðkÞ
n ; n 2 ZÞ is ‘almost’ a martingale difference.

Actually, the subsequences ðEðkÞ
jðkþ1Þþh

; j 2 ZÞ, 0 � h � k are martingale differences.

Asymptotic behaviour of Ck;n � Ck follows from Lemma 11.4:

Theorem 11.3
If A11.1 holds, we have

nE k Ck;n � Ck kS!
Xþ1

‘¼�1
EhZðkÞ

0 ; Z
ðkÞ
‘ iS

k Ck;n � Ck kS! 0 a:s:

If, in addition, k X0 k is bounded, then

Pðk Ck;n � Ck kS> �Þ � 8 exp � n�2

� þ ��

� �
; � > 0

where � > 0 and � > 0 only depend on PX, and

k Ck;n � Ck kS¼ O ln ln n

n

� �1=2
 !

a:s: ð11:20Þ

11.4 Prediction of autoregressive Hilbertian processes

Suppose that the process X satisfies Assumptions A11.1. Then the best probabilistic

predictor of Xnþ1 given Xn;Xn�1; . . . is

X�
nþ1 ¼ EBnðXnþ1Þ ¼ �MnðXnþ1Þ ¼ �ðXnÞ;

thus prediction of Xnþ1 may be performed by estimating �. Now, from (11.6) it

follows that C1 ¼ �C0. A priori this relation suggests the following estimation

method:

if C0 is invertible one writes

� ¼ C1C�1
0
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and, if C0;n is invertible, one sets

�n ¼ C1;nC�1
0;n:

This program may succeed in a finite-dimensional framework, but it completely

fails in an infinite-dimensional context since, in that case, C�1
0 and C�1

0;n are not

defined on the whole space H.

In fact, if lj > 0 for all j, one has

C0ðHÞ ¼ y : y 2 H;
X1
j¼1

hy; vji2l�2
j < 1

( )
;

thus C0ðHÞ is strictly included in H; concerning C0;nðHÞ, since it is included in

spðX1; . . . ;XnÞ, we have dim C0;nðHÞ � n.

A solution consists in projection on a suitable finite-dimensional subspace.

Given a dimension, say k, it is well known that the subspace which furnishes the

best information is spðv1; . . . ; vkÞ where the vj’s are defined in (11.16) (see

Grenander 1981).

This remark leads to the choice of the subspace

Hkn
¼ spðv1n; . . . ; vknnÞ

where ðknÞ is such that kn ! 1 and kn=n ! 0, and where the vjn’s are defined in

(11.17).

Now, let �kn be the orthogonal projector of the random subspace Hkn
. Set

~C0;n ¼ �kn C0;n ¼
Xkn

j¼1

ljnvjn � vjn;

and, if lkn;n > 0,

~C�1
0;n ¼

Xkn

j¼1

l�1
jn vjn � vjn:

Note that ~C�1
0;n is the inverse of ~C0;n only on Hkn

but it is defined on the whole

space H.

Then, the estimator of � is defined as ~�n ¼ �kn C1;n
~C�1
0;n . Consistency of ~�n is

described in the next statement.

Theorem 11.4

(1) Under A11.1 and the following assumptions


 l1 > l2 > � � � > lj > � � � > 0
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 lkn;n > 0 a.s., n � 1


 � is a Hilbert–Schmidt operator




l�1
kn

Xkn

j¼1

aj ¼ Oðn1=4ðln nÞ��Þ; � >
1

2
ð11:21Þ

where ðajÞ is defined in Lemma 11.3, we have

k ~�n � � kL! 0 a:s:

(2) If, in addition, k X0 k is bounded, then

Pðk ~�n � � kL� �Þ � c1ð�Þ exp �c2ð�Þnl2kn

Xkn

1

aj

 !�2
0
@

1
A ð11:22Þ

� > 0, n � �1, where c1ð�Þ and c2ð�Þ are positive constants.

Example 11.1
If lj ¼ arj, j � 1 ða > 0; 0 < r < 1Þ, kn ¼ oðln nÞ yields (11.21). If kn ’ ln ln n the

bound in (11.22) takes the form

Pðk ~�n � � kL� �Þ � c1ð�Þ exp �c02ð�Þ
n

ðln nÞ4

 !
: ^

Example 11.2
If lj ¼ aj�� , j � 1 ða > 0; � > 1Þ and kn ’ ln n, (11.22) becomes

Pðk ~�n � � kL� �Þ � c1ð�Þ exp �c002ð�Þ
n

ðln nÞ4ð1þ�Þ

 !
: ^

Assumption of boundedness for k X0 k can be replaced by existence of some

exponential moment provided X is geometrically strongly mixing (see Bosq 2000).

Prediction

To ~�n one associates the statistical predictor ~Xn ¼ ~�nðXnÞ; the next corollary is an

easy consequence of Theorem 11.4.

Corollary 11.1

(1) Under the assumptions in Theorem 11.4 we have
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k ~Xnþ1 � X�
nþ1 k !p 0:

(2) If, in addition, k X0 k is bounded, then

P k ~Xnþ1 � X�
nþ1 k� �

� �
� c1ðM�1�Þ exp �c2ðM�1�Þnl2kn

Xkn

1

aj

 !�2
0
@

1
A

where M ¼k X0 k1.

11.5 Estimation and prediction of ARC processes

In a general Banach space it is possible to obtain asymptotic results concerning the

empirical mean and empirical autocovariance operators but sharp rates are not

available.

In the important case of C ¼ C½0; 1	 special results appear provided the

following regularity conditions hold: X is a (strong) ARC(1) process (see Definition

10.3, p. 255) such that

ðL�Þ jXnðtÞ � XnðsÞj � Mnjt � sj�; s; t 2 ½0; 1	; n 2 Z

where � 2	0; 1	 and Mn 2 L2ð�;A;PÞ.
Then, one may evaluate the level of information associated with observations of

X at discrete instants and obtain rates of convergence.

Set

Mn ¼ sup
s6¼t

jXnðtÞ � XnðsÞj
jt � sj� :

Owing to strict stationarity of X, PMn
¼ PM0

and one puts EM2
n ¼ V , n 2 Z.

Theorem 11.5
Let X ¼ ðXn; n 2 ZÞ be an ARC(1) with mean m and innovation " ¼ ð"n; n 2 ZÞ.

(1) If X satisfies ðL�Þ, then

Eð sup
0�t�1

jXnðtÞ � mðtÞjÞ2 ¼ O n� 2�
2�þ1

� �
: ð11:23Þ

(2) if, in addition Eðexp � sup0�t�1 jX0ðtÞjÞ < 1 for some � > 0, and M0 is

bounded, then, for all � > 0 there exist að�Þ > 0 and bð�Þ > 0 such that

P

�
sup
0�t�1

jXnðtÞ � mðtÞj � �

�
� að�Þ exp

�
� nbð�Þ

�
: ð11:24Þ
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(3) If " satisfies ðL1Þ, then ffiffiffi
n

p �
Xn � m

�
!D N

where N is a Gaussian zero-mean C-valued random variable, and D is

convergence in distribution on C.

PROOF:

We may and do suppose that m ¼ 0.

(1)For each x� 2 C� we have

x�ðXkÞ ¼
Xk�1

j¼0

x��jð"k�jÞ þ x��kðX0Þ; k � 1;

hence

Eðx�ðX0Þx�ðXkÞÞ ¼ Eðx�ðX0Þx��kðX0ÞÞ;

then

jEðx�ðX0Þx�ðXkÞÞj �k �k kLk x� k2� E k X0 k2 ð11:25Þ

where k � k� is the usual norm in C�. Then, (11.25) and stationarity of X yield

Ejx�ðX1Þ þ � � � þ x�ðXnÞj2 � 2n k x� k2�
Xn�1

j¼0

k �j kL E k X0 k2

� n � rx�

where rx� ¼ 2 k x� k2
P1

j¼0 k �j kL �E k X0 k2.
Choosing x� ¼ �ðtÞ ð0 � t � 1Þ one obtains

EjXnðtÞj2 �
r�ðtÞ

n
�

2
P1

j¼0 k �j kL E k X0 k2

n
¼ r

n
: ð11:26Þ

Now, set tj ¼ j=�n, 1 � j � �n; from ðL�Þ we get

jXnðtÞ � XnðtjÞj �
1

n

Xn

i¼1

Mi

 !
���

n ;

ð j � 1Þ=�n � t � j=�n; i ¼ 1; . . . ; �n. Therefore

sup
0�t�1

XnðtÞ
�� ��� sup

1�j��n

jXnðtjÞj
�����

����� � Mn�
��
n

ESTIMATION AND PREDICTION OF ARC PROCESSES 273



which gives

E k Xn k2 � E sup
1�j��n

jXnðtjÞj
 !2

þ2Eð �M2
nÞ��2�

n

� 2
X�n

j¼1

EjXnðtjÞj2 þ 2E
1

n

Xn

1

M2
i

 !
��2�

n ;

from (11.26) it follows that

E k Xn k2� 2r�n

n
þ 2V��2�

n ;

and the choice �n ’ n1=ð2�þ1Þ gives (11.23).
(2)Consider the decomposition

Xn ¼ 1

n
½"n þ ðI þ �Þð"n�1Þ þ � � � þ ðI þ �þ � � � þ �n�1Þð"1Þ

þ ð�þ � � � þ �nÞðX0Þ	;

n � 1, which shows that n Xn is the sum of ðn þ 1Þ independent B-valued random

variables: Yn; Yn�1; . . . ;Y0.

Then, if Eðexp � k �0 kÞ < 1, since k "1 k�k X1 k þ k � kLk X0 k it follows

that Eðexp �0 k "1 kÞ < 1 where �0 ¼ ð�=2Þðmaxð1; k � kLÞÞ�1
, hence Eðexp �00

k Yj kÞ < 1 where �00 ¼ �0=r0 with r0 ¼
P1

j¼0 k �j kL.
Now, it can be shown that Eðexp �00 k Yj kÞ < 1 is equivalent to

Xn

j¼0

E k Yj kk� k!

2
n‘20b

k�2; k � 2; j ¼ 0; . . . ; n; ð‘0 > 0; b > 0Þ;

thus, one may apply the Pinelis–Sakhanenko inequality (see Lemma 4.2, p. 106) to

obtain for � > 0

Pðk Xn k �E k Xn k� �Þ � 2 exp � n�2

2‘0 þ 2b�

� �
:

From (11.23) it follows that, for n large enough,

E k Xn k� E k �Xn k2
� �1=2� �

2

then

k Xn k� � )k Xn k �E k Xn k� �

2
;

hence (11.24).
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(3)From the decomposition �Xn ¼ ðI � �Þ�1�"n þ�n, and the fact that �n !
p
0, it

follows that X satisfies the CLT if and only if " satisfies it. Since " satisfies ðL1Þ
the Jain–Marcus (1975) theorem gives the CLT for " and hence for X. &

11.5.1 Estimation of autocovariance

We now turn to estimation of ðCkÞ. For convenience we suppose that X is centred.

In Cð½0; 1	Þ, C0 is completely determined by the covariance function

c0ðs; tÞ ¼ EðX0ðsÞX0ðtÞÞ; s; t 2 ½0; 1	: ð11:27Þ

This property follows from c0ðs; tÞ ¼ �ðtÞ½C0ð�ðsÞÞ	 and the fact that discrete

distributions are dense in the dual space of C, i.e. the space of bounded signed

measures on ½0; 1	.
Similarly Ck is determined by

ckðs; tÞ ¼ EðX0ðsÞXkðtÞÞ; s; t 2 ½0; 1	:

The next statement summarizes some properties of the empirical covariance

function

c0;nðs; tÞ ¼ 1

n

Xn

i¼1

XiðsÞXiðtÞ; s; t 2 ½0; 1	:

Theorem 11.6
Let X be an ARC(1) that satisfies L�.

(1) If Eðk X0 k2 M2
0Þ < 1, one has

E

Z
½0;1	2

½c0;nðs; tÞ � cðs; tÞ	2ds dt ¼ O n� �
1þ�

� �
:

(2) If X0 and M0 are bounded, then

P

Z
½0;1	2

½c0;nðs; tÞ � cðs; tÞ	2dsdt � �2

 !
� d��2=� exp � n�2

4� þ 2��

� �
;

� > 0:

Similar results may be obtained for ck;n � ck where

ck;nðs; tÞ ¼ 1

n � k

Xn�k

i¼1

XiðsÞXiþkðtÞ:
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11.5.2 Sampled data

A common situation in practice is to dispose of observations of X at discrete

instants. Suppose that data have the form Xiðj��1
n Þ, 1 � j � �n, 1 � i � n and that

ðL�Þ holds. It is then possible to construct good approximations of X1; . . . ;Xn by

interpolating these data. Here we only deal with linear interpolation defined for

each i as

YiðtÞ ¼ Xið��1
n Þ; 0 � t � ��1

n

YiðtÞ ¼ Xiðj��1
n Þ þ ð�nt � jÞ½Xiððj þ 1Þ��1

n Þ � Xiðj��1
n Þ	;

j��1
n � t � ðj þ 1Þ��1

n , 1 � j � �n � 1, then, ðL�Þ yields

k Xi � Yi k1� 2Mi�
��
n ; 1 � i � n

hence

k Xn � Y n k1� 2Mn�
��
n ; ð11:28Þ

thus from Theorem 11.5, if �n ¼ n1=ð2�þ1Þ, (11.23) and (11.28) we get

E k Y n � m k21¼ O n� 2�
2�þ1

� �
:

Similarly (11.24) and (11.27) give

Pðk Y n � m k1� �Þ � a
�

2

� �
exp �nb

�

2

� �� �

provided �n is large enough.

Finally if ð"Þ satisfies ðL1Þ and
ffiffiffi
n

p
���

n ! 0,
ffiffiffi
n

p
ðY n � mÞ and

ffiffiffi
n

p
ðXn � mÞ

have the same limit in distribution.

Concerning the empirical covariance function associated with Y1; . . . ; Yn we

have, in the centred case,

c
ðYÞ
0;n ðs; tÞ ¼ 1

n

Xn

i¼1

YiðsÞYiðtÞ

k c
ðXÞ
0;n � c

ðYÞ
0;n k2�

2

n

Xn

1

k Xi k Mi�
��
n :

If Eðk X0 k2 M2
0Þ < 1 one obtains

E k c
ðXÞ
0;n � c

ðYÞ
0;n k22� 4E

1

n

Xn

1

k Xi k Mi

 !2

��2�
n
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hence E k c
ðYÞ
0;n � c0 k22¼ Oðn��=ð1þ�Þ provided �n ’ n2=ð1þ�Þ.

Finally, if X0 and M0 are bounded,

Pðk cðYÞn � c0 k2� �Þ � a
�

2

� �
exp �nb

�

2

� �� �
; � > 0

for large enough n and provided �n ! 1.

11.5.3 Estimation of q and prediction

In order to simplify estimation of � we suppose here that it is associated with a

continuous bounded kernel rð�; �Þ, that is

�ðxÞðtÞ ¼
Z 1

0

rðs; tÞxðsÞds; x 2 C;

with k � kL< 1.

Clearly, � induces a bounded linear operator �0 on L2 :¼ L2ð½0; 1�;B½0;1�; lÞ
where l is Lebesgue measure, defined by an analogous formula, and such that

k �0 kLðL2Þ< 1 where k � kLðL2Þ denotes norm of linear operators on L2.

We also suppose that Xn is bounded (hence "n is bounded) and that ðL�Þ is

satisfied with Mn bounded.

Now, to X we may associate a standard ARL2(1) process X0 ¼ ðX0
n; n 2 ZÞ,

where

X0
n ¼

X1
j¼1

Z 1

0

XnðsÞejðsÞds
� �

ej; n 2 Z

with ðej; j � 1Þ an orthonormal basis of L2. Then

X0
n ¼ �0ðX0

n�1Þ þ "0n; n 2 Z

where "0n ¼
P1

j¼1

R 1
0
"nðsÞejðsÞds

� �
ej, n 2 Z. Since ð"nÞ is a strong white noise on

C, ð"0nÞ is a strong white noise on L2.

This construction will allow us to use some tools concerning estimation of �0 to
estimate �.

Finally, from the Mercer lemma (see Riesz and Nagy 1955) and the above

considerations it follows that

cðs; tÞ ¼ EðXsXtÞ ¼
X1
j¼1

ljvjðsÞvjðtÞ; 0 � s; t � 1

where ðlj; vj; j � 1Þ are the eigenelements of the covariance operator C of X0. Note
that vj is continuous and therefore bounded.
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Secondly, we may define empirical operators associated with X by setting

C0;n ¼ 1

n

Xn

i¼1

X0
i � X0

i ; and C1;n ¼ 1

n � 1

Xn�1

i¼1

X0
i � X0

iþ1;

observe that C0;n has the continuous kernel

c0;nðs; tÞ ¼ 1

n

Xn

i¼1

XiðsÞXiðtÞ;

which allows it to operate in C as well as in L2. As usual we will denote by ðljn; vjnÞ,
n � 1 its eigenelements.

We are now in a position to define the estimator �n of �; we suppose that

l1 > l2 > � � � > 0 and l1;n > l2;n > � � � > ln;n > 0 a.s. and put

�nðxÞ ¼ ~�kn C1;nC�1
0;n

~�knðxÞ; x 2 C

where ~�knðxÞ ¼
Pkn

j¼1hx; vjnivjn, x 2 C, h�; �i denoting the scalar product on L2, thus
~�kn operates on C but also on L2.

If the above conditions hold, and, in addition, v ¼ supj�1 k vj k1< 1, then

Pðk �n � � kLðCÞ� �Þ � d1ð�Þ exp �d2ð�Þ
nl2knPkn

1 aj

� �2
0
B@

1
CA ð11:29Þ

where d1ð�Þ > 0 and d2ð�Þ > 0 are constants, and ðajÞ is defined by (11.18).

Now one may define the statistical predictor ~Xnþ1 ¼ �nðXnÞ and, if the series in
(11.29) converges for all � > 0 it follows that

~Xnþ1 � X�
nþ1 ! 0 a:s:

where X�
nþ1 ¼ EBnðXnþ1Þ ¼ �ðXnÞ and Bn ¼ �ðXj; j � nÞ.

Notes

Most of the results in this chapter come from Bosq (2000). Results (11.5), (11.15)

and (11.20) appear in Bosq (2002a). Various results in C½0; 1	 have been obtained

by Pumo (1999).

A more complete study is developed in Bosq (2000). Note that the Berry–

Esséen bound indicated in this monograph is incorrect since an additional technical

assumption is needed for it (see Bosq 2003, 2004a). A simple but less sharp Berry–

Esséen bound appears in Dehling and Sharipov (2005).
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Estimation of moving average

Estimation of a standard MAH is somewhat difficult: consider the MAH(1)

Xn ¼ "n þ ‘ð"n�1Þ; n 2 Z

where ‘ 2 L and ð"nÞ is a strong H-white noise. Then ‘ is solution of

‘2C�
1 � ‘C0 þ C1 ¼ 0; ð11:30Þ

which suggests estimation of ‘ from the equation

‘2C�
1;n � ‘C0;n þ C1;n ¼ 0:

However such an equation has no explicit solution.

In the special case where ‘ and C"0 commute one may replace (11.30) with a

system of equations and solve it component by component. The obtained estimator

has good asymptotic properties (cf. Bosq 2004b).

Other methods for predicting an ARH(1)

In this chapter we have studied a prediction method based on a preliminary

estimation of �. Antoniadis and Sapatinas (2003) propose a direct construction of

the predictor. They show how this approach is related to linear ill-posed inverse

problems and use wavelet methods to solve the question. Karguine and Onatski

(2005) claim that projection over spðv1n; . . . ; vknnÞ is optimal for estimation but not

for prediction. So they work on decomposition of � instead of decomposition of C0.

Implementation

Prediction by functional autoregressive processes has been used in various practical

situations, with some variants. We give a list below:


 simulations: Besse and Cardot (1996); Pumo (1992)


 prediction of traffic: Besse and Cardot (1996)


 forecasting climate variations: Antoniadis and Sapatinas (2003); Besse et al.

(2000); Pumo (1992); Valderrama et al. (2002)


 prediction of electrocardiograms: Bernard (1997)


 prediction of eurodollar rates: Karguine and Onatski (2005)


 ozone forecasting: Damon and Guillas (2002).
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Appendix

A.1 Measure and probability

A s-algebra (or s-field) over a nonvoid set V is a family A of subsets of V such

that V 2 A, A 2 A implies Ac 2 A, and if ðAn; n � 1Þ is a sequence of elements of

A, then
S1

n¼1 An 2 A.

Ameasure on themeasurable space ðV;AÞ is a set functionm:A ! �Rþ :¼ ½0; 1�
such that if ðAn; n � 1Þ is a sequence of disjoint elements in A, then

m
[1
n¼1

An

 !
¼
X1
n¼1

mðAnÞ; ðcountable additivityÞ:

A probability is a measure P such that PðVÞ ¼ 1. If P is a probability on ðV;AÞ,
ðV;A;PÞ is said to be a probability space.

Let V be a metric space, the s-field BV ¼ sðOÞ generated by the open sets is

the Borel s-field of V. If V is separable (i.e. if it contains a countable dense set) BV

is also the s-field generated by the open balls. In particular BR is generated by the

open intervals.

The Lebesgue measure l on ðR;BRÞ is characterized by lð�a; b�Þ ¼ b� a;

a; b 2 R, a < b. It is translation invariant.

A measure is s-finite if there exists a sequence ðAnÞ in A such that An � Anþ1,

n � 1,
S

n�1 An ¼ V and mðAnÞ < 1, n � 1.

Let m and n be two measures on ðV;AÞ. m is absolutely continuous with respect

to n ðm � nÞ if nðAÞ ¼ 0 implies mðAÞ ¼ 0, A 2 A. If m � n and n � m, m and n are
said to be equivalent. m and n are said to be orthogonal ðm ? nÞ if there exists

A 2 A such that mðAÞ ¼ 0 and nðAcÞ ¼ 0. If m and n are s-finite and m � n then

there exists f : ðV;AÞ ! ðR;BRÞ positive and measurable such that

mðAÞ ¼
Z
A

fdn; A 2 A ðRadon Nikodym theoremÞ
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f is n-almost everywhere unique. More generally, if m and n are s-finite, there exist

two uniquely determined s-finite measures m1 and m2 such that

m ¼ m1 þ m2; m1 � n; m2 ? n ðLebesgue Nikodym theoremÞ:

Let ðVi;Ai;miÞ, 1 � i � k be spaces equipped with s-finite measures. Their

product is defined as ðV1 � � � � �Vk;A1 	 � � � 	 Ak;m1 	 � � � 	 mkÞ where

A1 	 � � � 	 Ak is the s-field generated by the sets A1 � � � � � Ak;

A1 2 A1; � � � ;Ak 2 Ak and m1 	 � � � 	 mk is the unique measure such that

ðm1 	 � � � 	 mkÞðA1 � � � � � AkÞ ¼
Yk
i¼1

miðAiÞ:

A family ðBi; i 2 IÞ of sub-s-fields of A is (stochastically) independent (noted

E ) if ð8J finite 
 I),

P
\
j2J

Bj

 !
¼
Y
j2J

PðBjÞ; Bj 2 Bj; j 2 J:

A.2 Random variables

An E-valued random variable (r.v.) defined on ðV;A;PÞ is a measurable applica-

tion from ðV;AÞ to ðE;BÞ where B is a s-algebra over E, that is X:V ! E is such

that X�1ðBÞ 2 A for all B 2 B.
The s-algebra generated by X is

sðXÞ ¼ X�1ðBÞ ¼ fX�1ðBÞ; B 2 Bg:

Two r.v.’s X and Y are said to be independent if sðXÞE sðYÞ.
The distribution PX of X is defined by

PXðBÞ ¼ PðX�1ðBÞÞ; B 2 B;

it is a probability on ðE;BÞ.
An r.v. X is said to be real (respectively positive) if ðE;BÞ ¼ ðR;BRÞ

(respectively ðRþ;BRþÞ). A simple real random variable has the form

X ¼
Xk
j¼1

xj1Aj
ðA:1Þ

where xj 2 R, Aj 2 A, 1 � j � k and 1Aj
ðvÞ ¼ 1 if v 2 Aj, ¼ 0 if v 2 Ac

j .
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The decomposition in equation (A.1) is said to be canonical if xj 6¼ xj0 , j 6¼ j0 and
Aj ¼ fv:XðvÞ ¼ xjg, 1 � j � k.

If X is simple and (A.1) is canonical, the expectation (or mean) of X is defined

as

EX ¼
Xk
j¼1

xjPðAjÞ:

Now, let X be a positive random variable, one sets

EX ¼ supfEY ; 0 � Y � X; Y 2 Eg

where E denotes the family of simple random variables.

An r.v. such that EjXj < 1 is said to be integrable and its expectation is defined

by

EX ¼ EXþ � EX� ¼
Z

XdP ¼
Z
V

XdP ¼
Z
V

XðvÞdp ðvÞ

where Xþ ¼ maxð0;XÞ and X� ¼ maxð0;�XÞ.
X 7!EX is a positive linear functional on the space L1ðPÞ of integrable real

random variables. Integral with respect to a measure may be defined similarly (see

Billingsley 1995).

If EX2 < 1 the variance of X is defined as

VarX ¼ EðX � EXÞ2 ¼ EX2 � ðEXÞ2:

A random d-dimensional vector X ¼ ðX1; � � � ;XdÞ0 is a measurable application

from ðV;AÞ to ðRd;BRd Þ. Its expectation is defined coordinatewise:

EX ¼ ðEX1; � � � ;EXdÞ0. The variance is replaced by the covariance matrix:

CX ¼ ½EðXi � EXiÞðXj � EXjÞ�1�i;j�d :¼ ½CovðXi;XjÞ�1�i;j�d:

The correlation matrix is given by RX ¼ ðri;jÞ1�i;j�d where rij is the correlation

coefficient of Xi and Xj:

corrðXi;XjÞ :¼ rij ¼
CovðXi;XjÞffiffiffiffiffiffiffiffiffiffiffiffi
VarXi

p ffiffiffiffiffiffiffiffiffiffiffiffi
VarXj

p
provided Xi and Xj are not degenerate.

Finally if X and Y are two d-dimensional random vectors such that EX2
i < 1

and EY2
i < 1, 1 � i � d, their cross-covariance matrices are defined as

CX;Y ¼ ½CovðXi; YjÞ�1�i;j�d; CY ;X ¼ ½CovðYi;XjÞ�1�i;j�d:
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A.3 Function spaces

A Banach space B is a linear space on R with a norm k � k for which it is complete.

Its (topological) dual B� is the space of continuous linear functionals on B. It is

equipped with the norm (cf. Dunford and Schwartz 1958)

k x� k�¼ sup
x 2 B

k x k� 1

jx�ðxÞj; x� 2 B�:

A real Hilbert space H is a Banach space, the norm of which is associated with a

scalar product h�; �i. Thus k x k¼ ðhx; xiÞ1=2 and

jhx; yij �k x kk y k; x; y 2 H ðCauchy�Schwarz inequalityÞ:

H� may be identified to H in the sense that, for each x� 2 H�, there exists a unique
y 2 H, such that

x�ðxÞ ¼ hy; xi; x 2 H ðRiesz theoremÞ:

Let G be a closed linear subspace of H. Its orthogonal projector is the

application PG:H ! G characterized by

hx�PGðxÞ; zi ¼ 0; z 2 G; x 2 H;

or by k x�PGðxÞ k¼ infz2G k x� z k, x 2 H.

A family ðej; j 2 JÞ of elements in H is said to be orthonormal if

hei; eji ¼ 0 i 6¼ j;
¼ 1 i ¼ j:

�

Let H be an infinite-dimensional separable real Hilbert pace. Then, there exists

an orthonormal sequence ðej; j � 1Þ such that

x ¼
X1
j¼1

hx; ejiej; x 2 H

where the series converges in H norm, thus k x k2¼
P1

j¼1hx; eji
2
; such a sequence

is called an orthonormal basis in H.

Let ðHi; i � 1Þ be a finite or infinite sequence of closed subspaces of H. H is the

direct sum of the Hi’s (H ¼
L

i�1 Hi) if

hx; yi ¼
X
i�1

hPHiðxÞ;PHiðyÞi; x; y 2 H:
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A.4 Common function spaces

Let p 2 ½1;þ1� and let ‘p be the space of real sequences x ¼ ðxi; i � 0Þ such that

k x kp¼ ð
P

i jxij
pÞ1=p < 1 (if 1 � p < 1); k x k1¼ supi jxij < 1 (if p ¼ 1),

then ‘p is a separable Banach space. In particular ‘2 is a Hilbert space with scalar

product

hx; yi2 ¼
X1
i¼1

xiyi; x; y 2 ‘2:

Let m be a measure on ðV;AÞ, f and g two measurable real functions defined on

V. One identifies f with g if mðf 6¼ gÞ ¼ 0. Then, one defines the spaces

LpðmÞ ¼ LpðV;A;mÞ, 1 � p � 1 of functions f :V ! R such that

k f kp¼
Z

jf jpdm
� �1=p

< 1 ðif 1 � p < 1Þ

and k f k1¼ inffc:mfjf j > cg ¼ 0g < 1 (if p ¼ 1).

For each p, LpðmÞ is a Banach space. If 1 < p < 1, ½LpðmÞ�� is identified

with LqðmÞ where 1=pþ 1=q ¼ 1. In particular L2ðmÞ, equipped with the scalar

product

hf ; gi ¼
Z

fg dm; f ; g 2 L2ðmÞ

is a Hilbert space. If f 2 LpðmÞ and g 2 LqðmÞ with 1=pþ 1=q ¼ 1, then fg 2 L1ðmÞ
and

Z
jfgjdm �k f kpk g kq ðHölder inequalityÞ

if p ¼ q ¼ 2 one obtains the Cauchy–Schwarz inequality.

Note that ‘p ¼ LpðN;PðNÞ;mÞ where PðNÞ is the s-field of all subsets ofN and

m is the counting measure on N:mðfngÞ ¼ 1, n 2 N.

If m is Lebesgue measure on R, the associated Lp-spaces are separable.

Let k � 0 be an integer and ½a; b� a compact interval in R. The space Ckð½a; b�Þ
of functions x: ½a; b� ! R with k continuous derivatives is a separable Banach space

for the norm

k x kk¼
Xk
‘¼0

sup
a�t�b

jxð‘ÞðtÞj:

The dual of C0ð½a; b�Þ is the space of bounded signed measures on ½a; b�.
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A.5 Operators on Hilbert spaces

Let H be a separable Hilbert space and L be the space of linear continuous

operators from H to H. L, equipped with the norm

k ‘ kL¼ sup
kxk�1

k ‘ðxÞ k;

is a Banach space.

‘ 2 L is said to be compact if there exist two orthonormal bases ðeiÞ and ðfjÞ of
H and a sequence ðljÞ of scalars tending to zero such that

‘ðxÞ ¼
X1
j¼1

ljhx; ejifj; x 2 H:

Now the space S of Hilbert–Schmidt operators is the family of compact operators

such that
P

l2j < 1. The space N of nuclear operators is the subspace of S for

which
P

jljj < 1. Thus N � S � L.
On S one defines the Hilbert–Schmidt norm

k s kS¼
X
j

l2j

 !1=2

; s 2 S;

then S becomes a Hilbert space, with scalar product

hs1; s2i ¼
X

1�i;j<1
hs1ðgiÞ; hjihs2ðgiÞ; hji;

s1; s2 2 S; where ðgiÞ and ðhjÞ are arbitrary orthonormal bases of H.

Concerning N , it is a Banach space with respect to the norm

k n kN¼
X
j

jljj; n 2 N :

Clearly,

k n kN�k n kS�k n kL; n 2 N :

Finally, let ‘ 2 L; the adjoint ‘� of ‘ is defined by

h‘�ðxÞ; yi ¼ hx; ‘ðyÞi; x; y 2 H:

‘ is said to be a symmetric operator if ‘� ¼ ‘; it is said to be positive if

h‘ðxÞ; xi � 0; x 2 H:
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On the class of symmetric operators one defines an order relation � by

‘1 � ‘2 , ‘2 � ‘1 is positive:

A.6 Functional random variables

Let H be a separable Hilbert space, an H-random variable defined on the probability

space ðV;A;PÞ is a measurable application from ðV;AÞ to ðH;BHÞ.
An H-random variable X is said to be integrable (in Bochner sense) if

E k X k< 1, and one characterizes EX by

hEX; xi ¼ EðhX; xiÞ; x 2 H:

If E k X k2< 1, the covariance operator of X is defined by setting

CXðxÞ ¼ EðhX � EX; xiðX � EXÞÞ; x 2 H:

CX is symmetric, positive and nuclear with k CX kN¼ E k X k2.
If E k X k2< 1 and E k Y k2< 1 the cross-covariance operators of X and Y

are defined as

CX;YðxÞ ¼ EðhX � EX; xiðY � EYÞÞ; x 2 H

and

CY ;X ¼ C�
X;Y :

These operators are nuclear.

A.7 Conditional expectation

Let ðV;A;PÞ be a probability space and A0 a sub-s-field of A. The conditional

expectation given A0 is the application EA0 : L1ðV;A;PÞ ! L1ðV;A0;PÞ charac-

terized by Z
B

EA0ðXÞ dP ¼
Z
B

XdP; B 2 A0; X 2 L1ðV;A;PÞ:

The restricted application EA0 :L2ðV;A;PÞ ! L2ðV;A0;PÞ is nothing but the

orthogonal projector of L2ðV;A0;PÞ. Thus EA0X is the best approximation of

X 2 L2ðV;A;PÞ by an A0-measurable random variable.

If A0 is generated by the family of random variables ðXi; i 2 IÞ, EA0X is said to

be the conditional expectation given ðXi; i 2 IÞ or the best predictor given

ðXi; i 2 IÞ.
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If X ¼ 1A, one sets

PA0ðAÞ ¼ EA0ð1AÞ; A 2 A:

PA0 is the conditional probability given A0. Under some conditions there exists a

regular version of PA0 , i.e. a version such that A 7!PA0ðAÞ is a probability measure

on some s-field (see Rao 1984).

A.8 Conditional expectation in function spaces

B being a separable real Banach space, L1BðV;A;PÞ denotes the Banach space of

(classes of) integrable random variables X, defined on ðV;A;PÞ and with values in

ðB;BBÞ, with norm k X k1¼ E k X k.
The conditional expectation given A0 is defined as in A.6, replacing

L1ðV;A0;PÞ by L1BðV;A0;PÞ. EA0 possesses the following properties:


 EA0 is linear and k EA0X k� EA0 k X k (a.s.)


 for all ‘, linear continuous operators from B to B, we have

EA0ð‘ðXÞÞ ¼ ‘ðEA0XÞ


 if X and A0 are independent (i.e. sðXÞ ?? A0) then EA0X ¼ EX, in particular

Ef? ;VgX ¼ EX


 if X 2 L1BðV;A0;PÞ then EA0X ¼ X


 finally, if X ¼
Pk

j¼1 1Aj
xj, Aj 2 A, xj 2 B , j ¼ 1; � � � ; k, then

EA0X ¼
Xk
j¼1

PA0ðAjÞxj:

Now, if H is a real separable Hilbert space, L2HðV;A;PÞ denotes the Hilbert space

of (classes of) random variables X with values in ðH;BHÞ and such that

E k X k2< 1, equipped with the scalar product

½X; Y � ¼ EhX; Yi; X; Y 2 L2HðV;A;PÞ:

In that situation, the restriction of EA0 to L2HðV;A;PÞ is the orthogonal projector of
L2HðV;A0;PÞ, thus EA0 is characterized by

(i) EA0ðXÞ 2 L2HðV;A0;PÞ, X 2 L2HðV;A;PÞ

(ii) EhX � EA0ðXÞ; Zi ¼ 0, X 2 L2HðV;A;PÞ, Z 2 L2HðV;A0;PÞ.
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A.9 Stochastic processes

A family X ¼ ðXt; t 2 IÞ of random variables, defined on ðV;A;PÞ and with values

in some measurable space ðE;BÞ is a stochastic process with time range I. If I is

countable (I ¼ Z;N; � � �) X is a discrete time process, if I is an interval in R, X is

said to be a continuous time process. The random variable v 7!XtðvÞ is the state of
X at time t, the function t 7!XtðvÞ is the sample path of v.

If the cartesian product EI is equipped with the s-algebra S ¼ sðPs; s 2 IÞ
where Psðxt; t 2 IÞ ¼ xs, s 2 I, then X defines an EI-valued random variable. The

distribution PX of that variable is called the distribution of the stochastic process. If

E is a Polish space (i.e. metric, separable, complete), PX is entirely determined by

the finite-dimensional distributions PðXt1
;���;Xtk

Þ, k � 1, t1; � � � ; tk 2 I.

A white noise is a sequence " ¼ ð"n; n 2 ZÞ of real random variables such that

0 < s2 ¼ E"2n < 1, E"n ¼ 0, Eð"n"mÞ ¼ s2dn;m; n;m 2 Z. If, in addition, the "n’s
are i.i.d. (i.e. independent and identically distributed) one says that " is a strong

white noise.

A linear process is defined as

Xn ¼
X1
j¼0

aj"n�j; n 2 Z ðA:2Þ

where ð"nÞ is a white noise, and ðajÞ is a sequence of scalars such that a0 ¼ 1 andP
j a

2
j < 1. The series converges in mean square.

If aj ¼ rj, j � 0, where jrj < 1, then

Xn ¼ rXn�1 þ "n; n 2 Z;

and one says that ðXnÞ is an (AR(1)).

If aj ¼ 0, j > q and aq 6¼ 0, one says that ðXnÞ is a moving average of order q

(MA(q)).

A real process ðXt; t 2 IÞ is said to be Gaussian if all the random variablesPk
j¼1 ajXtj , k � 1; a1; � � � ;ak 2 R; t1; � � � ; tk 2 I; are Gaussian (possibly degener-

ate). The mean t 7!EXt and the covariance ðs; tÞ 7!CovðXs;XtÞ of a Gaussian

process X determine PX .

A Wiener process W ¼ ðWt; t � 0Þ is a zero-mean Gaussian process with

covariance ðs; tÞ 7! s2 minðs; tÞ where s2 > 0 is a constant. If s2 ¼ 1, W is said

to be standard. W models the trajectory of a particle subject to Brownian motion.

A Wiener process has stationary independent increments:

PðWt1þh;Wt2þh�Wt1þh;���;Wtkþh�Wtk�1þhÞ

¼ PWt1
	 PðWt2

�Wt1
Þ 	 � � � 	 PðWtk

�Wtk�1
Þ;

k � 2; 0� t1 < � � � < tk, h > 0.
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Let ðTn; n � 1Þ be a discrete time real process such that 0 < T1 < T2
< � � � < Tn " 1 (a.s.); it may be interpreted as a sequence of random arrival

times of events and is called a point process.

The counting process associated with ðTnÞ is defined as

Nt ¼
X1
n¼1

1½0;t�ðTnÞ; t � 0:

If ðNtÞ has independent stationary increments, then there exists l > 0 such that

PðNt � Ns ¼ kÞ ¼ e�lðt�sÞ ½lðt � sÞ�k

k!
; k � 0; 0 � s < t:

In this case ðNtÞ is called a (homogeneous) Poisson process with intensity l.

Let ðF n; n � 0Þ be a sequence of sub-s-fields of A, such that F n�1 
 F n,

n � 1. A sequence ðXn; n � 0Þ of integrable B-random variables is a martingale

adapted to ðF nÞ if

EF nðXnþ1Þ ¼ Xn; n � 0:

Then, ðXnþ1 � Xn; n � 0Þ is called a martingale difference. In continuous time the

definition is similar:

EF sðXtÞ ¼ Xs; 0 � s � t; s; t 2 Rþ:

The Wiener process and the centred Poisson process ðNt � ENtÞ are martingales.

A.10 Stationary processes and Wold decomposition

Let X ¼ ðXt; t 2 IÞ be a real stochastic process. X is said to be (weakly) stationary

if EX2
t < 1, t 2 I, EXt does not depend on t, and

CovðXsþh;XtþhÞ ¼ CovðXs;XtÞ; s; t; sþ h; t þ h 2 I:

Then, if 0 2 I, the autocovariance is defined as

gðtÞ ¼ CovðX0;XtÞ; t 2 I:

Now, let X ¼ ðXt; t 2 IÞ be a stochastic process with values in some measurable

space ðE;BÞ, and such that I is an additive subgroup of R. Let us set

XðhÞ ¼ ðXtþh; t 2 IÞ; h 2 I;
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then, X is said to be strictly stationary if

PX ¼ PXðhÞ ; h 2 I:

A Gaussian stationary process is strictly stationary.

Let X ¼ ðXt; t 2 ZÞ be a zero-mean stationary discrete time process. Let

Mn ¼ spðXs; s � nÞ be the closed linear subspace of L2ðV;A;PÞ generated by

ðXs; s � nÞ, n 2 Z. Set

"n ¼ Xn �PMn�1ðXnÞ; n 2 Z;

then X is said to be regular if E"2n ¼ s2 > 0, n 2 Z. If X is regular, ð"nÞ is a white
noise called the innovation (process) of X and the following Wold decomposition

holds:

Xn ¼
X1
j¼0

aj"n�j þ Yn; n 2 Z

with a0 ¼ 1,
P

j a
2
j < 1, the singular part ðYnÞ of X being such that

Yn 2
\1
j¼0

Mn�j; n 2 Z and EðYn"mÞ ¼ 0; n;m 2 Z:

If Yn ¼ 0, ðXnÞ is said to be (purely) nondeterministic.

A linear process, defined by Equation (A.2), is said to be invertible if "n 2 Mn,

n 2 Z. In that situation (A.2) is its Wold decomposition.

An autoregressive process of order p (AR(p)) satisfies the equation

Xn ¼
Xp
j¼1

pjXn�j þ "n; n 2 Z ðpp 6¼ 0Þ;

it is linear and invertible if 1�
Pp

j¼1 pjz
j 6¼ 0 for jzj � 1, z 2 C.

A.11 Stochastic integral and diffusion processes

A real continuous time stochastic process X ¼ ðXt; a � t � bÞ
ð�1 � a < b � 1Þ is said to be measurable if ðt;vÞ 7!XtðvÞ is measurable

with respect to the s-algebras B½a;b� 	 A and BR. In the current section all the

processes are supposed to be measurable.

Now, given a standard Wiener process W , one defines the filtration

F t ¼ sðWs; 0 � s � tÞ; t � 0:
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A process Y ¼ ðYt; t � 0Þ belongs to the class C if

(i) Yt is F t-measurable for all t � 0,

(ii)ðt;vÞ7!YtðvÞ is in L2ð½0; a� 	 P;B½0;a� 	 A; l	 PÞ where l is Lebesgue

measure on ½0; a�.

Let E be the subfamily of C of (simple) stochastic processes Y ¼ ðYtÞ satisfying

YtðvÞ ¼
Xk�1

j¼1

YtjðvÞ1½tj;tjþ1½ðtÞ þ YtkðvÞ1½tk ;tkþ1�ðtÞ;

0 � t � a, v 2 V; 0 ¼ t1 < � � � < tkþ1 ¼ a (k � 2) where Ytj 2 L2ðV;F tj ;PÞ,
1 � j � k.

Now, one puts

IðYÞ ¼
Z a

0

Yt dWt ¼
Xk
j¼1

YtjðWtjþ1 �WtjÞ;

then IðYÞ 2 L2ðPÞ, Y 7! IðYÞ is linear and such that

EIðY1Þ ¼ 0; EðIðY1ÞIðY2ÞÞ ¼
Z a

0

EðY1;t Y2;tÞ; Y1; Y2 2 E: ðA:3Þ

It can be shown that E is dense in C, this property allows us to extend the linear

isometry Y 7! IðYÞ to C. This extension is called Ito integral or stochastic integral.

Properties given by relation (A.3) remain valid on C.
The definition can be extended to intervals of infinite length.

Now a diffusion process is solution of the stochastic differential equation

dXt ¼ SðXt; tÞ dt þ sðXt; tÞdWt;

that is Xt � X0 ¼
R t
0
SðXs; sÞ dsþ

R t
0
sðXs; sÞ dWðsÞ where W is a standard Wiener

process, S and s satisfy some regularity conditions, and the second integral is an Ito

one. Details may be found in various works, for example Ash and Gardner (1975);

Kutoyants (2004); Sobczyk (1991).

In particular the Ornstein–Uhlenbeck process is solution of the stochastic

differential equation

dXt ¼ �uXt dt þ s dWt ðu > 0; s > 0Þ:

A stationary solution of this equation is

Xt ¼ s

Z t

�1
e�uðt�sÞdWðsÞ; t 2 R
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where Wt is a standard bilateral Wiener process: Wt ¼ 1t�0W1;t þ 1t<0W2;�t, t 2 R,

where W1 and W2 are two independent standard Wiener processes.

A.12 Markov process

Let X ¼ ðXt; t 2 IÞ be an ðE;BÞ-valued stochastic process, with I � R. Set

F t ¼ sðXs; s � t; s 2 IÞ, F t ¼ sðXs; s � t; s 2 IÞ, and Bt ¼ sðXtÞ, t 2 I. X is

said to be a Markov process if

PBtðA \ BÞ ¼ PBtðAÞPBtðBÞ; A 2 F t; B 2 F t; ðA:4Þ

that is, F t and F t are conditionally independent given Bt.

The following condition is equivalent to (A.4):

PF sðXt 2 BÞ ¼ PBsðXt 2 BÞ; B 2 B; s < t; s; t 2 I: ðA:5Þ

Note that the symmetry of (A.4), and (A.5) yield

PF sðXt 2 BÞ ¼ PBsðXt 2 BÞ; B 2 B; s > t; s; t 2 I: ðA:6Þ

Let X ¼ ðXt; t 2 IÞ be a family of square integrable real random variables. Set

Mðt1;���;thÞ ¼ spfXt1 ; � � � ;Xthg; t1; � � � ; th 2 I; h � 1;

then X is called a Markov process in the wide sense if

PMðt1 ;���;tn�1Þ ðXtnÞ ¼ PMtn�1 ðXtnÞ;

t1 < � � � < tn�1 < tn, t1; � � � ; tn 2 I, n � 2.

If 0 < EX2
t < 1, t 2 I, one may set

rðs; tÞ ¼ corrðXs;XtÞ; s; t 2 I;

then, X is a Markov process in the wide sense iff

rðr; tÞ ¼ rðr; sÞrðs; tÞ; r < s < t; r; s; t 2 I: ðA:7Þ

By using relation (A.7) it is possible to prove the following: let X ¼ ðXt; t 2 RÞ
be a real Gaussian stationary Markov process such that rðtÞ ¼ corrðX0;XtÞ, t 2 R is

continuous and such that jrðtÞj < 1 for t 6¼ 0; then X is an Ornstein–Uhlenbeck

process.
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A.13 Stochastic convergences and limit theorems

Let ðYn; n � 0Þ be a sequence of B-random variables, where B is a separable

Banach space.

Yn ! Y0 almost surely (a.s.) if, as n ! 1,

Pfv: k YnðvÞ � Y0ðvÞ k! 0g ¼ 1;

Yn ! Y0 in probability (p) if

8" > 0; Pðk Yn � Y0 k> "Þ ! 0;

Yn ! Y0 in L2BðV;A;PÞ (or in quadratic mean) if

E k Yn � Y0 k2! 0;

finally Yn ! Y0 in distribution (D) (or weakly) ifZ
fdPYn !

Z
fdPY

for all continuous bounded functions f :B ! R.

The following implications hold:

Yn�!
a:s:

Y0 ) Yn�!
p
Y0 ) Yn�!

D
Y0

and

Yn�!
L2BðPÞ

Y0 ) Yn�!
p
Y0:

Strong law of large numbers

Let ðXn; n � 1Þ be a sequence of i.i.d. B-valued integrable random variables,

then

�Xn :¼
Sn

n
¼ X1 þ � � � þ Xn

n
�!a:s: EX1:

Central limit theorem
Let ðXn; n � 1Þ be a sequence of i.i.d. H-valued random variables, where H is a

separable Hilbert space. Then, if EX2
n < 1,

ffiffiffi
n

p
ð�Xn � EX1Þ�!

D
N

where N � Nð0;CX1
Þ.
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A.14 Strongly mixing processes

Let ðV;A;PÞ be a probability space and B, C two sub-s-algebras of A. Their strong

mixing coefficient is defined as

a :¼ aðB; CÞ ¼ sup
B2B;C2C

jPðB \ CÞ � PðBÞPðCÞj;

then B ?? C , a ¼ 0, and 0 � a � 1=4.
A process X ¼ ðXt; t 2 IÞ where I ¼ Z or R, is said to be a-mixing or strongly

mixing if

aðuÞ ¼ sup
t2I

aðF t;F tþuÞ �!
u!þ1

0

where F t ¼ sðXs; s � t; s 2 IÞ, and F tþu ¼ sðXs; s � t þ u; s 2 IÞ. It is said to be

2-a-mixing if

að2ÞðuÞ ¼ sup
t2I

aðsðXtÞ; sðXtþuÞÞ �!
u!þ1

0:

Consider the real linear process

Xt ¼
X1
j¼0

aj"t�j; t 2 Z;

where jajj � a rj, j � 0 (a > 0, 0 < r < 1), and ð"tÞ is a strong white noise such

that "0 has a density with respect to Lebesgue measure. Then ðXtÞ is strongly

mixing. It is even geometrically strongly mixing (GSM), that is

aðuÞ � b ru; u 2 N; ðb > 0; 0 < r < 1Þ:

Diffusion processes regular enough, in particular the Ornstein–Uhlenbeck

process, are GSM in continuous time.

Classical limit theorems hold for stationary strongly mixing, regular enough,

processes (see Doukhan 1994; Rio 2000).

Finally one has the following inequalities.

Billingsley inequality

If X and Y are bounded real random variables, then

jCovðX; YÞj � 4 k X k1k Y k1 aðsðXÞ; sðYÞÞ:
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Davydov inequality

If X 2 LqðPÞ, Y 2 LrðPÞ with q > 1, r > 1 and 1=qþ 1=r < 1, then

jCovðX; YÞj � 2p½2aðsðXÞ; sðYÞÞ�1=p k X kLqðPÞk Y kLrðPÞ

where 1=pþ 1=qþ 1=r ¼ 1.

Rio inequality

Let X and Y be two integrable real random variables, and let QXðuÞ ¼
infft:PðjXj > tÞ � ug be the quantile function of X. Then, if QXQY is integrable

over ½0; 1� we have

jCovðX; YÞj � 2

Z 2aðsðXÞ;sðYÞÞ

0

QXðuÞQYðuÞdu:

A.15 Some other mixing coefficients

The b-mixing coefficient between the s-algebras B and C is given by

b ¼ bðB; CÞ ¼ E sup
C2C

jPBðCÞ � PðCÞj

where PB is a version of the conditional probability given B.
The ’-mixing coefficient is defined as

’ ¼ ’ðB; CÞ ¼ sup
B2B;PðBÞ>0

C2C

jPðCÞ � PBðCÞj;

finally, the r-mixing coefficient is

r ¼ rðB; CÞ ¼ sup
X2L2ðBÞ
Y2L2ðCÞ

jcorrðX; YÞj:

The following inequalities hold:

2a � b � ’; and 4a � r � 2’1=2:

For a continuous or discrete time process, ’-mixing, b-mixing and r-mixing are

defined similarly to a-mixing (cf. Section A.14); r-mixing and a-mixing are
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equivalent for a stationary Gaussian process. Moreover, a Gaussian stationary ’-

mixing process is m-dependent (i.e. for some m, sðXs; s � tÞ and sðXs; s > t þ mÞ
are independent). A comprehensive study of mixing conditions appears in Bradley

(2005).

A.16 Inequalities of exponential type

Let X1; � � � ;Xn be independent zero-mean real random variables; the three following

inequalities hold.

Hoeffding inequality

If ai � Xi � bi, 1 � i � n (a.s.), where a1; b1; � � � ; an; bn are constants, then

P
Xn
i¼1

Xi

�����
����� � t

 !
� 2 exp � 2t2Pn

i¼1ðbi � aiÞ2

 !
; t > 0:

Bernstein inequality

(1) If jXij � M (a.s.), i ¼ 1; ; n, M constant, then

P
Xn
i¼1

Xi

�����
����� � t

 !
� 2 exp � t2

2
Pn

i¼1 EX
2
i þ

2Mt

3

0
B@

1
CA; t > 0:

(2) If there exists c > 0 such that EjXijk � ck�2k!EX2
i < þ1, i ¼ 1; � � � ; n;

k ¼ 3; 4; � � � (Cramér’s conditions) then

P
Xn
i¼1

Xi

�����
����� � t

 !
� 2 exp � t2

4
Pn

i¼1 EX
2
i þ 2ct

� �
; t > 0:

The dependent case (Rio coupling lemma)

Let X be a real-valued r.v. taking a.s. its values in ½a; b� and defined on a probability

space ðV;A;PÞ. Suppose that A0 is a sub-s-algebra of A and that U is an r.v. with

uniform distribution over ½0; 1�, independent on the s-algebra generated by

A0 [ sðXÞ. Then, there is a random variable X�, which is measurable with respect

to the s-algebra generated by A0 [ sðXÞ [ sðUÞ with the following properties:
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(a)X� is independent of A0,

(b)X� has the same distribution as the variable X

(c) EjX � X�j � 2ðb� aÞaðsðXÞ;A0Þ

The Rio coupling lemma (or Bradley coupling lemma, Bradley 1983) allows us

to extend Hoeffding and Bernstein inequalities, by approximating dependent

variables with independent ones.
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Comte F and Merlevède F 2005 Super optimal rates for nonparametric density estimation via

projection estimators. Stochastic Process. Appl. 115(5), 797–826.

Cramér H and Leadbetter MR 1967 Stationary and related stochastic processes. Sample

function properties and their applications. John Wiley & Sons, Inc., New York.

Dabo-Niang S and Rhomari N 2002 Nonparametric regression estimation when the regressor

takes its values in a metric space. Technical Report 9, Prépublications L.S.T.A.
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Rényi, II.

Vakhania NN, Tarieladze VI and Chobanyan SA 1987 Probability distributions on Banach

spaces. Reidel, Dordrecht.

Valderrama M, Ocaña FA and Aguilera AM 2002 Forecasting PC-ARIMA models

for functional data. In COMPSTAT 2002 (Berlin). Physica-Verlag, Heidelberg pp. 25–

36.

van Zanten JH 2000 Uniform convergence of curve estimators for ergodic diffusion processes.

Technical report PNA-R0006, Centrum voor Wiskunde en Informatica.

Veretennikov AY 1987 Bounds for the mixing rate in the theory of stochastic equations. Theory

Probab. Appl. 32(2), 273–81.

Veretennikov AY 1999 On Castellana-Leadbetter’s condition for diffusion density estimation.

Stat. Inference Stoch. Process. 2(1), 1–9.

Viennet G 1997 Inequalities for absolutely regular sequences: application to density estima-

tion. Probab. Theory Rel. Fields 107(4), 467–92.

306 BIBLIOGRAPHY



Watson GS 1964 Smooth regression analysis. Sankhyā Ser. A. 26, 359–72.
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